EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
2025, Vol. 18, Issue 4, Article Number 6804
ISSN  1307-5543 — ejpam.com

Published by New York Business Global

Fractional Discrete-Time Modeling and Analysis of
Oncolytic Adenovirus Therapy with Tumor-Specific
Immune Response

Amal T. Alshammari’?, Normah Maan'*, Mahmoud A. M. Abdelaziz®

L Department of Mathematical Sciences, Faculty of Science, Universiti Teknologi Malaysia
2 Department of Mathematics, Faculty of Science, University of Hafr Al Batin, Saudi Arabia
3 Department of Mathematics, Faculty of Arts and Sciences, Najran University, Najran,
Saudi Arabia

Abstract. Oncolytic viruses (OVs) are garnering increasing attention for their ability to directly
target malignant cells while simultaneously stimulating the immune response against cancer. This
study presents a novel discrete-time fractional-order mathematical framework to investigate the
dynamics of oncolytic adenovirus therapy in conjunction with tumor-specific immune responses.
The model captures the intricate interactions between viral infection processes and the immune
system’s role in modulating tumor progression. To assess the effectiveness of oncolytic viral ther-
apy, local stability and bifurcation analyses are conducted at the model’s equilibrium points. A set
of local bifurcations is examined, and the necessary and sufficient conditions for detecting these
bifurcations are derived using an algebraic criterion method. Numerical simulations support the
theoretical results, indicating that increasing the viral infection rate and carefully managing time
steps with immune response can achieve stable and tumor-suppressive outcomes. Given the limi-
tations of achieving complete tumor eradication through genetically modified adenovirus therapy
alone, this study explores the application of chaos control strategies to maintain the stability of
the system dynamics.
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1. Introduction

Oncolytic virotherapy is rapidly emerging as a promising treatment for cancer. This
innovative approach harnesses the power of oncolytic viruses to combat malignant cells.
One defining feature of oncolytic viruses is their ability to selectively infect and replicate
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within tumor cells, either due to their natural properties or through genetic modifications.
This targeted replication damages tumor cells while sparing healthy tissue [1, 2]. Clin-
ical and experimental studies demonstrate significant progress in developing genetically
engineered cancer-targeting viruses [3, 4]. Currently, a considerable number of oncolytic
viruses derived from over ten types of viral vectors are undergoing clinical trials at various
stages [5]. In addition to their direct tumor-destructive capabilities, oncolytic viruses can
also induce cancer cell death by activating immune pathways and angiogenesis. The main
challenge associated with this therapeutic strategy lies in the potential neutralization of
viruses by pre-existing antibodies or antiviral immune responses.

The interaction between oncolytic virotherapy and the immune system remains incom-
pletely understood and is a focus of ongoing research. Studies on oncolytic viruses examine
two types of immune responses: virus-specific, which blocks infection, and tumor-specific,
which reflects the body’s reaction to tumor presence [6, 7]. Oncolytic viruses can be ge-
netically engineered to selectively infect cancer cells, replicating until cell rupture (lysis)
occurs and releasing new viral particles to infect neighboring cells. However, because of the
antiviral immune response, the circulation time of the virus in the bloodstream is limited,
challenging the sustainability of the lysis process. To overcome this, it is essential to de-
sign viruses that can evade immune attack or bypass tumor immune-evasion mechanisms,
thereby leveraging both the immune system’s benefits and targeted viral modifications for
effective therapy.

Adenovirus (Ad) is one of the most widely studied oncolytic viruses due to its po-
tent ability to lyse cancer cells and stimulate immune responses. Its strong immuno-
genicity enables it to rejuvenate antitumor immunity in cancer patients and disrupt the
immunosuppressive tumor microenvironment [8]. In infected cells, oncolytic adenoviruses
induce immunogenic cell death, which is essential for initiating adaptive antitumor re-
sponses and establishing immune memory [9]. Surface modification of Ad with polymers
extends circulation time and enhances tumor targeting. Thavasyappan et al. [10] classified
polymer-modified oncolytic adenoviruses (OAds), highlighting their potential for systemic
delivery and sustained tumor-specific lysis. For example, masking Ad capsids with non-
immunogenic polymers, such as PEGylation, reduces innate immune responses and lowers
plasma IL-6 levels by 95% within 6 hours after intravenous injection [11]. Clinical tri-
als have shown that adenoviral therapy is safe, though often insufficient as a stand-alone
treatment. Chemical conjugation of polymers with OAds enhances therapeutic stability,
protects against immune recognition, and prevents antibody neutralization, thereby op-
timizing therapeutic efficacy [12]. These properties allow adenoviruses to revitalize the
antitumor immune response, making them powerful candidates for integration into can-
cer therapy. Mathematical modeling provides an effective tool to guide the translation of
these advances into clinical practice.

The interactions among oncolytic viruses, immune responses, and the tumor microen-
vironment are complex. Mathematical models are powerful instruments for elucidating
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these interactions and for designing effective treatment strategies. Different modeling ap-
proaches allow the identification of novel dynamical behaviors, leading to more realistic
representations of tumor—virus-immune dynamics. Over the past two decades, several
mathematical models have been developed to study oncolytic virotherapy. Some models
have been formulated using systems of ordinary differential equations (ODEs) [13-16].
For instance, [13] examined three simple ODE models to explore tumor-immune interac-
tions. Later, Ashyani et al. [17] extended one of these models by incorporating virus- and
tumor-induced immune responses into a single variable. Notably, the models in [13, 17]
did not include the free virus population, potentially providing an incomplete description
of virotherapy dynamics. Phan and Tian [18] addressed this by introducing a state vari-
able for the free virus population, enabling the study of how innate immune responses
affect infected cancer cells and viral populations. In 2020, Al-Tuwairqi et al. [19] further
advanced this model by adding parameters for immune activation and tumor eradication
mediated by cytokine release from natural killer cells. In 2021, Nono et al. [20] modeled
the immune system as a single effector population representing the host immune response.
In both cases [19, 20], the free virus remained exposed to immune activity, influencing
treatment outcomes. Parallel work has also explored systems of partial differential equa-
tions (PDEs), incorporating spatiotemporal tumor distribution. Friedman et al. [21]
proposed a PDE model of virotherapy with host immunity, focusing exclusively on innate
immune responses. The model in [19] was later extended with diffusion terms for viral
density to identify optimal treatment strategies [22]. More recently, Aljahdaly et al. [23]
reformulated this PDE framework to investigate the interplay between naive and activated
immune components.

