EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
2025, Vol. 18, Issue 4, Article Number 6792
ISSN 1307-5543 — ejpam.com

Published by New York Business Global

Direct Product of Q-Algebras

Ananya Anantayasethi', Kittisak Sangsura!, Napaporn Sarasit?*

L Department of Mathematics, Science Faculty, Mahasarakham University, Mahasarakham,
44150, Thailand

2 Division of Mathematics, Faculty of Engineering, Rajamangala University of Technology
Isan, Khon Kaen 40000, Thailand

Abstract. In this work, the direct product of Q-algebras is discussed. We investigate some prop-
erties of this direct product related to concepts of subalgebra, ideal and G-part of Q-algebras. We
obtain that the set G-part of the direct product of @Q-algebras is an exactly the direct product of
sets of G-part of Q-algebras. We also provide the characterization of two elements subsets of the
direct product of ()-algebras to be subalgebras. Moreover, we show the connection between the
direct product of @QQ-algebras and C'I-algebras.
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1. Introduction and Preliminaries

Back to the year 1966, Y. Imai and K. Iseki created a new logical algebra which
is called a BC'K-algebra [1]. In the same year K. Iseki announced a notion of a BCI-
algebra which is a generalization of a BC'K-algebra in [2]. For more insight of BCK,
BCI-algebras see also [3-5]. Since then many algebraic structures are invented, most of
them are generalization of BCK, BCI-algebras. Q. Hu and X. Li introduced the notion of
BC H-algebra in 1983 [6], some basic properties of BC H-algebras are explored. In 1984,
Y. Komori introduced the notion of BC'C-algebras [7]. In [8], Y. B. Jun, E. H. Roh and H.
S. Kim introduced another generalization of BCK, BCI, BCC-algebras in 1998, which
called BH-algebra. The authors of [8] provided that every bounded BH-algebra contains
a maximal ideal. In 2001, J. Neggers, S. S. Ahn and H. S. Kim introduced the notion of
Q-algebra which is a generalization of BCK, BCI, BCH, BH-algebras [9]. A Q-algebra
consists of a non-empty set X and a constant 0 € X, with a binary operation % on X that
satisfies the following three conditions: for any z,y,z € X

(Q1) T+x =0,
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(QQ) zx0= €Ly
(Qs) (@xy) w2z =(@n2) .

We will omit the symbol of a binary operation, we write xy instead of x*y for convenient
reason. There are various literature discussed the notion of Q-algebra. In [9], some basic
properties of Q-algebra are investigated. The authors also presented the concepts of ideal
and quadratic Q-algebras. A non-empty subset I of a Q-algebra X is an ideal if I satisfies
the conditions (I1) and ([2) as following: for all z,y € X,

(1) 01,
(I3) zy € I and y € I imply x € I.

The authors in [9] showed that the subset B(X) = {z € X| 0z = 0} of a Q-algebra
X is an ideal. They also studied the set G(X) = { z € X| Ox = 2} of X, which is called
the G-part of X. It is easy to see that 0 € G(X). Hence, G(X) # (). In general, the set
G(X) need not to be an ideal of X. The authors proved that the set G(X) is an ideal
whenever | X| = 2 and |X| = 3. In [10], [11] and [12], the authors explored more properties
of Q-algebras concerning to the concepts of ideal, G-part and atom. The characterization
of ideals and some properties of the set G-part were presented in [11]. The authors showed
that if the set G-part is an ideal, it is an abelian group. In [10], the concepts of atom
and strong atom in ()-algebras are offered. An element a € X is an atom of X if za =0
implies * = a for x € X. If 0 # a is an atom and ax = a for all z € X \ {a}, then
we call that a is a strong atom. In [10], the authors obtained that the set of all strong
atoms together with a constant 0 is a subalgebra. A non-empty subset S of a Q-algebra
X is called a subalgebra if zy € S for any x,y € S. Moreover, they showed that if G(X)
is an ideal, then all elements in G(X) are atoms. In [12], the authors proved that if
an ideal I of a Q-algebra X contains a strong atom, then I = X. There is discussion
of another kind of ideals in [13]. S. M. Mootafa et al discussed the concepts of Q-ideal
and fuzzy @-ideal in 2012. They founded that any ()-ideal is an ideal. There are other
discussions of Q-algebras. In [14, 15] H. K. Abdullah and M. Tach introduced the notion
of prime ideal and fuzzy prime ideal. The authors showed that an ideal I of a Q-algebra
X with |I| =|X| — 1 is a prime ideal. The other approaches of discussion in @Q-algebras
are morphisms and mappings, more details of these topics can be found in [16, 17]. The
concept of direct products was discussed in various kind of algebras, for instant groups,
rings and modules. The direct product forms by taking the Cartesian product of their base
sets of algebras as the carrier set and defining operations component-wise. In 2016, J. A.
V. Lingcong and J. C. Endam considered the direct product of B-algebras [18], some basic
properties were investigated. They also studied isomorphisms among the direct product
of B-algebras and obtained a necessary condition for a mapping to be an isomorphism.
In 2019 the direct product in BG-algebras was discussed by S. Widianto et al.[19]. They
showed that the direct product of commutative BG-algebras is again a commutative BG-
algebra. Later, the direct product of BP-algebras and G K-algebras were presented in [20]
and [21], respectively. In [22], C. Chanmanee et al. introduced the concept of the direct
product of infinite family of B-algebras in 2022. The authors called this product by ”the
external direct product” as it is a generalization of the direct product. In 2023-2024, the
concept of an external direct product was considered in IU P-algebras, dual U P-algebras
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and JU-algebras, for more details see [22], [23] and [24], respectively.

