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1. Introduction

Nonlinear Partial Differential Equations (NPDEs) are applied in many areas of science
[1]-[5]. Notable among them are the Higgs model in particle physics, the Drinfeld-Sokolov-
Wilson system found in fluid dynamics, the Duffing equation for periodic motions the
nonlinear Maccari’s system in hydrodynamics, the Gilson-Pickering equation in theory of
crystal lattice and plasma physics, the Kairat equations in optics, coupled NHESs in optics
etc. Several analytical and numerical techniques with exact and numerical solutions are
introduced by the academicians to study the mechanism of NPDEs. However, the NPDEs
are far from being easy, consider few obstacles spanning from single solution and the part-
ner who gets none to the sensitivity to initial conditions, the lack of a precise definition
of the exact solution and the complexity of nonlinearity. In the class of exact solutions
the case of traveling wave solutions is of special interest, in particular, solitonic solutions
provide useful information on the dynamical behavior of nonlinear models. In order to
investigate the soliton theory of such non-linear models having the ability to provide infor-
mation of underlying physical phenomena, a number of efficient methods to obtain soliton
solutions have been developed in the last few years. These methods are based on Mat-
lab, Maples, Mathematica and other symbolic computer systems that ease complicated
algebraic calculations. These include extended direct algebraic method [6], tanh-coth
approach [7], Poincar’e-Lighthill-Kuo technique [8], sine-cosine strategy [9], Jacobi ellip-
tic function methodology [10], (G’/G)-expansion approach [11]-[13], Khater technique [14],
Hirota bilinear approach [15], sub-equation strategy [16], Kudryashov technique [17], mod-
ified simple equation approach [18], first integral technique [19], unified approach [20, 21]
and so on [22]-[25].

The unified method [20, 21], which is remarkably effective and reliable, is used here to de-
rive and investigate a special class of optical soliton solutions for coupled NHEs. As some
published methods, such as the Hirota bilinear method and (G’/G)-expansion technique
and so on, have been widely utilized to construct the soliton solutions of NPDEs which lead
to complex algebraic computations. The unified method is one among some other simple
and great direct algebraic methods which produces a great deal of new soliton solutions
in the form of rational, exponential, trigonometric and hyperbolic functions. This simple
ansatz also in no need of heavy machinating e.g linearization, perturbation and many
expressed there in the literature in other approaches. The simplicity and effectiveness
of the employed unified method enable us to develop the accurate closed-form solutions
without the inconvenience of more complicated means. The model is transformed to a
system of non-linear algebraic equation in the context of series form solution by passing
the NPDEs to NODEs employing a wave transformation. Various soliton solutions can
be derived by taking any computer algebra system to solve the resultant system. A single
travelling wave packet such as a soliton is a pulse that maintains its shape and velocity in
a medium without diffusing, and one of these configurations that may maintain itself in
the time-evolution of the field is the pulse graph. From the mathematical point of view,
the soliton solutions of NPDEs are still significant, since they are much more detailed and
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accurate compared with the ordinary solutions. Their natural resilience and strength also
allows them to be used useful in many technological and scientific applications. They are
very effective to preserve a large amount of concordance and for a sufficient transfer of
information as expressiveness for nonlinear systems.

In order to enhance of the phase and the modulated amplitude of continuous waves and to
simulate the gradually more compact support of plasmon resonance and photonic devices,
the NHEs makes a demand of a very important Shr”odinger-class model. From the physi-
cal point of view coupled NHEs describes transverse interactions, transmission of coupled
waves and optical solitons’ propagation in the field of fiber optics [26]. The associated
NHESs are given by [27]:

B+ T2 XEa+ i |BY| B+ 0B |U7] = 0,

2 2 N (1)

iU+ ==+ xUn + <1 || U+ U [U?] =0,
where ¢ stands for the imaginary unit whereas F = E(t,s) and U = U(t, s) are the enve-
lope fields of the first and the second component, respectively. In above system, Helmholtz
nonparaxiality is accounted for by the seconds terms FE,, and U,, along with the coeffi-
cient x(> 0) that represents the level of the nonparaxial parameter and can be modeled as
such, while ¢; and ¢ are, nonlinearity coefficients, which can, with some stress, be placed
in the equation itself. But allowing for a more general class of nonlinearity of mixed
(focusing-defocusing) type, (or with focusing and defocusing indices, as those would ap-
pear in the focusing case also (1,62 > 0) and defocusing case (¢1,62 < 0), respectively.
When ¢; = ¢o = +1, the above system reduces to Helmholtz-Manakov system.

