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Abstract. In this article, the notion of a multiplicative cone bipolar metric space is introduced.
Fixed point results in the setting of these spaces have been established and supported with suitable
non-trivial examples. Our results generalize and extend proven results from previous studies.
The main results are applied to obtain analytical solutions to integral equations and fractional
differential equations. These findings contribute to the growing body of literature on fixed point
theory and its applications in analysis.
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1. Introduction

It would be fair to say that the concept of metric fixed point theory started with the
famous contraction mapping theorem of S. Banach [1], that was generalised by Kannan
[2], Reich [3], Junck[4], to name a few. This theory has seen rapid development in the
past nineteenth and twentieth centuries. In the overlaps made in these centuries, while
metric spaces and normed spaces developed, the domains were only taken as value regions
with single variables and real positive numbers. In other words, new metric spaces are
produced by taking the domains X, X2, and X?3. However, bipolar metric space is defined
as a new space by going beyond the conventional definition of metric spaces that have
been defined for years. At the same time, this theory has been applied to real life and
various fields of science, namely engineering, economics, medical sciences, and computer,
etc.

Metric Fixed Point Theory has vast applications. The attraction of productive research
activity in the fixed point theory has taken shape in the form of the search for fixed points
of generalized contraction mappings. Not to mention, a lot of investigators have released
many publications on fixed point theory in various ways. And the existence of fixed points
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of contraction functions has been recently one of the popular topics in the discipline of
fixed point theory. One of the generalisation of the metric spaces was the cone metric
space, introduced in 2007 by Huang and Zhang [5] who presented fixed point theorems
of contractive mappings in the setting of cone metric space. Subsequently, fixed point
results were reported by generalising the cone metric space such as dislocated cone metric
space,cone b-metric space, rectangular cone metric space, rectangular cone b metric space
etc were reported in literature, for example, [6-9].
In 2016, the concept of bipolar metric space has been established by Mutlu & U. Giirdal,[10]
and the authors explored several basic fixed point and coupled fixed point theorems for
co-variant and contra-variant mappings subject to contractive conditions; see [11]. Many
important contributions by many authors have been made in bipolar metric spaces see,
[12-19]. It was in 2021 that Gaba Aphane and Aydi, [20] showed fixed point theorems on
bipolar metric space. Ampadu in 2007[21] introduced to the concept of multiplicative cone
metric space & proved coupled version of the higher order Banach contracton principle.
In this article, the definition to the concept of multiplicative cone bipolar metric space
is being introduced & fixed point theorems are established. The derived results extend /
generalise proven results of the past and are supplemented with non-trivial examples. The
results are applied to find solutions of integral equation and fractional differential equa-
tions. The rest of the paper is organised as follows: In Section 2, some basic definitions
are given. In Section -3 fixed point results in the setting of MCBMS are established and
the derived results are supplemented using non-trivial examples. Fractional calculus plays
an important role in designing and analysis of various mathematical models that help in
achieving sustainable development goals of the United nations and fixed point theory plays
a vital role in analysing the existence of unique solutions to those systems, see [22-26].
Accordingly, in Section-4, the fixed point results are applied to find analytical solution
to integral and fractional differential equations. Finally, the manuscript is concluded by
placing some open problems for future research in Section-5.

2. Preliminaries
The following definitions and monograph are required in the sequel.
Let A always be a real Banach space & Z C A. Z is known as a cone iff
(i) Z is closed, non-void, & Z # {0};
(ii) a,c€R, a,c>0,q,9€ Z = aq+ ¢ € Z;
(ili) g€ Z and —q€ Z2 = q=0.

Given a cone Z C A, we define a partial ordering < with respect to Z as q < ¢ iff
¥ —q € Z. We shall write q < ¥ to indicate that q < ¢ and q # ¥, while q < ¢ will stand
for 9 — q € intZ, intZ is the interior of Z.

The cone Z is referred to Normal if there is a number W > 0 s.t for all q,v € A,

0<q<d = [l <[]
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The smallest non negative number that satisfies the above is known as normal constant
Z. The cone Z is regular, if every monotonically increasing and upper bounded sequence
is convergent. To be specific, if {q,} is sequence for which

GI<qe<--<q<-- <7

For some ¥ € A, there is q € A such that ||qs — q|| = 0(/ — o0). In other words the
cone Z is regular iff every sequence which is non-increasing and bounded from below is
convergent. It is a common knowledge that a regular cone is a normal one. In what follows
we always have in mind that A is a Banach space, Z is a cone in A with intZ # () and <
is partial ordering with respect to Z.