In this paper, we develop a new system of ODEs to model the interactions between
oncolytic adenoviruses, cancer cells, and tumor-specific immune responses. We then de-
rive a fractional-order discrete-time version of this model to capture additional biological
features. Our analysis focuses on three aspects: (i) the impact of adenovirus and im-
mune responses on cancer cell elimination; (ii) the role of biological memory, incorporated
through fractional-order dynamics; and (iii) the discrete-time nature of the system, which
allows realistic evaluation of treatment intervals and captures complex dynamical patterns.
Because biological data collection is often discontinuous, discrete-time models provide a
practical and accurate framework. By integrating modified viruses with adaptive immu-
nity, our model offers insights into combining virotherapy with immunotherapy.

In [24], a mathematical model of oncolytic virotherapy was proposed that focused on
viral infection dynamics and tumor reduction without immune system involvement. That
study demonstrated that a slight increase in the basic reproduction number Ry could
induce chaotic tumor growth near the virus-free equilibrium. While viral therapy alone
can reduce tumor burden, complete eradication requires specific conditions. Incorporat-
ing immune responses changes tumor dynamics, influencing both treatment stability and
viral spread. Motivated by this, we extend the model in [24] by including immune re-
sponses and considering modified adenoviruses designed for controlled viral spread and
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tumor lysis before immune clearance. Our model examines adenovirus dynamics under
adaptive immune attack, with equilibrium analysis aligned with clinical findings in [10, 12].

The remainder of this paper is organized as follows: Section (2) introduces the mathe-
matical model. Section (3) derives the fractional-order discrete-time form of the oncolytic
virus—tumor—immune system. Section (4) presents equilibrium points and stability analy-
sis. Section (5) discusses bifurcation analysis. Section (6) provides numerical simulations
supporting the theoretical findings. Section (7) develops control strategies to regulate
chaotic dynamics. Finally, Section (8) offers the conclusions.

2. Mathematical Model

Figure (1) illustrates the mathematical model describing the interactions among tumor
cells, adaptive immune responses, and the early phase of genetically modified adenovirus
propagation within tumor populations. The model consists of ordinary differential equa-
tions that capture the selective targeting of tumor cells by viral particles together with the
tumor-specific immune response. Tumor regression occurs through two mechanisms: (i) di-
rect tumor cell death due to viral replication and (ii) immune response stimulation through
immunogenic cell death [25]. Oncolytic virotherapy initiates the antitumor immune re-
sponse by presenting tumor-associated antigens and promoting immune cell infiltration.
The model is designed to predict: (1) the optimal tumor specificity of oncolytically mod-
ified adenovirus for maximum tumor reduction, (2) the impact of viral propagation on
adaptive immune responses, and (3) the tumor’s overall response to adenovirus infection.

As noted earlier, oncolytic viruses are generally associated with two distinct types of
immune responses: virus-specific and tumor-specific. Virus-specific immunity can hin-
der the effectiveness of viral therapy by blocking infection. To overcome this challenge,
adenoviruses can be modified to evade immune recognition by masking their surface pro-
teins, while simultaneously enhancing their ability to specifically target tumors [26, 27].
This modification allows the virus to avoid immune clearance while preserving its binding
capacity to cellular receptors. A distinctive feature of the proposed model is that the
therapeutic adenovirus works synergistically with adaptive immune cells to target and
kill cancer cells, without immune interference impeding viral spread within the tumor
microenvironment.

2.1. Model Assumptions

The model’s biological assumptions, derived from the preceding discussion and the
scientific literature, are as follows:

e The system is divided into four populations: uninfected tumor cells U(t), infected
tumor cells I(t), free virus particles V (t), and responsive antitumor immune cells
M (t).
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Figure 1: Interaction between immune cells and oncolytically modified adenovirus within
tumor cells.

e The term rU(t) (1 — (U(t) + I(t))/k) represents the logistic growth rate of the unin-
fected cancer cell population U (t), reflecting a biologically realistic scenario in which
tumor growth slows as tumor burden increases. Here, k is the carrying capacity
[28, 29].

e In the viral treatment process, uninfected tumor cells are assumed to proliferate more
rapidly than infected tumor cells due to the shorter lifespan of the latter. Therefore,
logistic growth is applied only to uninfected cells [30].

e Antitumor immune cells are assumed to consist primarily of CD8T T cells, which
recognize and eliminate both infected and uninfected cancer cells by detecting tumor-
associated antigens [30].

e Virus-specific immunity is assumed to be absent during oncolytic virotherapy, as
modified viral capsid or envelope proteins evade immune recognition while main-
taining receptor binding. Thus, only active tumors stimulate an immune response.

e Antitumor immunity is represented by a positive, nonlinear, increasing, and concave
growth term of the form %, where p is the immune recruitment rate and w
is the immune threshold parameter inversely proportional to the steepness of the

immune response curve [31].

e The immune response term models controlled immune cell proliferation, preventing
uncontrolled population growth [31].
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e Immune cells die naturally at a rate pu. Their natural turnover is generally higher
than the loss due to interactions, as immune cells are continuously generated and
eliminated [32].

e Finally, upon successful lysis of an infected tumor cell, a burst of newly produced
virus particles is released, which can infect neighboring uninfected cells.

2.2. Equations of the Model

Based on these assumptions, we propose the following nonlinear dynamical model of
oncolytic virotherapy with tumor-specific immune response:

T = vt (1- T v - amou e,

d;(tt) = BU)V(t) —8I(t) —nM(t)I(t),

d‘;f) — bOI(t) — 4V (1), W
DIw _ pMOUO)

I = o+ U(t) — puM(t).

Here, U(t), I(t), V(t), and M (t) denote the concentrations of uninfected tumor cells,
infected tumor cells, free adenovirus particles, and tumor-specific immune cells, respec-
tively. In the first equation, r is the tumor growth rate, and k is the carrying capacity of
tumor cells. Tumor cells are infected by free virus particles V(¢) at an infection rate 3.

In the second equation, the term SU(¢)V (¢) denotes the infection of tumor cells, while
01(t) represents virus-induced lysis of infected cells. The parameter 1 denotes the rate at
which immune cells eradicate both uninfected and infected tumor cells.

In the third equation, ¢ is the death rate of infected cells, and -y is the clearance rate
of free virus particles due to non-specific binding or defective particle formation. The
parameter b represents the virus burst size, i.e., the number of new virus particles released
per lysed cancer cell.

Finally, the fourth equation describes the adaptive antitumor immune response. The
Michaelis-Menten term models saturation in immune cell proliferation, with p as the
recruitment rate and w as the immune threshold parameter, while p is the natural death
rate of immune cells [33, 34].