Other investigators have also studied symmetric and asymmetric coupled NHEs before
initiating this study. For instance, Tamilselvan et al. constructed and addressed this
model through the ansatz technique [28]. Singh et al. utilized exp-function expansion
method to arrive at travelling wave solutions for the targeted model [29]. Saha et al.
developed chirped gray and anti-dark solutions for coupled NHE with cubic nonlinear-
ity [30]. Finally, by applying the (G’/G)-expansion approach, Alsaud et al. constructed
optical soliton solutions for the aimed CNHEs [27]. For the aimed NHEs, this research
exploration presents and analyzes new types of optical soliton solutions in the shape of
the exponential, hyperbolic, trigonometric and rational functions with the aid of unified
approach. The present work is motivated by the ongoing investigations of solitary wave
particularly soliton solutions of the model. To reveal as well as visualize the propagation
features of the established optical soliton solutions, this study exhibits a set of 3D, 2D
and contour plots. These illustrations demonstrate that the generated quasi-periodic type
solitons consist of periodic and axial perturbations, leading to optical fractals. Moreover,
our implemented unified method is demonstrated to be useful, giving a useful insight on
strongly coupled NHE behaviour, increasing the class of optical soliton solutions and sug-
gests applications in nonlinear model control.
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Finally, the study of the dynamic behavior of the systems through time series plots,
phase space diagrams as well as Hamiltonian analysis has emerged in the recent years
as a new field of study. For example, Borhan et al. investigated the bifurcation behaviour,
sensitivity analysis and chaotic motions of two (3+1)-dimensional NPDEs such as Jimbo-
Miwa equations and Kadomtsev-Petviashvili equation [31]. Hosseini et al. investigated the
dynamical system of the generalized Schrédinger equation obtained by Galilean transfor-
mation and bifurcation of the governing model using the planar dynamical system theory
[32]. In another work, via expressing equation as Hamiltonian system, Qi et al. inves-
tigated the bifurcation and phase diagrams of the electrical transmission line model in
fractional order and analyzed chaotic behavior and sensitivity of the system [33]. Finally,
Hossain et al. performed sensitivity and bifurcation analysis the Hamiltonian amplitude
equation [34]. Motivated by recent work about Hamiltonian analysis, we also investigate
the bifurcations and chaotic behavior and find that it appears in the dynamical system
and get good outcomes concerning fractals and periodicity in the governing system.

The rest of the documentation is organized in the following form: Section 2: Explains
the structure and functioning of the hired unified approach, Section 3: Establishes novel
plethora optical soliton solutions for coupled NHEs, Section 4: Graphical illustrations of
the obtained optical quasi-periodic solitons, Section 5: Presents analysis of the model with
regards to bifurcation and chaos theory and the final section presents conclusion of the
work.

2. The Working Methodology of Unified Approach
Considering the subsequent general NPDE [20, 21]:
M(E,E,Ey,,Ey,, EE,,,...) =0, (2)

where E = E(t, z1,z2,23,...,x). In accordance with the unified approach, (2) is initially
transformed to the subsequent NODE with the use of wave transformation of the form
E(t,z1,x2,23,...,2K) = €(¢) where (:

N(e, ¢'e, ¢,...) =0, (3)

where ¢ = d—g. When applicable, the integrating equation (3) can be invoked to enforce

the homogeneous balance condition on the NODE. Next, the close-form solution for the
resulting NODE in (3) is then supposed as:

P
€)= >, a4V, (4)
j=——P
where V({) is determined by the following Riccati equation, o;(j = —P, ..., P) are con-

stants that should be determined by calculation, and P € N is known as balance number
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that is derived from the homogeneous balancing of the largest nonlinearity and the highest-
order derivative in (3):

V'(Q) = (V(¢)* + 8. (5)

Where V' = C V. and B is a real constant. Moreover, corresponding to the values of 3, we
have the ensuing classes of exact solutions for (5):
Type. 1: Considering 8 < 0:

\/192—_,_,# 0v/=Bcosh (2= (C+§))

i(©) = Usinh (2v/=B((+€)) + & ’ (6)
s F29/—-f
V() _im+ﬁ+cosh (2V=B((+¢)) Fsinh (2v=B( +£))’ g
= V=Btanh (V=F(C+9)). (8)
and
= V/=Beoth (V=B +8)). (9)
Type. 2: Considering g > 0:
/(02 — K2) B — 9/B cos (2 f((—i—f))
Va() = ﬁsm( e, , (10)
L F2i9/B
Ve C)_j:\ﬁ—i_19+cos(2\/B(C+§)):Fsi]f1(2\fﬁ(é+£))7 (11)
= /B tan <\/B(C + f)) ) (12)
and
~VBeot (VB(C+9)). (13)
Type. 3: Considering g = 0: .
Vo(¢) = (e (14)

In above solutions &,¢%,x € R. A system of algebraic equations is then produced
when (4) is incorporated into (3) and the coefficients of V(() are equated to zero. When
solved using Maple, this system yields values of a;(j = —P, ..., P) and other unknown.
When substituted these acquired values (along with the solution V' (¢) of (5))in (4), explicit
solutions for (2) are established.
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3. Main Results

The proposed unified approach is used in this section of the investigation to establish
novel plethora of optical soliton solutions for coupled NHEs in (1). Initially, the ensuing
complex transformation is applied to (1):

E(tv S) = eiTQS(C)a U(tv 8) = eiTu(€)7

¢ = (u3s — pspat), YT =(—p1s+ pat+0). (%)
This transformation yields
(—ps® — 2xp3”1a”) € + (1® + 2u + 2xp2°) € + (—26 € — 20 €4%) = 0, 16)
(21113 + 2p3pia + X pop3pa) € =0,
from the real component whilst the imaginary part provides:
(—ps® — 2xpsua®) U + (1 + 209 + 2xp0®) U + (—26 €28 — 2640%) = 0, an

(2p1p3 + 2pu3p04 4 dxpuapzpia) 4 = 0.

The entire system of NODEs given in (16) and (17) is reduced to the ensuing single NODE
when il = & is considered:
01€ + 028" + 03¢ =0, (18)

Also from the imaginary part, we have the following constraint condition:

—H1

== 19
1+ 2xpa (19)

2

Also in (18)

O1 = (1 + 2u2 + 2xp2?),
O2 = (—ps?® — 2xps®us?),
O3 = (—2(¢1 + ).

By homogeneously balancing ¢3(¢) with ¢”(¢) presented in (18), we get P = 1 which
suggests the subsequent solution for (18) when substituted in (4):

1

€)= o(V(©Q). (20)

j=-1

Substituting (20) for ¢ into (18), combining every term in V(¢) in the equal power we
obtain expression in V' ({). The problem is reduced to the following system of nonlinear
algebraic equations when the coefficients are set to zero:

34 XHgtmlPor

— 2u32a1 - 2§2a13 —2qa
(1+2x p2)?

Y
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— 60001’ — 6s1ap01” =0,

—4x pz* B
(1+2x p2)?

2 poag — 12 oav—1apa; + ,ulzozo —12¢ia_1gaq — 2§2a03 +2 XMQQOé(] — 2<1a03 =0,

(=611 —66a_1) oy + ( — 6gap® — 2328 — 65100 + 2x p2® + 12 + 2#2) ay =0,

—4x puz?ui®p
M — 6500 — 2328 — 66100” +2x 2 + 2 + 20 ) g =0,
X K2

2 2
—6ca_1"ag —6ga_1ag =0,

(=601 — 6ga1) a1 + (

and
X p3* a1 52
(1+2x o)

Three (3) families of solutions are obtained by Maple for the resulting problem:
Case. 1

—2x p2® — 22 + 2 p3?p
040:0;01120704—1204—17 1= - 1+2X 2)y 2 = 2,
: \/ 4#32ﬂx—1—4xu2—4x2u22( Ha) iz =

4o 12X u2® + 412 po — 4 uz?Bx soa1? + o 12 + p3?p?

—2qa_1" —2pzta_18% — 2qa_1* = 0.

H3 = (13, X = X,S1 = , G2 = 2.
12 (4ps2Bx — 1 —4x pe — 4 x%u2?)
(21)
Case. 2
—2x p2? — 2 iz + 2 3%
ap=0,01 =ay,a_1 =0, 1 =/ — L+ 2xp2), p2 = pa,
\/ 4M325X—1—4XM2—4X2M22( )
s = [y = X6 = — —4 a® X pe® — daan®x o + 4 ps?B x 2o — o ? — p3? S
’ ’ 12 (4ps?Bx — 1 —4x p2 — 4 x2u2?) ’
(22)

Case. 3

2x 2% + 2 po + 4 pug?B
8uz?Bx + 1+ 4x p2 + 4 x% 2’
Cdga® e’ + dear®x pe + 83 S x e’ + an® + g
a2 (8us?Bx +1+4xp2 +4x3u2?)

