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Abstract. This paper presents a novel deep neural network-based scheme for generating approx-
imate solutions of the coupled Boussinesq-Burgers equations of integer order. Standard numerical
techniques can face challenges in the case of these nonlinearly coupled systems, in particular when
dealing with high dimensions. This presented work uses feedforward neural networks to learn the
solution functions embed the physics of the problem in the learning. The residuals of the governing
PDEs and initial condition are set up and minimized in the structure of a composite loss function
by automatic differentiation. The networks are optimized through gradient based techniques to
determine a high accurate and generalizable networks over the solution domain. Results show that
the proposed neural network model is able to approximate the complex dynamics and is in very
good match with the exact solutions where they exist. The absolute error between PINN and exact
solution is in the range of 10™% to 1073, indicating the efficiency of the model.
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1. Introduction

Nonlinear dispersive wave effects are fundamental in fluid dynamic systems. One such
prototype is the coupled integer-order Boussinesq-Burgers equation (BBE) system that
describes the interplay between horizontal velocity and wave amplitude in shallow-water
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or porous-media settings [1-3]. Conventional numerical approaches such as the finite
differences, finite elements, spectral, and mesh-free methods frequently face difficulty in
resolving with accuracy and efficiency these novel, complex nonlinearness, in particular
in multi-dimensional or highly coupled scenarios [4-6]. And also, they suffer from issues
such as meshing, numerical dispersion, stability limitation and computational complexity
[7-9]. Moreover, the current research is on integer-order PDEs, but a prospective future
extension to a fractional-order BBE system would be an interesting route. It has been
understood that fractional representation models are more realistic at describing memory
and hereditary effects in real systems [10-15] and that they can be combined with PINNs
to achieve more accurate and realistic results.

In previous years, deep learning (DL) has been proposed as a disruptive alternative
for conventional PDE solvers [16-18]. The Universal Approximation Theorem (UAT)
indicates FNNs can approximate arbitrary continuous function under certain conditions
of width or depth [19, 20]. This theoretical groundwork facilitated the invention of method
such as Neural Ordinary Differential Equations (Neural ODEs) [21], Deep Galerkin Method
(DGM) [22], and DeepBSDE [23], which all exhibit the capability of neural networks to
extract solution maps for differential equations.

One such paradigm is the physics-informed neural networks (PINNs) which augments
the training of neural networks with the governing PDEs, initial and boundary conditions
using loss functions to penalize the residuals [24]. The emerging applications of PINNs have
demonstrated their efficiency in solving Burgers’, Navier-Stokes, Allen-Cahn, Schrodinger,
Boussinesqg-type models [25—29]. Extensions of the framework such as fPINNs for fractional
PDEs [30] and Wavelet-PINNs [31] have broadened the versatility of the framework to
nonlocal operators and multi-scale applications.

The research has been concentrated on improving the performance of PINN through
architectural modification, optimization methods, and the design for activation functions.
The ResNets have improved convergence [32]. NAS-PINN applies neural architecture
search to the optimization of network depth and width for various PDEs types [33]. Hybrid
activation functions based on tanh, swish and wavelets have improved stability and residual
reduction in training [34].

Outside of the PINN framework, 'neural operators’, in particular the Fourier Neural
Operator (FNO), have been able learn operators of solutions to entire families of PDEs
at a remarkable level of generality [35]. FNO works particularly well for parametric prob-
lems such as with varying Reynolds number or forcing functions, and supports zero-shot
inference at new resolutions [36-38]. CUDA-GPU implementations are three orders of
magnitude faster than classical solvers in evaluating at positions [39)].