3. Fractional-Order Oncolytic Virus—Tumor—-Immune Model in
Discrete-Time

In oncology, the challenge of cancer continues to drive advancements in conventional
therapies as well as the development of novel approaches. This aggressive disease, known
for its ability to metastasize to distant organs, requires deeper understanding for more
effective treatments. Fractional-order dynamical systems provide a powerful framework
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for capturing biological effects that are often missed in classical integer-order models.
While integer-order derivatives can describe systems with predictable behavior, they are
less effective in cases involving uncertainty, long-term memory, or nonlocal interactions,
which are common in real biological processes. In such cases, nonlocal operators that
account for memory and power-law effects are more appropriate.

Given the complexities of modeling oncolytic virotherapy and the tumor-specific im-
mune response, our proposed fractional-order model, based on Caputo’s definition [35],
offers a suitable framework for capturing the dynamics of adenovirus-based therapy:

pue = vt (1- YO v - o)

DI = BUWMVE) - 51() ~ M),

DV() = bSI(t) —AV(8), 2)
vy PMOUQ)

M) = PR a),

Here, D% = 5% represents the Caputo fractional derivative of order «r, where 0 < o < 1
and ¢t > 0.

For large populations, discrete-time models often provide a more practical and realistic
framework than continuous ones [36, 37]. This is especially relevant in cancer therapy,
where treatment interventions and new tumor growth occur at distinct intervals, as in
viral oncology therapy. To extend our analysis, we discretize the fractional-order model
(2), thereby enhancing its suitability for numerical simulations.

Several discretization methods exist, including Fuler, Runge-Kutta, predictor—corrector,
and nonstandard finite difference techniques. Elsayed et al. [38] proposed the piece-
wise constant arguments approximation, which generalizes the Euler approach for nonlin-
ear discrete-time models. Following this methodology, we discretize system (2), defining
U,=U(n), I, =1(n),V, =V(n), and M,, = M(n) for n > 0. The resulting discrete-time
fractional-order model is:

Unii(t) = U, + m‘ia) [rUn <1 - U"]:I") — UV — MUy |

Ii(t) = I+ m‘ia) [BUW Vi, — 81, — nMyn1,],

Vosi(t) = Vit m:a) 61, — V], (3)
Mua(t) = Mo+ 1“(18:— a) [Zﬂf([j: _“M"} '

Here, s > 0 represents the time step size. The initial conditions are Uy > 0,1y >
0,Vp > 0, and My > 0. The discrete fractional-order model (3) introduces two additional
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parameters not present in the original ODE system: the fractional-order parameter oo and
the time step size s. These new parameters can lead to richer and more complex dynamical
behaviors that are not captured by the classical model. Notably, as « — 1 in (3), the Euler
discretization of system (1) is recovered.

4. Equilibria and Stability

This section investigates the existence and stability of equilibrium points in the dis-
cretized fractional-order model (3). Consider an equilibrium point (U*, I*, V*, M*) of (3),
obtained by setting the right-hand sides to zero:

U* + I*
rU* (1 - ;) — BU*V* —qgM*U* = 0,

BU*V* — §I* —nM*T* = 0,

boI* —~AV* = 0, (4)
pM*U* *
—uM* = 0.
w+U* a

Solving (4) yields five equilibria: Ey, E1, Ea, E3, and E4. The trivial equilibrium
Ey = (0,0,0,0) and the virus-free equilibrium E; = (k,0,0,0) (without immune response)
always exist. The immune-present, virus-free equilibrium is

r[k(p — p) — )
nk(p — 1)

)

E2 — <W) 07 0) M2*>a MZ* =
p—p

which exists only if M3 > 0. The immune-free equilibrium is

Yoo bB o, . TYO(bEB — 1)
Es=|(-=,0, =I5,0), II= :
’ <bﬁ 3y ) 37 bB2(ry + bkBY)

and exists if I3 > 0. The coexistence equilibrium is

b
E4: <W7141kv 7117 MZ)v
p—p Ny

which exists when I} > 0 and Mj > 0, where

= Yk = p)(r +0) — rpw] — bkBopw M —

4 — ) 4 —
(p — 1) (ry + bk33)

Equilibria are biologically admissible only when all components are positive. While Ey and

E4 always exist, the existence of Fsy, F3, and E4 depends on basic reproduction numbers,

as outlined below.

§ [bBpw —y(p — p)]
yn(p — 1)

The basic reproduction number is a threshold quantity that measures the average
number of secondary infections produced by one infected individual in a fully susceptible
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population [39]. In oncolytic virotherapy, it corresponds to the expected number of newly
infected cancer cells generated by a single infected cell. If the basic reproduction number
is less than one, the virus-free equilibrium is stable; if greater than one, infection persists
and the virus-free equilibrium is unstable.

In our model, two virus-free equilibria arise, Fq and FEs, with associated reproduction
numbers Ry (no immune response) and R; (with immune activity), respectively. Using
the next-generation matrix method [40] we obtain

kb kbBuws

Rao v Rl:v[k(p—u)(TJré)—mw]'

Define Ry = % > 0, so that M5 = % (1 — %2) Thus, Ry > 1if My > 0, ie., E»
exists if Ro > 1. When Re > 1, R; > 0 as well. Moreover, Ry > 1 corresponds to
U > U;, reflecting the tumor-reducing effect of the immune response. Also,

7 = ré72(Ro — 1)
57 bB2(ry + bkBS)

8o Rg > 1 is necessary and sufficient for the existence of F3. Straightforward calculations
show that I} > 0 when Ry < 1, and M} > 0 when Ry > Ra. Therefore, Fy exists if
R1 <1 and Ry > Ro.

The stability conditions for Ey and FE4, following [41], are summarized below.