Definition 2.1. Consider B and F be non-void sets and o : B x F — A be a function
such that

(1) If a(q,9) =1 then q =90, for all (q,9) € BxF., where 1 represents the unit element.
(i1) If q =19, then a(q,9) =1, for all (q,9) € Bx F

(i17) a(q,9) = a9, q), for all q,9 € BNF

() a(q,?) < a(q,w)a(f,w)a(B,9), for all q,f € B and w, v € F.

Then the triplet (B, F,«) is called a multiplicative cone bipolar metric space(MCBMS).

Example 1. Consider A = R?, Z = {(q,9) € Alq,9 >0} C R?, B =1[0,1], F = [1,2]
and o : B x F — A such that a(q,9) = el9=9819=9) where B > 0 is a constant. Then
(B, F,«a) is a MCBMS.

Definition 2.2. (i) Let us consider a MCBMS (B, F,«). Then the sets points are B, F
and BNF are named as left, right and central points, respectively, and any sequence,
that is consisted of only left (or right, or central) points is called a left (or right, or
central) sequence on (B, F,a).

(ii) Let (B, F1,a1) & (Ba, Fa,a0) be MCBMS & Q2 : By UFy — B U Fa be a function.
If Q(By) C By and Q(F1) C Fa, then Q is called a covariant map, or a map from
(B1, F1,01) to (Ba, Fa, ) and this is written as Q : (By, Fi,a1) = (Ba, Fo, ). If
Q: (B, Fi,a1) = (Fa, By, @2) is a map, then Q is called a contravariant map from
(By, F1,a1) to (Ba, Fa,2) and this is denoted as Q2 : (By, Fi,01) = (Ba, Fa,2).

Definition 2.3. Let (B,F,«a) be a MCBMS. A left sequence {q;} converges to a right
point ¥ iff for every 3 € A with 0 < 3 3 an by € N s.t a(qe,¥) < 3 for all £ > {.
Similarly, a right seqence {9¢} — q iff, for every 3 € A with 0 < 3 3 an by € N s.t,
whenever £ > Ly, a(q, ¥¢) < 3.

Definition 2.4. Let (B, F1,a1) and (Bg, Fa, ) be a MCBMS.
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(i) A map Q: (By, F1,a1) = (B, Fa, ) is known to be continuous at a point qo € B,
if for every 3,0 € A with 0 < 3, 3 a 0 K€ 6 s.t whenever 9 € Fi & ai(qo, ) < 0,
a2((q0), Q) < 3. It is continuous at a point g € Fy if for every 3,6 € A with
0 <3 3a0< 9 s.t whenever q € By and a1(q,9) < 6, az(2(q), (Vo)) < 3.
In the case where f is continuous at any point q € By & 9 € F1, then it is called
continuous.

(i) A contravariant function Q : (Bi, Fi1,01) S (Ba, Fa, ) is continuous iff it is con-
tinuous as a covariant function  : (B, Fi,a1) = (Ba, Fa, a2).

This definition assumes that a covariant or a contravariant map € from (By, Fi, 1) to
(Ba, Fa, ) is continuous, if and only if {rs} — z on (B, F1, 1) implies {Q(xs)} — Q(2)
on (BQ, ./—"2, 012).

Definition 2.5. Let (By,Fi,a1) and (Ba, F2,a3) be MCBMS. A covariant map € :
(B1, F1,a1)=(Bs, Fa, ) such that

a((q), Q9)) < (a(q,9)* for all q € Bi,9 € Fy
or a contravariant map Q : (By, Fi,a1) S (Bg, Fo, a2) such that
a((q), Q9)) < (a(q,9))* for all g € Bi,9 € Fy

is known as Lipschitz continuous. If A=1, then the covariant or contravariant function is
known as non-expansive, & it is termed as contraction if it is confirmed for A € (0,1).

Definition 2.6. Consider (B,F,a) be a MCBMS.
(1) A sequence ({qn}, {Un}) on the set B x F is known as bisequence on (B, F, ).