In this work, we discuss a concept of the direct product of Q-algebras. We
explore some properties of direct product of Q-algebras. The connection of the G-part of
(Q-algebras and the G-part of its direct product is investigated. Moreover, we provide a
condition for the direct product of (Q-algebras to be a C'I-algebra. Now we recall some
properties that we will use later.

Proposition 1. [25] Every Q-algebra X satisfies the following property: 0(xy) = (0z)(0y)
forall x,y € X.

Proposition 2. [5] Let X be a Q-algebra and let a and b elements of G(X). Then ab = ba.

Corollary 1. [5] Let X be a Q-algebra. A left cancellation law holds in G(X), i.e. for
all a,b,c € G(X), ab = ac implies b = c.

Proposition 3. [11] Let X be a Q-algebra and let 0 # a,b,c € G(X). Then the following
three properties hold:

(i) a # b implies ab ¢ {0,a,b}.
(ii) If ab = ¢, then ac = b and bc = a.
(i1i) For any x € X, za # x.

Proposition 4. [10] Every element of a Q-algebra X is an atom if and only if a(xb) =
b(za) for all a,b,z € X.

2. Direct Product ()-algebras

We will define a direct product on Q-algebras in a usual way.

Definition 1. Let {(X;;%;,0;)| i € I} be a non-empty family of Q-algebras. Let [ X; be
el
the cartesian product of the set X;,i € I:
[ Xi ={(zi)ierlzi € Xi,i € I}.
el
We define a binary operation ® on []| X; as following: for (x;)icr, (yi)ier € [] Xi,
i€l i€l

(xi)ier ® (Yi)ier = (zi * Yi)ier-

Then we get that ([ Xi; ®, (0i)er) is a direct product Q-algebra as shown in the fol-
el
lowing proposition.

Proposition 5. Let {(X;;%;,0;)| ¢ € I} be a non-empty family of Q-algebras. Then

(TT Xi;®, (05)er) is a Q-algebra.
el
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PT‘OOf. Since 0; € X; for all 7 € I, then (Oi)iej S H X;. Let (l’i)ie[, (yi)iel, (Zi)iel S
i€l
[T Xi. Since (x;)icr ® (0;)ier = (x5 %; 0;)ier = (2;)ics then the condition (Q2) is satisfied.
el
Moreover, (x;)icr ® (x;)icr = (x; *; xi)ier = (0;)ier there follows (Q1) is fulfilled. Let
consider

(i)ier ® (Yi)ier) ® (zi)ier = (i *i Yi)ier ® (2i)ier
(( i ¥4 yz) z)zEI

= ((:L‘ *q Zz) *q yz)ze]
(xz ) ) el ® (yz)zel
( T;)icl ® (Zz)zef) (yi)iEI-

Thus, the condition (Q3) is satisfied. Hence, (][] X;; ®, (0;)icr) is a Q-algebra.
el

Example 1. Let X1 = {01,a} and X9 = {02, z,y, 2} be the sets with the binary operations
x1 and %o defined on X1 and Xo, respectively.

*9 ‘ O = y =z
020 = 2z y
T z 0 y =z
y |y z 02 =z
z z y x 0O

Then (X1;%1,01) and (Xa;*2,02) are Q-algebras. From Proposition 5, (X1 x Xo; ®, (01, 02))
is a Q-algebra, illustrated as the following table.