Theorem 1. For system (3), the following statements hold.
(i) Ey is unstable.
(ii) E is asymptotically stable if and only if

Y PN Ar(1 + a) \/ Ar(1 + a)
s < min , @ . , ¢ = .
T (prk,,Q §+v£+/(6—~)2 + 4b6Bk

Proof. (i) At Ey,

1 0 0 0
T rita)
«@
0 1—%)6 0 0
J (Eo) = (4o (o
0 A 1 0
1+ a) Tl+a)
S(X
0 0 0 P
T
The eigenvalues are
s s* s* s
Ay =1 L A=l 5 Ay =l-— Sy Ay =1-
v=Mt oy M T+ ” Tita) ™M ri+a)”

Since r > 0, s > 0, and 0 < a < 1, we have Ay > 1, hence Ep is unstable.
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(i) At By,
s s« s s
- - Bk ——2 ok
Il+ta)  TO+a) Tita)’ I1+a)
s R
0 1-— ) Bk 0
J(Ey) = Dl+a) Tl+a)
0 — bd 1— ———v 0
r(1+a) INCIEE)
0 0 0 1_87(£_M)
rl4+a)\w+k
Its eigenvalues are
s s* pk s
M=1— —— =1l—-——|(——p), X3a=1———-|(94 +4/(6 — )2 +4bSBk ) .
! Ilta) = 2 F(1+a)(w+k “) 84 2F(1+a)(+7 @=m+ 5)

. af/2l'(14a) . o [A(w+k)T(1+ . AT (1+
Thus, M| < 1ifs < — ‘)\2| <1lif s< 1/%, and [z 4| < 1if s < (</5+7:t\/(6(—7;)+4b6ﬁk'

Otherwise, E; is unstable.

For the remaining equilibria 7, 7 = 2, 3, 4, stability is determined using the Schur-Cohn
criterion [42]. For n > 3, define the determinants

1 a1 a2 -+ aj-1 An—i+1 QAn—it2 **° QAp—1 Gn
0 1 a1 -+ aj2 An—it2 Ap—it3 - an 0
Aoy =[O O 1 sy : . i=1l...n
. . . . . Ap—1 an 0 0
0 0 0 S 1 an, 0 cee 0 0

Let the characteristic polynomial of the Jacobian at zg be
FM()\):ao)\"—i—al)\"*l +- -4 ap—1A+an =0, (5)

with ap =1 and a; = a;(p), i = 1,...,n. The equilibrium z¢ is asymptotically stable if all eigenvalues of J(uo, o)
lie inside the unit circle. The general n-dimensional nonlinear discrete-time system is

Tit1 = fu(zi), (6)

where x;41,z; € R™, 7 is the iteration index, f;, is the nonlinear vector field, and u € R™ is the parameter vector.
If any eigenvalue lies outside the unit circle, xg is unstable. We use the following form of the Schur—Cohn test.

Theorem 2. [42] The polynomial F'(X) has all roots in the open unit disk if and only if
(a) F(1) >0 and (—1)"F(—-1) > 0.
(b) A% > 0, Agjf >0,..., Aiig > 0, Affl > 0 when n is even, orA%t > 0, Af >0,..., Aiig > 0, Af71 >0

when n is odd.

Proposition 1. For any equilibrium EF, i = 2,3,4, of system (3), let
F(\) = A a2 4 4 + aisA +au

be the characteristic polynomial of the Jacobian. The Jacobian at E} is

s r * * * * s TUi* s * s *
I_W(E(QUi + I — k) + BV, +77Mi) —W(T) —m(ﬁUz) —m(nUi)
J(EF) = ﬁ(ﬁvf) 1- [‘(fiw(6+nM;) ﬁ(f[]m *ﬁ(’l@)
Z 0 e (09) 1= miray? 0

r(fia)(f—ﬁﬁ*)(er;) 0 0 1_1“(;7-7-&)(”_

pU;
w+Ui*
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Applying Theorem 2 with

4 N 1 apn a2 a2 a;3 G4
AT = 1| £ |asal, Ay =|0 1 ai1 |*| ai3  aja 0 |,
0 0 1 a4 0 0

the equilibrium EY is asymptotically stable if

1+a;1 +a;2+ai3+aus >0,

1—a;1 +ai2 —ai3 +aig >0,

1+ a4 >0,

Faialaii(ain £ aiz) — (1 £ asa)(ai2 & aia)] + (1 £ ai2)(1 £ aia) F aiz(as £ aiz) > 0.

Otherwise, E is unstable.

5. Analysis of Bifurcation

In this section, we analyze bifurcations of model (3). Bifurcation diagrams visually illustrate how the system
dynamics evolve in response to parameter variations. In biological systems, bifurcations often signal critical transi-
tions, where small changes in parameters, such as reproduction or infection rates, can cause population collapse or
the emergence of new stable states. For oncolytic virotherapy with tumor-specific immunity, several key parameters
govern the global dynamics. By examining how system behavior changes under parameter variation, we obtain
insights into potential treatment outcomes. We therefore focus on codimension-1 and codimension-2 bifurcations in

(3).

5.1. Codimension-1 Bifurcations

We use algebraic criteria to establish existence conditions for codimension-1 Neimark—Sacker, flip, and fold
bifurcations of (3).

5.1.1. Neimark—Sacker Bifurcation

The Neimark—Sacker bifurcation (NSB) in discrete-time systems is the analogue of the Hopf bifurcation in continuous-
time systems and is crucial for detecting quasiperiodic orbits. In a supercritical NSB, a stable focus loses stability
as a parameter varies, giving rise to quasiperiodic behavior; in a subcritical NSB, a stable focus surrounded by
an unstable invariant closed curve destabilizes and the curve disappears. Mathematically, an NSB occurs when a
complex-conjugate pair of roots of (5) lies on the unit circle, all other roots lie strictly inside, and the critical pair
crosses the unit circle with nonzero speed. This is formalized below.

Theorem 3. [43] For system (6), a NSB occurs at u = po if the following hold.

(C11) Eigenvalue assignment:
AL (1) =0, (=1)"Fuy(=1) >0, Fuo(1)>0, A} (o) >0, AF(uo) >0, forj=n—3n-5,..,1 (or
2) when m is even (or odd, respectively).

dA”
(Ci2) Transversality: L(u)‘ #0.
du n=po
2 F,(1)A
(C13) Nonresonance: cos il #1— M form =3,4,5,...
m 2 Aifz(lm)

Applying Theorem 3, model (3) undergoes a NSB with respect to the time step size parameter s if

—agalair(a;n — a3) — (1 — aga)(ase — aia)] + (1 —as2)(1 — asa) + asz(a £a3) =0,
1—a;1 + a2 — a3 +ais >0,

14 a1 + a2 + a3 +ai >0,

aialair(ain + ai3) — (1 + aga)(aiz + aia)] + (1 + as2)(1 + asa) — asz(as + agz) >0,

1+ a4 >0,

%{—%4[%1(%1 —a;3) — (1 —asa)(ae — aia)] + (1 — ai2)(1 — asa) + aiz(an £ agz)} #0.