(i) If both {qn} & {U,} converge, then the bisequence (qn,Vy) is known as convergent.
If {qn} and {¥,} both converge to a same point u € BN F, then this bisequence is
known as biconvergent.

(i1i) A bisequence ({qn},{Vn}) on (B, F,a) is known as a Cauchy bisequence, if for each
e >0, 3 a number ly € N, s.t for all positive integers {,t > lo, a(qe, V) < €.

Definition 2.7. A MCBMS is complete, if every Cauchy bisequence is convergent.

In the next section fixed point results in the setting of MCBMS are presented.

3. Main Results

Now we present our first result.

Theorem 3.1. Let (B, F,«a) be a complete MCBMS, Z be a cone with constant W &.
Given a contraction function Q : (B, F,a) = (B, F,«a), the mapping Q : BUF — BUF
possesses a UFP(unique fized point).
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Proof. Let qo€ B & YpeF. for all £ € N, define Q(q¢) = qg+1. Then ({q¢}, {U¢}) be a
bisequence on (B, F,a). Consider M := a(qo, Yo)a(qo,¥1). Then, for all positive integer
£ and p,

a(qe,V¢) = a(ge-1), Q(Je-1))

< (a(qe_1,90-1))"

< (a(d0, o))
and also,

a(Q(qe-1), (V)

Oé(CIE, 196-1—1) =
S 04(‘1[—1, ﬂf))A

< ((qo, 1))

a(Qegp, Vo) < a(egp, Vog1)(qe, Vo) (qe, V)
< a(qepp, Vos1

< a(qogps Vet2)a(eg1, Vog2)(qey1, Yog1) M

( )
( )
( ) X
( )

< a(qetp, Voyo

/\é+p71 >\Z+1 )\Z
< a(qesp, Vorp) M XA
<M()\4+P+...+/\Z+l+)\l)

A
S Mi=x

4
and similarly a(qe, ¥r4p) < M=% Now,

a(qe, Ve) < alqe, Vo) a(qey, Py ) a(qey, Oc)
< M,

Therefore, a(qs, V) — 0(¢,t — ++00). Hence ({q/}, {¥¢})) is a Cauchy bisequence. Since
(B, F,«) is complete, ({q¢}, {¢}) converges, & biconverges to a point r € BN F,

{Q)} = {91} 2 r€BNF.

Since 2 is continuous, it follows that () — Q(r), then Q(zr) = r. Hence ¢ is a FP of Q.
If zis any FP of Q, then Q(z) =z=ze BNF &

o, 2) = a(Q),2(2)) < (ar,2)}
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where 0 < A < 1, which implies a(r,z) =0, and so ¢ = z.

Example 2. Let A = Myy(R) be a set all real enteries and Z = Myyo(R) be a set all
non negative real enteries.

Let B={Ji(R) : Ji(R) is an upper triangular matrices over R}, F = {Ly(R) : Ly(R) is an upper triangular m
and the function o : B x F — A is defined as

al,V) = ezﬁi=1 Isis —mis]

for allU = (Gj)exe € B and V = (myj)exe € F. Then (B, F,a) is a complete MCBMS.
Also define T : (B, F,a) = (B, F,«a) as

- (3
4 153
for allU = (ij)exe € To(R) U Ly(R). Now,

OC(T(U), T(V)) = ei Zie,jzl Isij —mij

1 £
< o2 =1 lsi—myl

1
P 2
— <eZi,j—1 |§ijmij|>

= (O‘(uv V))/\

for allU = (Gij)exe € B and V = (myj)exe € F. All the criteria of Theorem 3.1 are satisfied
with A\ = % & T possesses a UFP (Opxy, Opse) € To(R) U Lo(R) where Opyy is the null
matriz.

Example 3. Let A =R, Z = {q € A|lq > 0}. Take B =[0,1] & F = {0} UN — {1}
be equipped with a(q,9) = el for all q € B, 9 € F. Then, (B, F,a) is a complete
MCBMS. Also define Q: BUF = BUJF as

3, ifqe(0,1],
ag) = {2 L€
0, ifqe{0}UN-{1},
forallqe BUF. Let q € B and 9 € F, then
a(Qq, ) = el3 70l

< ezla—0l

- (elq—ﬁl)%_
Therefore, conditions of Theorem 3.1 are satisfied & ) possesses a UFP q = 0.