® (01702) (Obx) (Olay) (Olaz) (a702) (%x) (aay) (a72)
(01702) (01702) (01,1‘) (0172) (Olvy) (a702) a,x) (CL,Z) (aay)
(On,@) | (01,2) (01,02)  (01,9)  (01,2)  (a,2) (a,02)  (a,y) (a,z)
(Olvy) (Olay) (01,2) (01a02) (01,.7}) (aay) ((L,Z) (CL, 2) (a,ac)
(0172) (0172) (Olay) (01,%) (01702) (a,z) (avy) (aax) (a702)
(CL, 2) (a7 2) (CL,QT) (a’z) (a,y) (017 2) (01,1‘) (01,2) (Olay)
(avx) (a,:z:) (avOQ) (aay) (a,z) (017'7:) (01702) (Olay) (017Z)
(@y) | (ay) (a,2) (a,00)  (a,z) (01,9) (01,2) (01,02)  (O1,2)
(CL,Z) (avz) (a7y) (CL,%‘) (a702) (Olvz) (01,3/) (0171') (01702)'

It is easy to see that G(X1 x X2) = {(01,02), (01,2), (a,02), (a,x)}. It is a routine to
verify that the set S = {(01,02), (01,z), (a,02), (a,x)} is a subalgebra of X1x Xo. Moreover,
we get that By = {01,a} is a subalgebra of X1, By = {02,2} is a subalgebra of Xo and

S = By x By. In general, a sub-direct product || B; of a direct product [ X; of Q-algebras
iel i€l

is a subalgebra whenever B; is a subalgebra of X; for all i € I. This fact can be seen in

the following proposition.
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Proposition 6. Let [ X; be the direct product of Q-algebras and let ) # B; C X; for all
i€l
i € I. Then B; is a subalgebra of X; for all i € I if and only if [[ B; is a subalgebra of
iel
I1X:.
i€l

Proof. Assume B; is a subalgebra of X; for all ¢ € I. Let (z;)ier, (yi)ier € [] Bi.

i€l
Then x; x y; € B; for all i € I, there follows that (z;)icr ® (yi)icr = (zi *; yi)icr € [] Bi-
el
Thus, ] B; is a subalgebra. Conversely, let z;,y; € B; for each i € I. Since [[ B; is a
iel il
subalgebra then (z; *; y;)icr = (;)icr ® (Yi)ier € [[ Bi- Therefore, z; *; y; € B; and there

el
follows B; is a subalgebra of X; for all 7 € I.

Example 2. Consider Q-algebras (X1;%1,01) and (Xa;%2,02) from Example 1. We see
that G(Xl) = {Ol,a}, G(XQ) = {02,.75} and G(Xl) X G(Xg) = {01,(1} X {OQ,I} =
{(01702)a (01,1‘), (a702)7 (a,l’)} = G(Xl X X2)

Example 2 shows a relation of the set G-part of the direct product of QQ-algebras,

G(I] Xi), and a direct product of the set G-part of X;, i € I, [[ G(X;). Both sets are
i€l el
coincide as shown in the following proposition.

Proposition 7. G([[ X;) = [[ G(X;).

el el
P’/’OOf. Let (ai)ig € G(H Xz) Then ((IZ')Z'GI = (Oi)ie] ® (ai)iej = (Oi *; ai)iej. It
el

follows that a; = 0; *; a; for all i € I. Hence, a; € G(X;) for all ¢ € I. Therefore, (a;)icr €

[ G(X5), ie. G(H X;) C J[ G(X;). For the opposite inclusion, let (¢;)cr € [] G(X5).
el el el i€l
Then for all i € I ¢i € G(X;). It follows that 0; *; ¢; = ¢; and then (¢;)ier = (0; *; ¢;)icr =

(0:)ier ® (¢i)ier- Thus, (¢;)icr € G('GHIX i). Hence, ];[IG( i) C G('EHIX i)

For any element (a;);cr € G(H Xi), (0i)ier ® (ai)ier = (a;)icr- Combining this
fact and conditions (Q1), (Q2) we get the following proposition.

Proposition 8. A subset S = {(0;)icr, (ai)icr} is a subalgebra of [ X; for all (a;)icr €

el
G(I] Xi)-
el
Proof. Let (a;)ic; € G(]] Xi) and let S = {(0;)icr, (a;)icr}. Properties (@Q1) and

i€l
(Q2) imply that (0;)icr ® (0i)icr = (03)icr € S, (ai)ier ® (ai)ier = (0i)ier € S) and
(ai)ier ® (0i)ier = (ai)ier € S. Since (a;)ics € G([] Xi), then (0:)ier ® (ai)ier = (ai)ier-
el
Therefore, (0;)icr ® (a;)ier € S. Altogether, S = {(0;)er, (a;)icr} is closed. Hence,
S = {(0;)icr1, (a;)icr} is a subalgebra of [[ X;.
el
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Next proposition shows necessary and sufficient conditions for a two-element
subset of [] X; containing a constant (0;);c; to be a subalgebra of [] Xj.