Thus, a NSB occurs at values of s satisfying (7).
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5.1.2. Flip Bifurcation

A flip (period-doubling) bifurcation (FPB) occurs when a real eigenvalue crosses —1, creating a cycle of period two
from a period-one orbit, with all other eigenvalues remaining inside the unit circle and the crossing being transversal.

Theorem 4. [44] For system (6), a FPB occurs at u = po if
(C21) Eigenvalue assignment:
Fuo(—1) =0, Fuy(1) >0, Aiil(lm) > 0, and A;-t(uo) >0 forj=n—3,n—5,...,1 (or2) when n is even (or
odd, respectively).
e (="

— - . # 0, where o}, = daip)
imi(n =i+ 1(=1)""Ta; 1

(C22) Transversality: du lp=pg-

Applying Theorem 4, (3) undergoes a FPB at the time step size s if

1—a;1 + a2 — a3 +aji =0,

14 a1 + a2 + a3 +aj >0,

taialasi(an £ ai3) — (1 £ aia)(aie £ asa)] + (1 £ ai2)(1 £ asa) F aiz(an £ ai3) >0,
1+ a4 >0,

0
%(_ail + a2 — a3 + aq) #0.

5.1.3. Fold Bifurcation

A fold (saddle-node) bifurcation (FDB) occurs when a real eigenvalue crosses +1, typically corresponding to the
collision/creation of fixed points and qualitative changes in dynamics.

Theorem 5. [42] For system (6), a FDB occurs at p = po if

(Cs1) Eigenvalue assignment:
Fuo(1) =0, (-1)"F,,(—-1) > 0, A,il,l(HO) >0, and Af(uo) >0 forj=n—3n—5,...,1 (or2) when n is even
(or odd, respectively).

noal(=1)nt )
- i=1 a;(=1) - # 0, where a}, = dai(p)
j:1(n —J+ 1)(_1) "laj1

(C32) Transversality: dp lp=po-

By Theorem 5, (3) undergoes a FDB in s if

14+ a1 + a2 + a3 +ais =0,

1—ai1 +aj2 —a;3 +ais >0,

aiqfair(ain + aiz) — (14 asa)(ai2 + aza)] + (1 + ai2)(1 + aia) — aiz(ain + az3) >0,
1+ ayy >0,

(—ai1 + a2 — asz + as)’ #0.

5.2. Codimension-2 Bifurcations

We next derive algebraic conditions for codimension-2 flip—Neimark—Sacker and fold-Neimark—Sacker bifurca-
tions of (3).

5.2.1. Flip—Neimark—Sacker Bifurcation

The following theorem provides conditions for a flip-Neimark—Sacker (flip—NS) bifurcation.

Theorem 6. [/5] For system (6), a flip—NS bifurcation occurs at p = po if
(C41) Eigenvalue assignment:
F(=1)=0, A, ,(po,20) =0, F(1)>0, A} ,(no)>0, AF(no,m0) >0,

n k
(_1)n71 Z ((_1)n7k Z(_l)kiLaL—l) > 07
k=1

=1
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withl=n—4,n—6,...,1 (or 2) when n is odd (or even).

6A:z—2 (H, CE)
Opj

n
#0, Za;j(—l) n=i £, for j = 1,2, where a;j = Oa;/Op; at
H=po =1

(Ca2) Transversality:

B = po-

2 F.,(1)A
(Ca3) Nonresonance: cos(l) #1— M
m 4An73(ﬂ0)

Applying Theorem 6, (3) admits a flip-NS bifurcation in the two parameters (8, s) if

form =3,4,5,..., with AF(u) =1 if k <0.

1—ai1 + ai2 —aiz +aiu =0,
1—a;3+aa(ain — aia) =0,
14 a1 + a2 + a3 + aq >0,
14 a;3 — aa(ain + aia) >0,

1—a;1 + a2 —aiz3 >0, (8)
0 0

a[l — a3 + aia(ain — ai)] # 0, 87,8[1 — a;3 + aia(as1 — aiq)] # 0,

0 0

—(—ai1 + a2 — a3 + aqa) # 0, —(—as1 + a2 — a3 +aq) #0.

s o8

5.2.2. Fold—Neimark—Sacker Bifurcation

A fold—Neimark—Sacker (fold-NS) bifurcation occurs when a fold (saddle-node) and a Neimark—Sacker bifurcation
occur simultaneously.

Theorem 7. [45] For system (6), a fold-NS bifurcation occurs at pu = po if
(Cs1) Eigenvalue assignment:

F(1)=0, (=1)"F(=1)>0, Af ,(uo,z0) =0, A, ,(mo,z0) >0, AF(uo,z0) >0,
n

i=n—4,n—6,...,1 (or 2) forn odd (or even), Z(n—i)ai > 0.
i=0

(Cs2) Transversality:

8AI—2 (M7 I)
O

n
20 (G =1,...,m), Zagj(—l) n=i L0 for j =1,2, where agj = 0a;/Op; at p = po.
H=po =0
(Cs3) Nonresonance:
2 n=ls~l g ) AT T
COS(j) 214 (X5 szo_ i) A _4(po, 7o)
m 2A,_3(po)

Applying (Cs1)—(Cs3) in Theorem 7, (3) exhibits a fold-NS bifurcation in (3, s) if

form =3,4,5,..., with AF (u,z) =1 if k <0.

1+a;1 +ap2+a;3+a4 =0,
14 ai3 — asa(asn + aq) =0,
1—a;1 + a2 — a3 +ajq >0,
1 —ai3 + asa(as — a) >0,

4+ 3a;1 + 2a;9 + a3 > 0, (9)
0 o

a[l + a1 + a2 + a3 +au] #0, 873[1 + a1 + a2 + a3 + au] #0,

0 0

%(ail + a2 + a3 + azq) #0, %(ail + aj2 + a3 + az4) # 0.

Remark 1. In the stability and bifurcation analyses, we denote by a;1,a;2,a:3,a:4 the coefficients of the charac-
teristic polynomial at the equilibrium Ef (i = 2,3,4). We avoid listing explicit formulae due to their length and
complexity.



A. T. Alshammari, N. Maan, M. A. M. Abdelaziz / Eur. J. Pure Appl. Math, 18 (4) (2025), 6804 14 of 24

6. Numerical Simulations

In this section, we perform numerical simulations to validate the theoretical results presented above. The com-
putations were carried out using Maplesoft (2023 release) and MATLAB R2024a. We present five simulation cases
illustrating fold (FDB), flip (FPB), Neimark-Sacker (NSB), flip-NS, and fold-NS bifurcations. The parameters s
and B are chosen as primary bifurcation parameters due to their prominent influence on stability and global dy-
namics: s is the time-step size, directly affecting temporal resolution and the effective frequency of interactions in
the model, while 3 is the infection rate, a key determinant of the efficacy of oncolytic virotherapy. Varying these
parameters reveals stability shifts and transitions among bifurcation regimes.