040—0,041—041,04—1—5061#1—\/— (14+2x p2), p2 = p2,

H3 = 13, X = X,S1 = ,$2 = Q2.

(23)
Using Case. 1 together with the solution to (4), (15) and (20), we establish the

subsequent novel class of solutions for coupled NHEs stated in (1):
Type. 1.1 Considering 8 < 0:

(24)

Er1(t,s) = Up(t, s) :em< 1 (Usinh (2v/=B(C+€)) + &) )7

\/W /=B cosh (2/=B (¢ +£))
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-1
1- e
Fra(t,) = Ualtys) =e (a_l <\/—73 T feosh 2V B(C1E) —sinh 2V B 1) ) )
(25)
Bioft) = halt) =" (e ey ) 20
and
Bt ) = Uhattr) (St ) 0
Type. 1.2 Considering g > 0:
E175 (t, S) == U1,5 (t, S) :eiT ( \/Oé_%(fSin (ij: EZCO:_(f)\)/> (<)+ 6)) > 5 (28)
B o . 2i9V/B -
E16(t,s) = Uig(t,s) =e (a1 <z B T+ cos 2YB(C+E) —sin (2\/B(C+§))> >7
(29)
E177(t, 8) = U177(t, S) :eiT < a-1 ) 5 (30)
VBtan (VB (¢ +€))
and
i a1
El,g(t, S) :Ul’g(t,s) :€T<— \/Bcot (\/B(C—i-f))) (31)
Type. 1.3 Considering g = 0:
Bra(t.s) = Urot9) =~ (¢ +9) ). (32)

— 2_ 2
2X 12 2 po+2p3<p 2(1+2X“2)

7\/74u32/3><*1*4xu2*4x2u2
Where ¢ = us(s — ( T o ,

_ —2 X 2?—2 o +2 1328
Y = (- R (14 2 xa)s + pat +0)
Using Case. 2 together with the solution to (4), (15) and (20), we establish the subsequent
novel class of solutions for coupled NHEs stated in (1):

Type. 2.1 Considering g < 0:

V= r%) B — ﬁmcosh(Qr C-l-f)))) (33)

o
Ep1(t,s) = Uza(t, s) =c' ( ¥ sinh (2 V=B + 5))
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Faalt,s) = Uaalt,s) =" (‘“ (ﬁ T2 eosh (23 (C jﬁ sinh (2 V=5 (¢ + 5))) >
(34)
Bas(t,s) = Upsl(t, s) = <a1\ﬁ tanh (/=5 g+§))> (35)
and
Bt s) = Usa(t, s) =¢' <alf coth(F g+5))> (36)

Type. 2.2 Considering g > 0:

a1 (/02— K2) B —9/Beos (2B (¢ +E))
Easlhr o) = Uaslh: o) :eﬁ< /1 Jsin (2B (¢ +€))( >> 0

B Cn . 299\
Ea(t,s) = Usglt, s) =e <a1 (Z\/B ¥+ cos (2v/B(C+€)) —sin (2B (¢ +£))) >’

(38)
E277(t, 8) = U277(t, 8) :eiT (Oq \/Btan (\/B (C + f)) >, (39)
and
Eyg(t,s) = Uag(t,s) =¢' (—al\/cot (\[ C+§))>. (40)
Type. 2.3 Considering g = 0:
Baslt.s) = Uaalt9) = = 2). ()
_ —2x o2 -2 pg+2p32 25 )
Where ¢ = us(s — ( \/ N fj;;ujx e t),

-2 2_9 2 1122
T = (- BT S (142 pio)s + ot + ).