This paper generalizes these developments to the integer-order coupled BBE system.
We introduce here a dual-network PINN architecture that learns the fields ¢(«, 8) and
p(a, ) jointly, incorporating the differential constraints of the system into a composite
loss. We adopt some of the standard practices: residual minimization, auto-differentiation,
architecture optimization, and adaptive training by Adam with quasi-Newton refinement
[40]. We benchmark the proposed approach to classical solvers using the type of initial
conditions and discuss the potential generality. In contrast to other numerical or analytical
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discretization or perturbation-based methods that explicitly depend on a discrete form of
a governing equation of interest, the PINN framework directly incorporates the underlying
physics into the loss of a neural network, making the neural network able to obtain accurate
approximations without the need to generate a mesh. The findings indicate that PINNs
are capable of reliably modeling the nonlinear dynamics of velocity and surface height
fields with low errors throughout the spatio-temporal domain [41-45].

The rest of this paper is organized as follows. Section 2 describes the PDE system and
the PINN model. In Section 3, we present extensive numerical results and comparisons.
In Section 4, we summarize the main results.

2. Methodology

This paper presents a methodological framework for solving the system of Boussinesq-
Burgers equations (BBE) by PINNs. First we introduce the general structure of multi-
layer perceptrons (MLPs), which is the root topology that underlies a neural network.
Subsequently, we examine the process of working out PINNs. The governing equations
are automatically incorporated into the training process through the use of automatic
differentiation. The flow chart of the model is given in 1.

Lepe+ Lic
Imitial ¥
PDEs system L. jTm e e e
Condition o @(a,B.0,), B(a,B,6,)
| | Adam Optimizer
. l i Evaluate
Design Loss Minimizing the Loss | Solution
Function |
Predicting the Co.?pEarison
H with Exact
Initialize PINN oo Solution
Back Propagation
for 500 iteration

Figure 1: Flow chart of the proposed problem.

2.1. Multilayer Perceptrons (MLPs)

Deep neural networks are universal approximators for continuous functions that are
made up of multi-layer functions made up of nonlinear operations. Namely, Deep neural
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networks (DNNs) consist of multiple layers of nonlinear operations. Every layer consists
from various neurons, and each neuron performs a linear modification followed by rectifi-
cation; from there the modified outputs are sent through another string of smaller neural
layers. Multilayer perceptrons (MLPs) [46], also know as fully connected networks, are
one of the simplest and most commonly used architectures. The input coordinates denote
the points about which we want to predict output. The output from our network denoted
as

fole) = [#(a), pla)]

in terms of its weights and biases is given by 8. An MLP with L layers can be thought of
as an iterative function:

2@ = 5@ (W@z(i*l) + b@) L i=1,..., L, (1)

where z(0) = o, and ¢()(-) is the activation function for layer i (for example, tanh). The
intermediate output z(X) provides the network prediction for [o(a, B), p(a, B)].

2.2. Physics-Informed Neural Networks (PINNs)

Physics-Informed Neural Networks (PINNs) are a typical deep learning approach to
solving complex forward and inverse problems governed by partial differential equations
(PDESs) by injecting physical laws into the neural network architecture. In this method we
treat the equations of motion of the system as soft constraints during training. The key
idea is to incorporate the differential structure of the physics-based model by automatic
differentiation into the training without having labeled data at each spatiotemporal point.
In this work, we use PINNs to solve the coupled BBE given as:

Op(a, B) | Ople f) + ol 5)890(04,/8) _0
B da ’ O ’
(2)
dp(e, B) 0 (a8
29D 4 o (ela Aot ) + TG o

where a €  C R is a spatial variable, and 5 € [0,T] is time. Here, respectively, ¢(a, )
represents the horizontal velocity field and p(«, 3) the water surface height. Initial condi-
tions for the system:

¢(a,0) = 1 + tanh (%) :

1 1 9 [
,0(0[,0) = 5 — itanh (5) .

(3)
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The exact solution of the model is given as:

ola, 5)_1+tanh<

o @)
pla, B) = 5 it ( )

As an input we apply the spatio-temporal coordinates («, 3), and as an output there are
predicted solutions ¢(«, B) and p(«, ), and (fo(a, B) = [@(a, B), p(a, 5)] @) means network
parameters (weights and bias).

To implement the dynamics given by equations 2, we construct residual functions
Ri(a, 8) and Ra(«, 8) with automatic differentiation:

oo  0p ¢
Rl(a,ﬂ;ap?e ) ag +al (10%7
. (5)
o 0, . %o
R2(a76;0<p70 ) 8,8 +ai(()0p)+ 8043.