Case 1. Comsider r = 3.09, k =09, n =1, = 0.5, b =09, p =05, o = 0.3, w = 0.6, v = 0.729,
s = 0.78, and o = 0.99. Let 8 € (0,1.5). When 8 = 1.1, an equilibrium E3 = (0.9, 0.11, 0.09, 0) is established,
with Rg = R1 = R2 = 1. As 3 reaches the critical value 1.1, a pitchfork-type FDB emerges. Figure 2 displays the
pitchfork bifurcation diagram at 8 = 1.1: as f increases beyond this threshold, a stable disease-free state develops
and cancer cells disappear. The plotted points represent numerically computed steady states of U (uninfected tumor
cells), I (infected tumor cells), and V' (virus concentration) as 8 varies, obtained via long-time iteration/root-finding.

When 5 = 0.6, the presence of two vertically aligned red points for U indicates two coexisting equilibria
with distinct uninfected tumor cell densities for the same g (multistability): the ultimate outcome depends on
initial conditions. The variable U shows a more prominent bifurcation near 8 =~ 1.05, whereas I and V change
more gradually. Biologically, once 8 exceeds a threshold, increased infectivity drives a sudden collapse in U and a
corresponding rise in I and V, but the latter often grow from near-zero baselines, making their transitions visually
less abrupt. Mathematically, this reflects the dominant nonlinear term SUV near the bifurcation point. Overall,
when 3 > 1.1, trajectories converge to a tumor-free state, indicating that sufficiently high infection rates can
eradicate cancer cells. Phase portraits in Figure3(a—c) confirm convergence to tumor elimination for 8 > 1.1.

1.2
U .
| -, 11z -
. T -
08 . B
-q.h“\-..
0 -""‘--..
— o6 o *-..L_‘-
-8 T - .. 1
. ——
—
0.4 r B
.._—"""“
0.2 S 1
./ PR P
S
J:/-
o
o 0.2 0.4 0.6 0.8 1 1.2 1.4

0.1835

0675

(a) B =1.0 (b) B =11 (¢) B =12

Figure 3: Phase portraits corresponding to Figure 2.
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Case 2. Consider r =3.09, k=1.04,3=09,7n=1,§=0.5,6=0.9, p=0.5, u = 0.3, w = 0.6, v = 0.729, and
a = 0.8. Let s € (0,0.85). When s = 0.7, an equilibrium E3 = (0.9, 0.11, 0.07, 0) is established with Ro = 1.15,
R1 = 0.19, and R2 = 1.15. A flip (period-doubling) bifurcation occurs as s reaches 0.7. Figure 4 shows the FPB
diagram for s € (0,0.85): the cancer burden tends to increase as s grows. Biologically, larger s (less frequent effective
interventions) can degrade control, shifting the system from stable regulation to oscillations and then more irregular
dynamics. Phase portraits in Figure 5(a—d) illustrate the progression from controlled oscillations to rising cancer
cell populations as s increases, emphasizing the need to optimize s to sustain suppression (smaller s favors frequent
intervention and improved control).

08

06

Ul,v

02

0902

(¢c) s=0.8 (d) s=0.85

Figure 5: Phase portraits corresponding to Figure 4.

Case 3. Consider r =2, k=21,=2,7=1,6=05,b=19, p=0.5, u = 0.3, w =0.2, vy = 0.9, and
a =0.99. Let s € (0,0.5). When s = 0.07, an equilibrium E4 = (0.3, 0.5, 0.5, 0.13) is established with Ro = 8.8,
R1 = 0.28, and Ro = 7. As s increases to the critical value 0.2, E4 loses stability via an NSB. Figure 6 shows
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the NSB over s € (0,0.5). Larger s makes regulation more difficult; Figure 7(a—c) shows intensifying instability
with increasing s, and chaotic attractors in Figure 7(d) further highlight loss of control. Biologically, increasing s
induces quasiperiodic/chaotic fluctuations in tumor levels; thus, more frequent interventions (smaller s) are required
to maintain stability.

" 8

(¢c) s=0.3 (d) s=0.5

Figure 7: Phase portraits corresponding to Figure 6.

Case 4. Consider r =2, k=15,n=1,§=0.5,b=0.9, p=0.5, p = 0.3, w = 0.6, v = 0.729, and o = 0.99.
Solving the semi-system (8) yields the critical flip-NS point (s«,8x) = (1.6, 1.66). At (s«,B+), the equilibrium
E3 = (0.488, 0.572, 0.353, 0) satisfies Rg = 3.1, R1 = 0.71, and R2 = 1.7. Figures 8(a,b) display flip-NS diagrams
with respect to s and 3, respectively. Figure 8(a) shows E3 is stable for s < 1.6 and loses stability as s increases
near (1.6,1.7). In contrast, in Figure 8(b), 8 produces instability on (0.7,0.82), then stability for 8 > 0.82 up to the
critical pair (s, 8x), where stability is again lost. Thus, increasing infection may eliminate the tumor, but enlarging
s can reintroduce instability. Joint tuning of (s, ) is therefore necessary; values in the band (8,s) € (0.82, 1.6)
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ensure tumor disappearance in this case. Phase portraits in Figure 9 reflect these observations: (a) stable focus at
(0.82,1.6), (b) an unstable invariant circle as s — s«, and (c) chaotic attractors as (s, 8) € (1.6,1.7).

14 . ‘ ‘ . ‘ ; ; . 1.6
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S 1 —
. 06
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04 . ‘ ‘ . ‘ ‘ ‘ . P 00 0 0 R
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 0.8 09 1 1.1 1.2 1.3 1.4 1.5 1.6
s It
(a) Variation in s (b) Variation in S
Figure 8: Flip-NS bifurcation diagrams of model (3) at Es.
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(a) s =1.55 (b) s =1.601 (c) s =1.68

Figure 9: Phase portraits corresponding to Figure 8.