Using Case. 2 together with the solution to (4), (15) and (20), we establish the subsequent
novel class of solutions for coupled NHEs stated in (1):
Type. 3.1 Considering 8 < 0:

Boy (Vsinh (24/=B (¢ +€)) + k)
V= (024 k2) B —9y/=Bcosh (2/=B (¢ +€))
g (\/ (92 + k2) B — 9y/—PB cosh (2 V=B (¢ + f)))
081nh(2F(C+f)) >7

Egyl(t, S) = Ugyl(t, S) :GZT <

_l’_
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-1
= s) =T B —B — V=B
E3(t,s) = Usa(t, s) (5 1 (\/? 2 T+ ooh @vV=F (C 2 ) b (2\/—75@4-5)))
V-8
o <\/j_219+cosh(2\/—7B(C+£)) —sinh(2¢jﬂ(§+§))> >’
(43)
B3 3(t,s) = Uss(t, s) :eiT<Ftanhf\alﬁ(C o) +a1\/j5tanh BC+E) )7
(44)
and
= s) =it e a co
E3,4(tv S) - U3,4(t7 ) <\/—75C0th (\/jﬁ(é._’_g ) + 1\/? th (\/7 <+£)))
(45)
Type. 3.2 Considering g > 0:
, _ T Bai (Usin (2VB(C+E)) + k)
Bl =Uss) =T (e o A+ 0
Lo (V07 =42) B = 9y/Beos (2 f<c+£>))>
¥ sin (2f(§+§)) ’
-1
zT 2229\/B
Bual:5) = Una.5) = (5o (Zf 9+ cos (2B (C + ) —sin (2ﬁ(<+5>))
. 2i9y/B
T (z\/ﬁ ¥+ cos (2v/B(¢+9)) —sin(2\/B(C+§))> >’
(47)
E37(t,s) = Uss(t,s) =e' ( — (f}%{g gy TorvBan (VB(c+9) ) (48)
and
Bas(t,s) = Uns(t.9) =~ (j%{i gy Ve (VB o) )

Type. 3.3 Considering g = 0:

Bas(t.s) = Unalt9) = = 2). (50)
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| 2xmua?42p0+4p328 142
Wh — \/ Sia2B x 1 Hdx na+ixZag? (L T2XH2) "
ere ¢ = uz(s — ( T+2xpa )

2 242 4 ps?
1= (_\/_8#32§Zil+-i-4u><2:2fjxgp22 (1 + 2X,LL2)S + pot + 0)

4. Graphs and Discussion

In this parts of this study, the established optical soliton solutions are shown and dis-
cussed graphically that were observed in the model. We have extracted and visualized
wave dynamics of optical solitons in 2D, 3D and contour forms with the help of unified
technique. These concepts are essential to understand the behavior of connected physical
processes. Optical pulse theory is expected to be greatly enriched from optical soliton
solutions generated. It was also demonstrated that the optical quasi-periodic solitons
corresponding to the coupled NHEs have been formally, visualized through the chaotic
perturbation that are axial-periodic perturbations.

The representations also exhibited the existence of the axially-periodic perturbing phe-
nomena in the generated solitons which led to the formation of fractals. These waveforms
have the celebrated property that after scattering or interacting with other identical wave-
forms they have a tendency to spontaneously repair themselves and settle down to be
stable. The resultant soliton structures in the NHEs are concrete with respect to the
advanced optical technologies. In optical fiber communication systems, solitons exhibit
themselves as the forces to neutralize nonlinearity and dispersion, being a core constituent
of long-distance and high-capacity signal transport. Fractal soliton profiles, induced by
periodic and axial perturbations, demonstrate their intimate relation to localization of
light in the fiber optic and to fractal generation of optical fields, which can be useful for
designing optical sensors with sensitivity limit extended down to the level of single atoms
and for fabrication of optical lattices.

The found quasi-periodic solitons can also be used for all optical reshaping and buffer-
ing of signals which is important for all optical computing.

New trends in soliton-theory has created an interesting possibility for new mathe-
matical topics, such as the so called fractal soliton theory [35]-[37] which is the complex
relationships between solitons and fractals. A fractal solitary wave is a stable localized
wave packet with a simultaneous fractal and a solitonic structure. These results can be con-
nected to solitons and geometric fractals to understand nonlinear phenomena in physics,
engineering, biology [38]-[40]. Fractal solitons are important tools when addressing chaos
theory since a special feature allows us to understand the dynamics and the stability of
chaotic systems. Relating the attention attracted by research on fractal soliton in recent
mathematical enterprises of physical interests will generate some new thinking with re-
spect to theoretical and potential mathematics.

Figure. 1 reveals the formation of fractal structure due to the propagation of quasi-
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periodic type optical soliton represented by Ej (¢, s) described in (24) for po = 0.005, uz =
0.002,8=—-1,a_1=2,9=25,k=3,£ =1,x = 1,0 = 0.5. Moreover, the 2D plots of the
real and imaginary parts of the solution are displayed for s = 0.