Below we prove a similar result for contravariant maps.
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Theorem 3.2. Let (B, F,«) be a complete MCBMS, Z be a cone with constant W &
given a contravariant contraction function Q : (B, F,a) S (B, F,«a). Then the function

Q:BUF — BUF has a UFP.

Proof. Let qo € B. for all £ € N, define Q(q,) = 9, and Q(J¢) = qe4+1. Then ({qe}, {9¢})
is a bisequence on (B, F,a). Then for all £,p € Z*,

—~
Q
—~

Qr—1, Ve 1)) o

< (a(qo, ¥0))""
a(qer1,9¢) = a(Q(Ve), 2qr))
(a

(qe,90))

IN

< (a(qo, Do) .

oz(CIHm 19@) < a(qepv 19£+1)04(qf+1, ﬁg+1)a(qz+1’ 196)
Oé(q€+p, 193+1)(Oé(q0’ 190))()\2£+2+>\2£+1)

a(qetp, Ver2)a(qete, Vrv2)a(der2, Yog1)
(a(go, 9g)) X F AT

20+4 20+3 20+2 20+1
< a(Qesp, Drp2)(a(qo, 9g)) N HATTIHEATTERATED

<
<

2042p—2 2041
< aqrrps Verp—1)(a(qo, Vo)) N AT
< (a(qo, 790)) (A26H2p—1 4 \20+2p—2 | \20+2p—3 | | \2+1)

/\21+1

(c(q0,90)) T

IN

a(qe, Veyp) < alqe, Vo)a(qesr, Vo) (qeg1, Votp)
< (a(qo, 90)) N T (qe+1, Vrtp)
< (g0, 90) X ¥ D a(qrrr, 9o 1) a(der2, Des)

)
)
a(qe4-2, 19£+p)
)

o
20 20+1 2042 20+3
< (o, D) TR 0 (qpg, Dpay)
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N2E4 22041 4 y204+2p—1

< (a(godo)) N AT AT Ja(Qep, Vetp)
< a(qo 190)()\2€+>\2€+1+...+A2£+2p—1+)\2£+2p)

= M

220

(a(q0,90))T-%.

IN

Now,

a(qfv 191') < a(qf7 Q950)04((:'40 ) ﬁfo)a(qfov 191')

2¢
32T

< (@(q0, 90))"1-%.

Therefore, a(qe,d:) — 0(¢, v+ — + + 00). Therefore, ({qs}, {9¢}) is a Cauchy bisequence.
Since (B,F,«) is complete, ({q¢}, {¢}) converges, then {q,} — r,{¥¢} — r, where ¢ €
BN F. Since the contravariant mapping € is continuous

{an} — 1,

{0} = {Qq0)} — Qx)

and combining this with {J,} — r gives Q(r) = r. Suppose z is a FP of Q, then Q(z) =z
implies z € BN F so that

which gives a(r,z) = 1. Hence ¢ = z.

Example 4. Let A=R, Z = {q € Alq > 0}. Let B={0,1,2,7} and F = {0, 7, 3,3}

be equipped with o(q,9) = el for all ¢ € B, 9 € F. Then, (B,F,a) is a complete
MCBMS. Also define Q: BUF = BUJF as

I ifae {27}
Qq) =42 O
07 qu S {07 VREDR) 173}7

forallq e BUF. Let q € B and ¥ € F, then we get

D=

a(04,99) < (a(q,9))%.
Therefore, criteria of Theorem 3.2 are verified & ) possesses a UFP q = 0.

Finally, we express a theorem based of Kannan’s FP result [2].
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Theorem 3.3. ConsiderQ): (B, F,a) S (B, F,«a), where (B, F,«) is a complete MCBMS,
Z be a cone with constant VW and let 5 € (0, %) s.t the inequality

a(9,0q) < (a(q, 29)a(Q9, 9))”
holds for all q € B and 9 € F. Then the function Q) : BUF — BU F possesses a UFP.

Proof. Consider qy € B, for each positive integer ¢, we define ¥y = Qqy & qpi1 = Q.
Then we have

a(qe, V) = a(Q0¢-1,Q4qy)
< (a(qe, Q90) (W1, Yp_1))”
= (a(ae, 9e)a(qe, 9e-1))”

for all integers ¢ > 1. Then,

B
a(qe,V¢) < (a(qe, Ve—1)) -5,

and
a(qe, Ve—1) = a(Q¢—1,Qq0-1)
< (a(qr—1, Q90— 1)(QV¢_1,9¢_1))"
= (a(qe_1,9_1)(qe, 9e_1))",
SO

B
a(qe,Ve—1) < (a(qe—1,0¢-1)) 5.