Case 5. Consider r = 2, k =2, n =1, =07,b =09, p =05, 4o =03, w= 06, v = 0.6, and
a = 0.99. Solving the first two equations in (9) yields critical values 8« = 1.9 and s« = 0.4, which satisfy (9). For
B € (0.8,2.5) and s € (0,0.5), the equilibrium E4 = (0.3, 0.5, 0.5, 0.13) arises at (s«, 3+) with Ro = 5.7, R1 = 0.99,
and Ro = 2.2. As s and [ pass (sx, B«), Fa loses stability through a fold-NS bifurcation. The diagrams in Figure 10
on the 8—(U,I,V, M) and s—(U, I, V, M) planes reveal the emergence of an unstable invariant circle at criticality. As
s and B increase further, chaotic attractors appear and persist, accompanied by growth in cancer cell counts; see
Figure 11(a—c), with chaotic dynamics highlighted in Figure 11(d). These results suggest that maintaining s and 3
below their fold-NS thresholds is essential to preserve stability and enable the immune response and virotherapy
to suppress tumor growth effectively. The intersection of fold and NS mechanisms underscores the need for precise
parameter tuning.

7. Chaos Control

In our simulations, chaotic behavior of cancer cell populations is undesirable because it complicates effective
treatment planning. Chaos control seeks to stabilize the dynamics, keeping trajectories within predictable bounds
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(a) Variation in g (b) Variation in s

Figure 10: Fold-NS bifurcation diagrams of model (3) at Ej.

(c) B=25 (d) 8 =3.99

Figure 11: Phase portraits corresponding to Figure 10.

to support reliable cancer management. This section applies two approaches, state-feedback and a hybrid control
strategy, to regulate chaotic dynamics.

7.1. State Feedback Strategy

State-feedback control provides an effective means to regulate chaotic systems [46]. The idea is to transform
the chaotic map into a (piecewise) linearized, optimally regulated system via a feedback controller that minimizes
an upper bound on the state variables; control is applied under specified conditions to restore stability. With
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appropriate feedback, the controlled version of model (3) is

Unii(t) = Un+ r<171a) [rUn (1 - %) — BUVa = nMaUn | = 1(Un — UF),

Loa(t) = Int F(fiia)[wnvn — 61 — M L] — jo(In — I}) |

Veor®) = Vb s 8T = Vil = s (Ve = Vi), (10)
Mpia(t) = Mn+ 1“(187::04) [Z]\f_"g: - MMn:| — ja(Mp — My).

Here j1 (Un—Uy), jo(In—1IF), j3(Va —V}"), and ja (M, — M} ) are the feedback control inputs with gains j1, j2, j3, ja.
The Jacobian of (10) yields the characteristic polynomial

L) =M 4+ kA3 + ko + ksA+ kg =0, (11)
where
k1 = —(faa + f33 + fo2 + f11),
ko = fi1f22 + fi1f33 + fi1faa — fr2fo1 — frafar + fo2f33 + fa2faa — f23f32 + f33fa4,
k3 = —f11f22f33 — fi1fe2faa + f11f23f32 — f11f33faa — f12f21f33 + fi2fo1faa — f12foafar
— fisfo1fs2 + frafeafar + frafssfar — feafs3faa + fo3f32faa,
ka = f11fo2f33faa — f11fo3fs2faa — fr2f21f33faa + fr2foaf33fa1 + f13f21 f32faa
— f13foafaafa1 — frafoo f3sfa1 + frafesfa2 fa1,
and
_q s . o TUI 20D ___sUi
fir=1 F(1+a)(nM4 + B8V —r+ P’ ) Jis fiz = Tt o)k
f o SUE P
13 Ti+a) 14 TA+a)
_ sYBV o L . -
f21—7r(1+a), fo2=1 F(1+a)(5+77M4) J2s
1 SBUL P
Tl +a) I(l+a)
_ sYbo I e S
fa2 = fta) faz =1 T +a) J3,
_ sYpwMy . s _ pUS .
f41‘r(1+a)(w+U;)2’ fu=1 F(1+a)(“ w+Uz) e

By the Schur—Cohn theorem [42], all roots of (11) lie inside the unit disk iff

L(1)=1+ki + ko + ks + ks >0,

L(-1)=1—ki+ke—ks+ka >0,

AF = —k3 — (ko + k2 4 (K2 + kiks 4+ 1)ka — kiks — k2 + ko + 1> 0,
A2_:kz—(kg-‘rl)kz—(k%—k1k3—2k2+1)k4+k1k3—k%—kQ-ﬁ-l>0.

(12)

(Using Theorem 2), E4 is asymptotically stable if there exist feedback gains (j1, j2, j3, ja) satisfying (12); otherwise,
FE4 is unstable.

Using the parameter values for the NSB at E4 in Case 3, the stability region bounded by the marginal surfaces
L(1), L(-1), A;, and A, is shown in Figure 12. For illustration, we select (j1,j2,73,j4) = (0, 0.7, 0.5, 0); the
controlled trajectories are stable (see Figure 13).
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State feedback condition

Figure 12: Stability region for state-feedback control.

State feedback control at (j1 dgdsg j4)=(0,0.?,0.5,0)

Figure 13: Phase portraits of the controlled system (10).

7.2. Hybrid Control Strategy

We also employ a hybrid control to manage chaos arising from Neimark—Sacker bifurcations [47]. As shown in
the numerical simulations for Case 3, system (3) undergoes an NSB at Ey4. Introducing a convex combination of

the uncontrolled and “one-step-updated” states yields

Upi(t) = V(Un + F(%a) [rUn (1 -

(o3
In+1(t) =v (In

Un+1n>

s

+ m[ﬁUnVn — oI, — nMnIn]) + (1 —=v)Iy,

SOt
—— b6, — YV, 1—-v)V,
F(1+a)[ n 7n1>+( V)V,
s& |:pMnUn

Fl+a) lw+Un

Vn+1(t) = V(Vn +

My (t) = V(Mn + - uMn]) + (1 = v)Mn,

— BUr Vi, — nMnUn}) + (1 —v)Un,

(13)

with 0 < v < 1. This strategy merges parameter perturbation and feedback, and suitable v can shift, delay, or

suppress the NSB at Fy.
The Jacobian of (13) at the positive equilibrium is

s s* s* s*
l—hyy———  —hjg——— —hjg———  —hyy——
T+ a) T +a) BT +a) “TA+a)

hor — hag — has — hoa—2"
g | T +a) 2T1+a) ®Tr1+a) T +a)

h = S L
0 vb§ ———— —W— 0
N T'(1+4«) T'l+a) N
hay —— 0 0 1— hyg—o

(14 )
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where (It 1207 U
T + vr «
hi1 = (UMI +B8Vy —r+ %)M hi2 = . 4 hi3 =vBUS, hia =vnUs,
ho1 = vBV), hoo = (MMj +0)v, hosz =vbnUy, hoa =vnlj,
vpwMy pU} )
hgyg = ———, hgs = - .
41 (w+Uj)? 44 V(M w+ U]