Figure. 2 reveals the formation of fractal structure due to the propagation of quasi-periodic
type optical soliton represented by Ej3(t,s) described in (26) for ps = 0.0015, u3 =
0.0025,6 = —4,a_1 =5, 9 =4,k =1,£ =2,x = 3,0 = 1. Moreover, the 2D plots of the
real and imaginary parts of the solution are displayed for s = 10.

Figure. 3 reveals the formation of fractal structure due to the propagation of quasi-periodic
type optical soliton represented by Ej5(t,s) described in (28) for ps = 0.0075, u3 =
0.0015,86 =5,a_1 = 2,9 =3,k = 2, = 1,x = 2,6 = 5. Moreover, the 2D plots of the
real and imaginary parts of the solution are displayed for s = 50.

Figure. 4 reveals the formation of fractal structure due to the propagation of quasi-periodic
type optical soliton represented by FEj2(t,s) described in (34) for ps = 0.0035, u3 =
0.0055,8 = -3,a1 = 1,9 =4,k =2,£ =1,x = 3,0 = 5. Moreover, the 2D plots of the
real and imaginary parts of the solution are displayed for s = 50.

Figure. 5 reveals the formation of fractal structure due to the propagation of quasi-periodic
type optical soliton represented by Es¢(t,s) described in (38) for us = 0.0025, uz =
0.0095,8=9,a1 = 10,9 =10,k =1,£ = 10, x = 5,0 = 10. Moreover, the 2D plots of the
real and imaginary parts of the solution are displayed for s = 100.

Figure. 6 reveals the formation of fractal structure due to the propagation of quasi-periodic
type optical soliton represented by FEsg(t,s) described in (41) for ps = 0.00885, ug =
0.00775,8 =0,a1 = 5,9 =9,k =5,£ =20, x = 10,6 = 50. Moreover, the 2D plots of the
real and imaginary parts of the solution are displayed for s = 10.

Figure. 7 reveals the formation of fractal structure due to the propagation of quasi-periodic
type optical soliton represented by E31(t,s) described in (42) for ps = 0.0005, u3 =
0.001,8 = -25,a1 = 2,9 =8,k =2, =1,x = 1,0 = 10. Moreover, the 2D plots of the
real and imaginary parts of the solution are displayed for s = 50.

Figure. 8 reveals the formation of fractal structure due to the propagation of quasi-
periodic type optical soliton represented by E3 4(t, s) described in (45) for po = 0.015, uz =
0.031,8=—-1, a1 = 1,9 =5,k =1, =2,x = 0.5, = 5. Moreover, the 2D plots of the
real and imaginary parts of the solution are displayed for s = 0.

Figure. 9 reveals the formation of fractal structure due to the propagation of quasi-
periodic type optical soliton represented by E3 (¢, s) described in (49) for po = 0.005, uz =
0.001,8=4,01 = 2,9 =6,k =5, =1,x = 1,0 = 2. Moreover, the 2D plots of the real
and imaginary parts of the solution are displayed for s = 10.

Figure. 10 reveals the formation of fractal structure due to the propagation of quasi-
periodic type optical soliton represented by E3 (¢, s) described in (50) for po = 0.125, ug =
0.525,8=0,01 =5, =1,k =0, = 2,x = 5,0 = 2. Moreover, the 2D plots of the real
and imaginary parts of the solution are displayed for s = 10.



K. Suwais et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6764 13 of 25

I Re(E) H Im(E)

] 500 100 1500 2000
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Figure 1: Propagation of quasi-periodic type optical soliton represented by FE11(t,s) described in (24) for
w2 = 0.005, u3 = 0.002, 8 = —1,a_1 =2,9 =25,k =3,£ =1,x = 1,0 = 0.5. Moreover, the 2D plots of the
real and imaginary parts of the solution are displayed for s = 0.

] 200 000 000 soho 10000

C.