Take 7 := %, then we have j € (0,1) since 8 € (0, 3).

alqe, 9¢) < (a(qo, 90))"™,
20—1

a(de, Ue-1) < (a(q0, Vo))’
For each v > /¢,

a(qe, V) < alqe, 9e)a(qes1, Ie)a(qes, Oe)
< (a(do, Do)a(qer1, 9e)) )

S (a(q07190))(j2£+j2£+1+_,_+J2t—1+J2t)

= (a(qq, 9p)) "+
20

< (a(q0, 90)) 5.
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As 0t — 4 + 0o, we get
a(qe, Ue) — 1.

Consequently, for each v < ¢

Oé(% ﬁt) < Oé(CIr+17 19:)04(%+17 19t+1)04(q87 0t+1)
< (a0, 90))7" (g, o)

2r+1 2t4+2 20
+ et
(1 J J )Oé(qe7 Vy)

(24202 2041

As 0t — 4 + oo, we get
a(qg,ﬁt) — 1.

Therefore, ({qs},{¥m}) is a Cauchy bisequence. Since (B,F,«) is complete, {q,} —
t, {9} — r, where r € BU F. Since

{Qae} = {9} =1
On the other hand,
(9, Qq0) < (a(ae, Qa0)a(,1)” = (alar, Do) (O, 1)),
As l — 4+ + oo,
a(Qr,1) < (a(Qr,1))”

Therefore, a(Qr,r) = 1. Hence Qr = . If z is any FP of Q, then Qz =z = z € BN F.
Then

a(r,z) = a(Q, Qz) < (afr, W)a(Qz,2))?
= (a(,1)a(v,2))? = 1.

Consequently ¢ = z.

Theorem 3.4. Let (B, F,«a) be a complete MCBMS, Z be a cone with constant W &

0,8 : (B, F,a) = (B, F,«a) be a contravariant mapping satisfying

q, )5V, ¥
a(q, )

o B8
(89, 90) < ( ( )) (a(a.9))" (9, Q) (89, 9)), W
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for all (q,9) € Bx F, with q # 9, 8,7,1 >0,y < &0 < B+~v+21 < 1. Then
0,S:BUF — BUF have a unique CFP.
Proof. Consider qo € B & Yy € F then for each £ € NU {0}, we define

S0 = Vor, Q2041 = Vor41, SV20 = doeg1, QWorr1 = qoega.
Now by (1), we get

a(q2e41, T92e+1) :04(3?9257 QCI2£+1)

(92041, 20+1) (SV20+1, V2r) ) B
o o))
< a(q2e41,V20) (a(q2e41, V20))

(2041, Qa2041) + a(SV20,V2¢))"

B
a(92e+1, V2041)(q20+1, 192£)>
< a(q%—i-l, 192[) ( (q2€+1 2@))

<

(a(q2e+1, P2041)(q2e41,V2r))"
=(a(q2+1, 92041))? ((q2e41, 920)) 7
(a(q2e+1, P2041)(q2e4+1,V20))"s
which implies that

y+e

a(qae41, Y2041) < (a(qoes1, Oop)) 5. (2)
Also, we have

a(qae+1, Vo) =a(SV9¢, Qq20)

Oé(Clzz,QC{Qe)a(Sﬁzz,ﬂzz))ﬂ
< a(qop, J9p))”
_( (ot Ua0) (a(q2e, Y20))

(a(q2e, Qq2¢) + (SV2r, V20))"

Oé(Q% 1922)06(Q22+1, 792@) > A
= a(qap, Hor))”
< a(q2¢, V20) (o82t, D))

(a(q2e, V20)x(q2e41,V20))"
=(a(q2e11,92¢))" ((aaz, D2¢)) " ((dae, Do) )*
(a(g2e41,Y20))"

which implies that

vt

a(ge41, V20) < ((qar, Vo)) -5 (3)

Since B+~v+21€[0,1) and 12:52_ =p (say), p € [0,1). Hence, from (2) and (3), we get

.