el i€l
Proposition 9. Let (a;)icr € [[ Xi and let S = {(0;)icr, (ai)ier}. Then S is a subalgebra
i€l
of [1 X if and only if (a;)icr € G([] Xi) or (ai)ier € B(I] Xi)-
iel il i€l
Proof. (=) Assume S = {(0;)ier, (a;)icr} is a subalgebra of [[ X;. Then by clo-
i€l

sure property of S, (0;)ier ® (a;)ier € S, there follows (0;)icr ® (a;)icr = (a;)ier or
(0i)ier ® (ai)ier = (0i)ier- Hence, (ai)icr € G(]] Xi) or (ai)ier € B(]] Xi).

iel i€l
(<) If (ai)ier € G(]] Xi), then S = {(0:)ier, (ai)icr} is a subalgebra by
i€l
Proposition 8. If (a;)ier € B([] Xi), then (0;)ier ® (a;)icr = (0;)icr. From this fact
i€l

and (Q1),(Q2) we can conclude that S = {(0;)ier, (@i)ier} is closed. Therefore, S is a
subalgebra of [] Xj.

el
Moreover, the set G([] X;) itself is also a subalgebra.
el
Proposition 10. G([] X;) is a subalgebra of [] X;.
iel el
Proof. Since 0; € G(X;) for all i € I and by Proposition 7, then (0);c; € G(]] X3).
i€l
Therefore, G(H Xl) 7'5 (Z) Let (ai)i.g[, (bi)ie[ S G(H Xz) . Then (Oi)iej ) (ai)ig = (ai)ief
i€l iel

and (0;)ier ® (bi)ier = (bi)ier. By Proposition 1 we get (0;)icr ® [(ai)icr ® (bi)icr] =
[(0)icr ® (as)ier] ® [(03)icr ® (bi)icr] = (as)ier ® (bi)icr. It follows that (a;)icr ® (b;)ier €

G(]1 Xi). Therefore, G([] X;) is closed.

icl iel
Proposition 11. G(]] X;) is an abelian group.

i€l
Proof. Let (a;)icr, (bi)ier, (¢i)ier € G(]] Xi). Then (ai)ier ® (bi)icr € G(I] X;) by
icl iel

Proposition 10. The commutative property follows from Proposition 2. By (Q3) and the
commutative property, there follows

[(ai)ier ® (bi)ier] ® (ci)ier =

[(ai)i Dier] ® (bi)ier
= [(ci)ier ® (a3)ier] ® (bi)icr
= [(ci)ier ® (bi)ier] ® (as)icr
= [(bi)ier ® (¢i)ier] ® (a;)icr
= (ai)ier ® [(bi)icr ® (¢i)ic1]

Therefore, an associative law is fulfilled. Since (a;)ier € G(]] Xi) and by (Q2), then
el
(0i)ier ® (ai)ier = (ai)ier = (ai)ier ® (05)icr. Therefore, (0;)ie; is an identity element.
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Since (a;)icr ® (ai)ier = (0;)icr by (Q2), then (a;);er is an inverse of itself. Altogether,
G([] Xi) is an abelian group.
el
It is known that an abelian group G such that every element (except an identity
element ¢) has order 2, G has an order 2* for some positive integer k. By this fact and
Proposition 11 we obtain the following proposition.

Proposition 12. If 1 # | [[ Xi| = k for some odd number k, then G([] X;) # [ Xi.
iel i€l i€l
Proof. Assume that | [] Xi| = k for some odd number k > 1. Suppose G([] Xi) =
H X;. Then ]G(H X;)]| ilk. There follows ]G(H X;)| is odd, this is impossiz‘te)lle since
ZC%HIX,) is an abfllian group by Proposition 11. Itleelnce7 G(HIXi) #* ]_[IXi.
i€ 1€ 1€

Proposition 13. If G([] Xi) = [[ Xi, then every element of [] X; is an atom.

i€l i€l i€l
Proof. Assume G([] X;) = [] Xi. Then by Proposition 11, [ X; is an abelian group.
i€l i€l i€l
Let (a;)ier € J[ Xi- Assume (z;)icr ® (a;)icr = (0;)ier. Since H X, is an abelian group,

el
then (a;)icr ® (7:)ier = (Ti)ier ® (ai)ier = (0i)ies. From (az)zel ® (ﬂcz)zel = (0i)ier and by
(Q1) (a3)ier ® (a;)ier = (05)ier, applying Corollary 1 we get (a;)icr = (x;)ics. Therefore,
(ai)ier is an atom for all (a;)ier € [ Xi.
el
The converse of Proposition 13 is not true. Let consider a Q-algebra
(X1 x X9;®,(01,02)) from Example 1.