Figure 2: Propagation of quasi-periodic type optical soliton represented by F1 3(t,s) described in (26) for
w2 = 0.0015, u3 = 0.0025,8 = —4,a—1 =5,9 =4,k =1, =2,x = 3,0 = 1. Moreover, the 2D plots of the
real and imaginary parts of the solution are displayed for s = 10.
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Figure 3: Propagation of quasi-periodic type optical soliton represented by E1 5(t,s) described in (28) for
w2 = 0.0075, u3 = 0.0015,8 =5,a_1 = 2,9 =3,k =2, = 1,x = 2,0 = 5. Moreover, the 2D plots of the
real and imaginary parts of the solution are displayed for s = 50.
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100+

g 1000 2000 3000 4o 000
t

C.

Figure 4: Propagation of quasi-periodic type optical soliton represented by Fs2(t,s) described in (34) for
w2 = 0.0035, u3 = 0.0055,8 = —3,a1 = 1,9 =4,k =2, = 1,x = 3,0 = 5. Moreover, the 2D plots of the
real and imaginary parts of the solution are displayed for s = 50.
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Figure 5: Propagation of quasi-periodic type optical soliton represented by FEs¢(t,s) described in (38) for
w2 = 0.0025, u3 = 0.0095,8 = 9,1 = 10,9 = 10,k = 1,£ = 10, x = 5,0 = 10. Moreover, the 2D plots of
the real and imaginary parts of the solution are displayed for s = 100.

Hre® M nE

g 200 400 00 E 1000

Figure 6: Propagation of quasi-periodic type optical soliton represented by Fso(t,s) described in (41) for
w2 = 0.00885, u3 = 0.00775,8 = 0,a1 = 5,9 =9,k = 5,§ = 20, x = 10,0 = 50. Moreover, the 2D plots of
the real and imaginary parts of the solution are displayed for s = 10.



K. Suwais et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6764 16 of 25

I Re(F) l Im(E)

0006~

0004~

0002

-00024

-0.004+

-0.006-
] 1wdoo 20000 sodoo | aodoo | sodoo

a. b. c.
Figure 7: Propagation of quasi-periodic type optical soliton represented by E31(t,s) described in (42) for

2 = 0.0005, us = 0.001,8 = —25,1 = 2,9 =8,k =2, =1,x = 1,0 = 10. Moreover, the 2D plots of the
real and imaginary parts of the solution are displayed for s = 50.
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Figure 8: Propagation of quasi-periodic type optical soliton represented by Es4(t,s) described in (45) for
p2 = 0.015, 43 = 0.031,8 = —1,a1 = 1,9 =5,k =1, = 2,x = 0.5,0 = 5. Moreover, the 2D plots of the
real and imaginary parts of the solution are displayed for s = 0.
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Figure 9: Propagation of quasi-periodic type optical soliton represented by FE3s(t,s) described in (49) for

w2 = 0.005, us = 0.001,8 =4, 01 = 2,9 =6,k =5, =1,x = 1,0 = 2. Moreover, the 2D plots of the real
and imaginary parts of the solution are displayed for s = 10.
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Figure 10: Propagation of quasi-periodic type optical soliton represented by Eso(t,s) described in (50) for
pe = 0125, us = 0.525,8 =0,a1 = 5,9 =1,k =0, = 2,x = 5,0 = 2. Moreover, the 2D plots of the real
and imaginary parts of the solution are displayed for s = 10.
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5. Phase Portraits and Time-Series Evaluation

This section provides and evaluates phase portraits of the planner system and the time
series plots of the perturbed system using the notion of the Hamiltonian analysis.
5.1. Phase Portraits and Bifurcation Analysis

Using the the notion of the bifurcation theory, we get the subsequent planner system
of (9)

€(¢) = G(¢)
Z(H(C)7 G(C)) = G/(C) = H(C)v (51)
HH(Q), Q) = HQ = —ghG(0) — g2G(0)"
where
O1 = (u1” + 2u2 + 2xu2%),
Oy = (—uz® — 2xps®us®),

O3 = (—2(s1 + 2)).
Under a given integral, this system displays the following Hamiltonian:

2
HOE 1 2607 + 260" 52

Ham(H(C),G(C)) =

We get three equilibria: (0,0), (R1,0) and (Rg,0) for the planner system where R; and

Ry are given below:

Furthermore, according to the Jacoblan matrix:

0z Jz
0G(¢) OH

or or
G(¢) OH(C

—~
)
~

J= (54)

Q

The Jacobian of the system is:

303
= 5,

61

[TH(Q), GO = 5 =GO + . (55)
An equilibrium point is a saddle or a center based on the value of |J(H({),G(())] i.e., an
equilibrium point is a saddle for |J(H(¢), G(¢))|0, and transportation if |J(H({), G(¢))| =
0. We show next some phase portraits of the planner dynamical system as function of the

parameters by selecting different values for them:
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Figure 11: The visualization of phase portrait for (51) at u1 = 0.10, u2 = 0.20, u3 = 0.20, x = 0.10,51 = 0.30,2 = 0.30.