4041
Pttt

(4)

a(qaes1,92041) < (290, 90))°" " and  alqarsr, 92¢) < (aldo, o))
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Now, for any ¢ € N,

28+2

a(qe+1, Ves1) < (g0, 90))” 75 alder1,9e) < (algo, Jo))”

2041

and

24

a(qe,9¢) < (a(qo,%0))"
For all v, € N,
Case 1. If v >/,
a(qe, V;) S&(qe,79@)Oé(l1£+1,v"e)04(l1£+1,19r)
<(o(0,90))” (10, 90))”"" u(deq1, 05)

<(a(q0, ) " D aqrs1, 9es1)

a(qes2, Ver1)(qes2, )
<(a(d0, %))+ (g0, 90))®
(a(do, )" a(era, V0

2042

<a(go, ¥o)" (Hetete’+.)
=(a(an, 90)”" 5.

Since p < 17 hmﬁ,t—)-‘r'i‘oo Oé(qE?l?t) =1
Case 2. If v < £, we have

Oé(CIg, ﬂt) Sa(qt-i-h ﬂt)a(qt—i-l: 79t+1)a(q£a ﬁt-i—l)
<((40,90))°"" (a(d0,90))"" e, Fes1)
(

<(a(q0,00) " T a(qeg2, Dern)

a(qey2, Veyo)o(qe, Veg2)

S(a(qO’ 190))(p2t+l+p2t+2+p2t+3+p2t+4+.“)

=(a(q0, %0))"

Again, since p < 1, limp 4 10 a(qe, V) = 1.

Therefore, ({qe},{9m}) is a Cauchy bisequence. Since (B,F,«) is complete, {qe} —
q*, {9} — q*, where ¢ € BUF. Also, {S(q2¢)} = {V2} = q* € BNF = S(q2) has a
unique limit q*, and {q¢} — q* = {q2¢} — q*. Since S is a continuous, S(q2¢) — Sq*.
(i.e) Sq* = q*.

Correspondingly, {Q(V2r41)} = {92042} — q* € BNF = Q(V2041) has a unique limit q*,
and {9¢} — q* = {V2041} — q*. Now, the stability of Q@ = {Q(I2041)} — Qq*. Therefore,

2t+1(11 )
-/
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Qq* =q*.
Let v* € BN F such that S9* = Q" =49* € BN F. Then, we get
a(V",q") =a(S9%, Qq")
(a(q*, Qq*)a(SY*, v*
a(q*, 9%
(2ot )
a(q*, 0%)
= (alq*,97)) 7.

) B8
< ) (a(q*,9%)) (a(a°, )9, 0°))’

8
> (afq”,97))" (", g )ex(97, 07))"

Hence, q* = 9*.

Theorem 3.5. Let (B, F,«) be a complete MCBMS, Z be a cone with constant W and
0,8 : (B, F,a) = (B, F,a) be a contravariant function satisfying

(S0, 9q) < (04(%QCI)Q(CI>519)C¥(S19,19)04(19, Qq))ﬂ’

(9, S0)a (0, 2q) (5)

for all (q,9) € B x F, with q # ¢ and 8 € (0,%). Then Q, 8§ : BUF — BUJF have a
unique CFP.
Proof. Let qo € B & Yo € F then for each £ € NU {0}, define

Sqor = V20, Q92041 = V2041, SV20 = qoe41, QWapr1 = qorta-

Now by (5), we get

04(¢l2@+17 Vors1) :04(819287 Qq20+41)

< <a(qze+1, Qqarr1)a(q2et1, SV20)a(SVar, V20) (V2r, Q2041) > P
- a(qae+1, SV20) (D20, 29241)

_ (a(q2€+17 Vorg1)o(q2e41, g2e+1)(q2es1, Vo) (P2, Vory1) ) g
a(q2e+1, 920+1) (D20, V2r41)

8
=(c(q2e41,V20)) -7,

which implies that

=
™

a(q2e+1, V20+1) < (a(qaes1, 20)) 5. (6)

Also, we have

a(qae+1,V2r) =a(SVa¢, Qq20)

< <a(q24, Qqae)(qae, SV20) (S0, Vo) (P2, 2q2¢) ) A
- a(qae, SV2¢)a(Vor, Sq20)
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:<06(l12£,’l92z) a(q20, G2e41)x (Q2e+1,792£)04(?924,192£)>ﬂ
a(qas, Gaet1)a(Var, Vop)