® (01702) (01,1’) (Olay) (Olaz) (a702) (CL?x) (avy) (CL,Z)
(01702) (01702) ( 1756) (017Z) (Olvy) (a702) (a,l‘) (a,z) (a>y)
(01,%) (01,1‘) (017 2) (Olay) (0172) (a,x) (CL’OQ) (avy) (a’z)
O1,9) | (01,9)  (01,2) (01,02)  (O1,2)  (a,y)  (a,2) (a,02)  (a )
(0172) (0172) (017 ) (0173:) (01702) (CL,Z) (a7y) (aax) (a702)
(a702) (a7 2) ( a, ) (CL,Z) (a,y) (01702) (017x) (01’2) (Olvy)
(avx) (a’x) ( 702) (a,y) (CL,Z) (Olﬂx) (01702) (01,2/) (017Z)
(@y) | (ay) (a,2) (a,00)  (a,z) (01,9) (01,2) (01,02)  (O1,2)
(avz) (avz) ( ) (a7$) (a702) (Olvz) (Olvy) (01737) (01702)

It is not difficult to verify that all elements of X7 x X5 are atoms and G(X; x Xq) =
{(01,02), (01, ), (a,02), (a,z)}. Therefore, G(X1 x X2) # X1 x Xo.

Corollary 2. If G(]] Xi) = [ Xi, then (z;)icr ® [(yi)ier ® (2i)icr] = (2i)ier ® [(Yi)ier ®
iel icl
(zi)ier] for all (xi)ier, (Yi)ier, (2i)icr € I_IIXi-
ic
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Proof. Assume that G(]] X;) = [] Xi. Then by Proposition 13 all elements of [ X;
i€l icl iel
are atoms. By Proposition 4 we get (i)icr ® [(yi)ier ® (2i)ic1] = (2i)ier) ® (i) ier ® (i) ie1]
for all (z;)ier, (vi)ier, (2i)ier € T] Xi-
i€l
Next proposition shows a condition for the direct product of Q-algebras to be
a CI-algebra. A sysytem (X;x*,0) consists of a non-empty set X, together with a binary
operation * defined on X and a constant 0 € X is called a CI-algebra if (CI;) zx = 0,
(Cly) 0z = z and (Cl3) z(yz) = y(xz) for all x,y, z € X, are satisfied.

Proposition 14. G([] X;) = [[ Xi if and only if [[ X; is a CI-algebra.
iel iel iel
Proof. Assume that G([] X;) = [] Xi. Then [] X; is an abelian group by Proposition

icl iel iel

11. We want to show that [] X; is a CI-algebra. It is enough to show only the condition
i€l

(CI3). Let (;)ier, (Yi)ier, (zi)ier € ][ Xi. From a commutative property and ((Q3) we can

i€l

calculate that (z;)icr ® [(i)icr ® (2i)ie1] = (i)ier ®[(2i)ier ® (yi)ic1] = [(2i)ier ® (yi)icr] ®

(@i)ier = [(2i)ic1®(T:)icr|®(Yi)ier = (¥i)ier®[(2i)ic1®(T:)ic1] = (Yi)ier®[(2:)ic1®(2i)ier]-

Hence, (C1I3) is satisfied. Therefore, [[ X; is a CI-algebra. The converse direction follows

iel
from the condition (CIz).

3. Conclusion

We discussed the direct product of @)-algebras. We obtained that the direct
product of Q-algebras is again a (J-algebra. Several basic properties of the direct product
of ()-algebras are presented. We also studied this topic related to many concepts in Q-
algebras, for instant, subalgebra, G-part and atom. We showed necessary and sufficient

conditions for a two-element subset of the direct product of Q-algebras, [[ X;, containing
el
a constant (0;);er to be a subalgebra of [ X;. We also provided some properties of the set
el
G-part, G(]] X;), of a Q-algebra [] X;. We proved that the set G(]] X;) is a subalgebra,
i€l icl icl
moreover, it is an abelian group. We also showed that every element of [ X; is an atom
i€l
whenever the set G([] X;) is equal to [[ X;. For further study, one can consider the direct
icl iel
product of Q-algebras in the direction that related to the following topics:
- ideals and filters;
- fuzzy subalgebras, fuzzy ideals;
- homomorphisms and isomorphisms;
- more insight of atoms and strong atoms.
Another direction of study is a concept of a generalization of the direct product, i.e. the

external direct product of QQ-algebras.
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