Remarks: Considering ©1/0, < 0, according to the phase portrait of planner dynamical
system in Fig. (11), we obtain the homoclinic loop with centers (R;,0), (Rz2,0) and saddle
point (0,0). Thus, the system seems to shuttle periodically in the state variable coordinate
system [G(¢), H(¢)]. This can be interpreted to be a regular, dynamic process, caused
by mutual emergence of different phases of soliton and exchange of energy. Likewise, the
phase portrait of planner dynamical system in the case of ©1/02 > 0 has been illustrated
in Fig. 12, showing a closed circle centered at (0,0), implying that the system supports
a periodic soliton. Closed paths can appear in phase portrait when there is confined or
restricted periodic motion. Which indicates the presence of solitonic cycles, where the
energy of wave is confined in a repeating cycle without being dissipated rather than fading
away or spreading indefinitely.

5.2. The Perturbed System and Time-Series Plots Evaluation

This section presents the time series plots evaluation of the perturbed system for (9).
The planner system in (51) is perturbed by adding the periodic term to it for disturbing
the periodic behaviour of the system using the Gillion transformation. The perturbed
dynamical system for (9) with a periodic external forcing can be expressed as:

01 O2 (56)

y(H(C),G(Q) = H(¢) = —@G(O - @G(C)?’ + ko sin(y().
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Figure 12: The visualization of phase portrait for (51) at u1 = 5, u2 = 2, u3 = 3,x = —5,51 = 5,62 = L.

Here in (56), ko and v are the amplitude and the frequency the applied external force,
respectively. We show the presence of periodic/chaotic behavior in the perturbed system
in (56) for (G(0) = 0, H(0) = 1) as initial condition and assigning arbitrary values to the
involved free parameter in Figures 11 and 12.

Remarks In the case of ©1/02 < 0, the time-series plot in Figure. 13 shows quasi-periodic
and fractal-like oscillations. The curve’s this periodicity may be related to such structures
as fractal-like periodic solitons will oscillate in both space and time. Analogously, the
fractal-like periodic solitons are proved by the periodic oscillations with fractal structures
at ©1/02 > 0 in Figure 14. Regular oscillations in chaotic systems prove that the system
does not disappear into total chaos, but that despite their complexity and nonlinearity,
produce predictable and regularly repeated patterns. Overall, all the time-series plots
reveals that the system in (56) is fractal-like periodic.
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Figure 13: The time series plots of (56) for u1 = 0.10, u2 = 0.20, u3 = 0.20,x = 0.10,51 = 0.30,62 = 0.30,ko =
0.2,y = 27.
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Figure 14: The time series plots of (56) for 1 = 5,42 = 2, u3 = 3,x = —5,61 = 5,62 = 1, ko = 5,y = 5.
6. Conclusion

In this work we have constructed some exact optical quasi-periodic soliton solutions
for coupled NHESs via the effective unified method. We established rational, exponential,
trigonometric and hyperbolic solutions. To show and explain the dynamical evolutions of
the constructed optical solitons, we provided several 3D, 2D, and contour graphs under
choices of the involved free parameters. These figures showed that the periodic and axial
perturbations in the obtained quasi-periodic type solitons degenerate optical fractals. We
also studied the Hamiltonian nature that gave positive fallout for quasi-periodicity and
fractals for the governing system. The proposed optical solitons are expected to have
many useful applications in the communication field. It is also worth noting that our used
unified technique demonstrates its worth via presenting significant information of the cou-
pled NHE dynamics, enlarging the family of optical soliton structures, and also unveiling
potential applications in the field of nonlinear model management. It is important to
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remember that the unified approach, however enlightening, has some limitations, even if
it provided a significantly improved understanding of the soliton dynamics and of its rela-
tion to the models. Especially, the method fails if the highest order of the derivative and
the nonlinear part are not uniformly balanced. Nevertheless, from the results, it can be
concluded that the applied unified method is the one capable for various nonlinear model
and it also relaxing as well as convenient for this kind of model. A future objective of the
current work is to investigate soliton solutions for the proposed model in a stochastic and
fractional context.
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