—((ae, 920)) 77,

which implies that

a(qaet1,V20) < (Oé(qy,ﬁzz))%- (7)

If we say j:= B then we have 3 € (0,1) since 5 € (0, ) Hence, from the previous two
inequalities (6') and (7), we get

A0+2 4041
40+ S+

a(q2e+1,V2041) < (a(qo, Vo))’ and  a(qzeq1,Y20) < (a(qo, Vo)) (8)
Now, we can get that for any £ € N,
qes19ea1) < (090, 00)" ", alderr, 0) < (a(qo,90))"

and

24

a(qe,9¢) < (a(qo, o))’

For allt,l € N,
Case 1. Ift > ¢,

a(qe, V) (Cle,19&)04(%+1,19e)0<(q£+1,19r)
(90, 90))"" (a(0,90))" " @(qe 1, 9)

(a

<(a(do,90)) 7 D a(qpy, Dpgr)
a(qe+2ﬂ92+1) (Clé+2,’l9r)

40, 90)) 7 (a(q0, 90))’
90, 90)) " a(qes 2, 0e)

<a
<

2042

2e+]22+1+j2£+2+J2€+3+... )

<(a(qo, o))V
—(a(qo, 90))" 5.

Since 3 < 1, limg sy 400 a(qe, Ve) = 0.
Case 2. If v </,
a(qe, e) <a(qes1, Ve)a(qers, Veg1)o(qe, 79t+1)
<(a(0,90))”" (a0, 90))"" alar, Ves1)

<(a(q0, 90) V" T (Gesa, Do)
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a(qet2, Ye2)(qr, Ueta)

S(a(qo’ 190))(]2\*+1+]2r+2+‘72r+3+]2t+4+m)

=(a(qo0,v0))’

Again, since 3 <1, limy 4100 @(ge, ;) = 0.

Therefore, ({q¢}, {9m}) is a Cauchy bisequence. Since (B,F,«a) is complete, {qe} —
q*, {9} — q*, where ¢ € BUF. Also, {S(q2¢)} = {V2} = 9" € BNF = S(qa) has a
unique limit q*, and {q¢} — q* = {q2¢} — q*. Since S is a continuous, {S(qa2¢)} — Sq*.
(i.e) Sq* = q*. Similarly, {Q(V2011)} = {q2e42} = 9 € BNF = Q(I241) has a unique
limit q*, and {V¢} — q° = {Jay1} — q*. Now, Q@ = {Q(V2+1)} — Qq*. Therefore,
Qq* =q*. Hence, Q & S have a CFP. Let v* € BNF s.t SU* = Q¥* =9* € BNF. Then,

we get

2t+1(%)
=7/,

a0, w") =a(SY*, Qw™)
a(w*, Qo) a(w*, SU*)a(S9*, 9*)a(9*, Qw*) \’
S( a(w*, SU*)a(d*, Qw*) >
(a(w*, w*)a(w*, 9F)a(F*, 9*)a (9, w*) >J
a(w*, %) a (9, w*)

=1.

Therefore, q* = 9¥*.

4. Application

In this section, the presence & the uniqueness of the solution to an integral equations
is revealed as an application of Theorem 3.1.

Theorem 4.1. Let us consider the integral equation

q(p) = b(p) + e G(p,5,q(s))ds, p € E1U &y, (9)

where £1 U &y is a Lebesque measurable set. Assume
(i) G:(E2UEZ) x [0,400) — [0,400) & b€ LT°(&) U LT°(&),
(ii) 3 continuous function § : E2 UEZ — [0,+00) & X € (0,1) s.t
G(,8,a(s)) — G, 5,9(s)| < A0(¢p,5)(lals) — D(s)],
for p,s € E2UEZ,

(711) SUPyee,ug, f51U52 0(p,8)ds < 1.
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Then the Integral Equation 9 has a unique solution in LT(&y) U LT>°(&,).