These residuals are minimized across the provided spatio-temporal domain so that the
neural network outputs satisfy the PDE system.

These residuals include both first and higher order derivatives e.g. 93%/da?, which are
effectively computed via reverse-mode automatic differentiation libraries (e.g. TensorFlow,
or PyTorch).

The neural network is a feed-forward network with several layered fully connected
units, each with nonlinear activation functions (e.g. tanh) as well as a linearly combined
output layer. The value estimater fy is differentiable and the output can approximate
strongly non-convex solution manifolds because of the universal approximation theorem
of neural networks.

The spatial and temporal derivatives are computed through the TensorFlow and Gra-
dientTape, which records operations for automatic differentiation. Thus, it provides a way
to compute derivatives, such as:

9 Pp 99 P

90’ a2’ 93’ 0ad and corresponding terms for p.

The residuals R1 and R, are imposed at a collection of collocation points (o, 3;) in
the interior of the domain. As the network learns the solution variables ¢ and p, it also
minimizes the PDE residues at these collocation points, such that the network predictions
adhere to the BBE dynamics.

This makes it so that PINNs generalize well into low-data regimes, as the governing
physics provide a strong inductive bias. Moreover, as they do not require any discretiza-
tion, they are very appropriate for complex systems such as the BBE system.
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2.3. Neural Network Approximation

Let ¢(a, B;0,) and p(a, 5;6,) be the neural network approximations to the true so-
lutions ¢(c, ) and p(c, B), respectively. The parameter sets 6, 6, are the trainable
weights and biases of the networks. Both networks take the input pair (¢, 8) as an input
and output a scalar approximation of the solution component.

2.4. Loss Function Design

The total loss function £(f,,6,) consists of two components:

L(0,,0,) = Lic + LppE- (6)

Initial condition loss
1 &
Lic =+ D [[8(06,0) = F(@)” + [5(as,0) = gle) ] (7)
=1
where {ai}f\ﬁl are collocation points in the spatial domain at time 8 = 0.

PDE residual loss
1 &
_ 2 2
Loor = 37 2 [[Ra(ar 8L + [Raar )] ®)

where {(a, ﬂ,«)}ivzrl are the residual points sampled from the interior of the domain.

2.5. Optimization and Training

The only parameter is minimized with respect to the total loss £ by gradient based
optimization methods like Adam. The gradients 6, and 6, w.r.t the parameters are cal-
culated via automatic differentiation. The optimization problem can be expressed as:

(0:;, 9;) = arg emlen L(0,,0,), (9)

@Y

where 6, and 07 are optimal parameter sets. The associated neural networks o(a, B, 9;)
and p(a, B; 6;) provide approximations of the true solution of the PDE system.

3. Results and Discussion

The section illustrates the simulation of complex systems of coupled nonlinear integer-
order BBE equations, by using Physics-Informed Neural Networks (PINNs). These equa-
tions describe the propagation of shallow water waves and dispersive effects. The PINN
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framework is implemented using Python with TensorFlow. We used 500 training epochs,
which was empirically set to give a tradeoff between accuracy in convergence and computa-
tional efficiency, as longer training did not significantly benefit the results. A feed-forward
neural network, with multiple hidden layers of nodes with nonlinear activation functions,
was developed to approximate the solution. A combination of Adam optimizer strategie
were performed in training, and a physics-informed loss was constructed to simultaneously
enforce the governing PDEs and the initial conditions with no labeled solution data avail-
able. To investigate the training dynamics and internal structure of the model, histogram
and kernel density estimation (KDE) plots of the weight distributions at hidden layers
are plotted shown in Figure 2. The spread, mean, and variance of learned parameters
are visualized to provide understanding on the extent the model can represent complex
dynamics. The comparison of the model behavior is performed through training loss evolu-
tions, prediction versus exact solutions on surface and in distribution of the absolute error,
and their cross-section at a given time step (8). We exploit this setup to investigate the
learning dynamics of the model, for which the dynamics BBE systems are accounted for
numerically with high precision and consistency. Table 2 summarizes the key parameters
and specifications used in the implementation of the PINN.
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Figure 2: Neural Network weight distribution and adaptive visualization.
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Table 1: Parameters and specifications of the proposed PINN model.