SO(

Let S = ————. The characteristic polynomial is

I'(l+ o)

H) =M 4 (=44 GS) X + (6 — 315 + 25?) A2 + (—4 + 3615 — 20252 + ¢35%) A
+1— 15+ 2S8% — (38% + (4S8 =0, (14)

with coefficients

C1 =+ h11 + haz + haa,
C2 = (—bd hag + vhi1 + vhazo + Yhaa) v + (hasa + ho2)h11 + hi1aha1 + hoohag + hi2ha1,
(3= (((hu + ha2)y — b6 has) has + (hi1hoz + hazhar + hishar)y — b (hi1hos — h13h21)>l’
+ haa(hi1haz + hi2h21) — (hi2hoa — h1ah22)ha,
¢4 = —v(b((h13h2a + h1ah23)ha1 + haa(hi1ha3 — h13h21)) 6 + ((h12hoa — hiaha2)har — haa(hirhaz + hi2ho1)) 7).

By the Schur-Cohn theorem [42], stability of (13) is ensured if

C4S4 > 07
S4¢y —253¢3 +452¢y — 85¢1 + 16 > 0,
—(8%¢s — 833 + 52C2 — SC1 +1)° + (=52¢2 +35¢1 — 7) (S*¢u — 83C3 + 52¢2 — S¢1 + 1)
+((S¢ —4)? + (S¢1 —4)(S3¢3 —28%¢2 +3S¢1 —4) + 1) (S% — S3¢s + S2¢2 — S¢1 + 1)
—(S¢1 —4) (S3¢3 —25%¢2 +35¢1 —4) — (S3¢3 — 282¢2 +3S¢1 — 4)2 + 5%2¢2 —35¢1 + 7> 0,
(5%¢a — S3¢3 + S2¢a — SC +1)% + (—52Co +35¢1 — 7) (S4¢a — 3¢5 4 52¢2 — S¢1 +1)°
+ (—(S¢1 — 4)2 4+ (S¢1 — 4)(S3¢3 — 252¢2 + 3S¢1 — 4) + 252¢2 — 65¢1 + 11) (S4¢s — S3¢3 + 52 — S¢1 + 1)
+(S¢ — 4)(SSC3 — 252<2 +35¢ — 4) — (SSC3 — 25’2C2 +35¢1 — 4)2 — S2C2 +35¢1 —5>0.

(15)
Therefore, E4 is asymptotically stable if there exists v € (0, 1) satisfying (15); otherwise, E4 is unstable.

Using the parameter values at the NSB of E4 from Case 3, the bifurcation diagram of the controlled system
(13) versus v is shown in Figure 14. Choosing v = 0.2 stabilizes the trajectories; see Figure 15.

Hybrid control bifurcation

UILV.M

o] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 14: Bifurcation diagram of the controlled system (13) with respect to v.
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Hybrid control at .- = 0.2
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Figure 15: Phase portraits of the controlled system (13).

8. Conclusion

Host immunity can both hinder and help oncolytic virotherapy. While antiviral responses may neutralize
virions and reduce intratumoral spread, tumor-specific immunity can assist in clearing malignant cells while sparing
normal tissue. Recent evidence also indicates that virus-mediated tumor lysis can prime strong antitumor immunity,
improving outcomes for appropriately engineered vectors. Adenovirus (AdV) remains a leading oncolytic platform
because of its safety profile, genetic tractability, and capacity to stimulate immunogenic cell death.

We developed a discrete-time, fractional-order model of AdV therapy coupled to a tumor-specific immune
response. The fractional term captures memory effects and aligns with discretely sampled biological data. Analyti-
cally, we derived conditions for biologically admissible equilibria and established stability criteria using Schur—Cohn
and Neimark—Sacker tests. Numerically, we mapped codimension-1 (fold/FDB, flip/FPB, NSB) and codimension-2
(flip—NS§, fold-NS) transitions that separate clinically distinct regimes, ranging from stable tumor control to oscil-
latory or chaotic progression.

The model suggests clear conditions under which therapy can succeed. Coexistence with a controlled tumor
burden and, in favorable windows, elimination is achievable when the reproduction numbers satisfy R; < 1 and
Ro > Ra, ensuring that the immune-augmented virus can propagate within the tumor while remaining effectively
checked by clearance mechanisms. The infection rate 8 should exceed an efficacy threshold but need not be arbitrarily
large: in our simulations, tumor elimination emerged once 8 2 1.1 at s = 0.78, whereas excessively large 3 combined
with an unfavorable dosing cadence (large s) drove the system through fold-NS interactions into quasiperiodicity
and chaos. Thus there is a practical window for 3 rather than a monotone “more is better.”

Treatment cadence matters as much as potency. The discrete time-step s plays the role of an effective dosing
or monitoring interval. Smaller s, corresponding to more frequent intervention, stabilizes dynamics and can prevent
the NS and flip routes to chaos observed at larger s. Joint tuning of (3, s) is therefore essential: flip—NS and fold-NS
curves demarcate narrow safe corridors in the parameter plane, and staying within these corridors maintains stability
of the relevant equilibria.

These findings translate into practical guidance. Therapy design strategies that raise effective intratumoral
infectivity (for example, polymer masking or receptor retargeting) increase 8 and b/, helping achieve Rg > R2
while remaining inside the NS/flip stability window. Scheduling that favors more frequent administrations and
monitoring (smaller s) prevents bifurcation cascades and sustains tumor suppression. Because viral therapy alone
may be insufficient for complete eradication in typical regimes, combining AdV with immune-modulating agents (to
increase p or reduce ), cytotoxic pulses, or targeted radiotherapy can enlarge the stable region while reducing total
conventional dosing.

There are limitations. Parameters were explored in nondimensional form around fixed baselines; patient-specific
calibration, stochastic variability, and spatial heterogeneity warrant future study. The fractional framework is a
natural vehicle for memory-aware control: data-assimilated updates of («, 8, s) and real-time bifurcation tracking
could guide adaptive dosing that remains inside the stability corridors identified here.

In summary, maintaining R1 < 1 and Rg > Ro, selecting 3 above its efficacy threshold but within the fold/NS
boundaries, and enforcing a sufficiently small time step s yields stable, tumor-suppressive dynamics in this model.
The fractional discrete-time formulation offers a practical, biologically informed tool for designing such regimens
and for integrating oncolytic virotherapy synergistically with immune and conventional treatments.
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