Proof. Let A=R, Z ={(q,9) € Alq,9 > 0}. Let B=L">°(&) and F = LT>°(&) be
two normed linear spaces, where £1,E2 are Lebesgue measurable sets & m(E1 UE) < 400.
Consider a: B x F — A to be defined by a(q, ) = e>'Pecc1ves 9= for qll (q,9) € Bx F.
Then (B, F,«) is a complete MCBMS. Also define the covariant function Q : LT*°(&) U
L+OO(52) — LT (51) U L+OO((€2) by

Qmw»=bw%+éuggwﬁﬂﬁﬂﬁawe&UEz

Now,

a(Qq(), () = ¥Peeeiue; €2a(p)—2I()|

SUPpeg;ugy
=e

b(o) e, e, G(r5.a(5))ds— (b(so)Hglqu g(«p,s,q@))ds) ‘

SWPoceiuE, Je us, 19(£,9,0(5)) =G (p5,0(s))|ds

(SUPpce Uy Jeyuey A(@9)([a(6)~0(3)] ) ds

IN A

e)\(suprEEIUEQ la(s)—3(s)] SUPpegiuUEy fglug2 0(,5)ds)
= (a(q,0))*

Therefore, all the hypothesis of Theorem 3.1 are satisfied & as a result, the integral equation
possesses a unique solution.

IN

4.1. Application to fractional differential equations

We recall many important definitions from fractional calculus theory [? ]-[? |. The
Reiman-Liouville fraction derivative of a function s € C[0, 1], of order § > 0 is as follows:

1 d* [ s(e)de 5
S — =7
T J, G o = )
taking the right hand side as defined point-wise on [0, 1] where, [4] denotes the integer

part of number ¢, I' is Euler gamma function.
Let us consider the fractional differential equation:

“Dis(n) +f(n,s(n)) =0, 1<n<0, 2<q>1;
5(0) =s(1) =0, (10)

where f is a continuous mapping from [0,1] X R to R and *D9 represents the Caputo
fractional derivative of order q & it is defined as

U | ¢ sle)de
ph= I'(¢—q) /0 (n —e)a—tHt
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Let A= (C[0,1],[0,400)), Z = {g € A|g(n) on [0,1]}. Suppose B = (C[0, 1], (— + 00,0]) is
all continuous functions defined on [0, 1] that have their values in (—+,0], where as F =
(C[0,1],[0,400)) is all continuous functions defined on [0, +00)). Consider o : Bx F — A
to be defined as

’
a(s,s ) = e*Prelo ls(m)=s ()]

for all (s,5') € B x F. Then (B, F,a) is a complete MCBMS.

Theorem 4.2. Consider the nonlinear fractional differential equation (10). Suppose that
the following conditions are satisfies:

[label=ii)]
(i) 3nel0,1], A€ (0,1) & (s,5) € B x F such that

f(7,8) = f(n,8)| < Als(n) — 5’ (n)];
(i)

1
sup / |G(n,e)|dm < 1.
1J0

n€elo,1
Then the fractional differential equation (10) possesses a unique solution in BU F.

Proof. The given fractional differential equation (10) is equivalent to the succeeding
integral equation

1
s(n) = /O G (1, ¢)f(m, s(¢))de,

where

[n(l—e)]q’l—(n—e)“’l 0<e<n<l1
) = >~ > 1,
G(n,e) = { g

e 0<n<e<l,

Define the covariant function Q: BUF — BU F defined by
1
0s(r) = [ Gl o)i(ms(e))de.
Now

! 1 1 /
Qs(n) — Qs <n>|=] /O G (1, ¢)f(m, s(e))de — / G(n, e)j(m., s (¢))de

s/ol |g<n,e>de-/01

F(m,5(e)) — F(m,s'(c)) |de
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< Als(n) —s (n)]-
Therefore,

a(Qs, Qs ) = eSPreloi] |25 (1) Qs ()| < eMSUPnefo,1] ls(m)—s () _ (a(s,s ).
Therefore, all the criteria of Theorem 3.1 are satisfied & as a result, the fractional differ-
ential equation (10) possesses a unique solution.

5. Conclusion

In this article, the concept of MCBMS is introduced and analogues of fixed point
theorems of Banach and Kannan are proved. The derived results have been supplemented
with non trivial example. The practical applicability for finding solution to integral and
fractional differential equations is also presented. It will be an open problem to extend
the fixed point results using other contractive conditions such as Ciric, Reich, Junck etc.
It is also an open problem to examine whether the space can be generalised in the form
of Multiplicative Cone Bipoloar b-metric, dislocated MCBS, retangular MCBS etc.
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