Parameters of PINN Specification

Number of hidden layers 5

Number of neurons per hidden layer | 128

Activation function Tangent hyperbolic (Tanh)
Number of epochs (Adam) 500

Optimizer Adam

Learning rate (Adam) 0.0001

Learning rate schedule Fixed (no decay)

Number of IC points (NN;) 100

Number of collocation points (N;) 10,000

Sampling strategy Latin Hypercube Sampling (LHS)
Input normalization min-max scaling to [—1,1]
Training time 1216 sec

Average decision time < 0.1 ms per point
Platform Google Colab
Programming language Python 3

RAM 12.67 GB

3.1. Model Convergence Analysis

Figure 3 shows the total training loss, PDE residual loss and the initial condition loss
during 500 epochs. The losses decrease gradually, demonstrating that the model can learn
well with time. The PINN can effectively minimize the residuals of the governing equation
and errors of the initial conditions. This validates the convergent and stable training of
the model.
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Figure 3: Training loss progression with smoothed trends.

3.2. Surface Comparison with Exact Solutions

The predicted surfaces for ¢(a, 8) and p(a, ) are in closely match with the exact
solutions over the complete spatiotemporal region shown in Figure 4 and Figure 5. The
similarity in the surface plots shows no visual difference. The associated absolute error
surfaces are shown in Figure 6, and the error is relatively low throughout the entire domain,
which reflected the strong accuracy of the PINN predictions in the overall.

ola, Bexact
ola, B)amm

Figure 4: Comparison of the exact solution and predicted solution ¢(a, 3) using PINN.
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Figure 5: Comparison of the exact solution and predicted solution p(c, 3) using PINN.
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Figure 6: Absolute error of p(«, 5) and p(a, §) with the exact solution.

3.3. Parametric Study for

In Figures 7 and 8 solution curves for various § illustrate the capability of the proposed
model to describe diverse dynamical phenomena depending on the nonlinear dispersion for
o(a, 8) and p(a, B). The PINN also closely follows all configurations while maintaining
the general structure and stability of the solution. The absolute error among these values
of B are compared on a bar graph in Figure 9 and in Figure 10. While some degree
of variation in the amount of error is evident, all output samples show acceptable error
values. The robustness of the model is confirmed by its consistent performance across
values. Continuing to achieve low errors in the presence of varying nonlinear characteristics
provides further evidence to the utility of the PINN approach to parameterized PDE

systems.
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Figure 7: Exact solution and PINN solution ¢(a, 3) at specific time values.
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Figure 8: Exact solution and PINN solution p(«, /) at specific time values.
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Figure 9: Absolute error of p(a, 3) for different time values.
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Figure 10: Absolute error of p(«, ) for different time values.

Table 2: Lg and Ly, error norms for ¢ and p, with comparison to a finite difference (FD)
baseline.

PINN FD Baseline
L2 Loo L2 LOO

@ 121x1073 229x1073 8.74x107% 1.95x 1073
p 484x1073 9.09x 1072 3.97x 1072 7.82x 1073

Table 2 reports the Lo and L., error norms for the predicted variables ¢ and p,
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evaluated over a uniform 256 x 256 grid on the domain © = [0, 1] x [0, 1]. The errors were
computed by comparing the PINN solution against a high-fidelity finite difference (FD)
reference solution under the same setup. The results demonstrate that the proposed PINN
achieves low error magnitudes, comparable to the baseline solver, confirming its accuracy
and reliability.

Despite the empirical outcomes that prove the stability and accuracy of the proposed
PINN framework, a rigorous theoretical convergence proof of PINNs is still an open prob-
lem. This challenge is due to the fact that the training process integrates dynamics of
optimization, automatic differentiation and nonlinear activation functions and makes it
difficult to derive explicit error bounds. A number of recent works have tried to derive
preliminary convergence results under simplified models, but no general theory exists. Our
results play a part in this continuing debate by providing empirical evidence of conver-
gence in the form of loss function decay, error distributions and comparisons with exact
solutions which offer a practical insight to the PINN convergence behavior.

We summarize the results for different S in Table 3 and compare the exact and pre-
dicted results as well as the absolute errors. This is conducive to the generalization ability
and the performance stability of the model.
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Table 3: Comparison of exact and PINN solutions for ¢ and p with errors.

8 2 P
Exact PINN Error Exact PINN Error

-2 0.190699 0.191580 8.81e-4 0.172516 0.167016 5.50e-3
-1 0.445400 0.444955 4.45e-4 0.346210 0.342708  3.50e-3
0.25 0 0.875647 0.875647  0.00e0  0.492268 0.500683  8.42e-3
1.358357 1.358802 4.45e-4 0.435790 0.432288  3.50e-3
1.703906 1.703025 8.81le-4 0.252258 0.246758 5.50e-3

-2 0.151716 0.149478 2.24e-3 0.140207 0.134264 5.94e-3

-1 0.364851 0.365982 1.13e-3 0.298293 0.294509  3.78e-3

0.50 0 0.755081 0.755081  0.00e0  0.470007 0.479100 9.09e-3
1 1.244919 1.243788 1.13e-3 0.470007 0.466223  3.78e-3
1.635149 1.637387 2.24e-3 0.298293 0.292349 5.94e-3

-2 0.120173 0.117881 2.29e-3 0.112952 0.112030 9.22e-4
-1 0.296094 0.297252 1.16e-3  0.252258 0.251671 5.87e-4
0.7 0 0.641643 0.641643 0.00e0  0.435790 0.437201 1.41e-3
1 1.124353 1.123195 1.16e-3 0.492268 0.491681 5.87e-4
2 1.554600 1.556892 2.29e-3 0.346210 0.345287 9.22e-4

-2 0.094852 0.095644 7.93e-4 0.090353 0.095300 4.95e-3

[N

-1 0.238406 0.238006 4.00e-4  0.209987 0.213137  3.15e-3
1.00 0 0.537883 0.537883  0.00e0  0.393224 0.385656 7.57e-3
1 1.000000 1.000400 4.00e-4 0.500000 0.503149  3.15e-3
2 1.462117 1.461325 7.93e-4 0.393224 0.398171 4.95e-3

4. Conclusion

In this work, we used PINNs to solve the integer-order BBE system, a system of non-
linear coupled partial differential equations that govern the shallow water wave dynamics.
The PINN was coded in Python with TensorFlow and trained with over 500 epochs of
training, showing consistent convergence by decreasing the loss terms as followed. We
use the dual-network architecture to learn the coupled variables, construct a loss that
combines the PDE residuals with constants and use activation tuning and gradient-based
optimization to guarantee steady convergence. These innovations enable the proposed
PINN framework to obtain high accuracy with low errors relative to exact solutions, in-
dicating its usefulness in the nonlinear wave models and its possible generalization to
systems of fractional order. Visual plots of exact and predicted solutions matched very
well, and error surfaces were confirmed very accurate on an absolute error basis. KDE
plots and histograms were used to check the statistical consistency of the predictions. The
model was also stable under an alternating set of the values of the parameter 3, lead-
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ing to error of the same low level in all test cases. The generalization of the model was
explicitly demonstrated with the aid of surface plots, cross-section analysis and a table
summarizing errors. These observations demonstrate that PINNs are an efficient tool for
solving complicated nonlinear systems of PDEs without using labeled data. This is due to
the incorporation of physics-based constraints in the loss function, which allows accurate
learning of solution dynamics.

In the future, it is possible to apply the framework to fractional-order or higher dimen-
sional PDE systems, and to consider optimal sampling selection and adaptive strategy to
further enhance the convergence performance.
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