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1. Introduction and Preliminaries

Fixed point (FP) theory is a significant and highly active area within functional anal-
ysis. It offers crucial methods for addressing problems encountered across multiple fields
of mathematical analysis. This theory plays a key role in ensuring both the existence
and uniqueness of solutions to integral and differential equations. For more details, see
[1-9]. In 1922, the Polish mathematician Banach [10] introduced the contraction principle,
which has become one of the most renowned and influential results in mathematics. In
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the existing literature, the Banach contraction principle (BCP) has been generalized in
two main ways: either by modifying the contraction condition, or by altering the structure
of the metric space (MS). Within FP theory, numerous types of contractions have been
formulated in a MS, including Boyd and Wong nonlinear contraction [11], the Meir-Keeler
contraction [12, 13], Suzuki contraction [14], Kannan contraction [15], Ciri¢ generalized
contraction [16] and quasi contraction [17], weak contraction [18], Chatterjea contraction
[19], Zamfirescu contraction [20], the F-Suzuki contraction [21], and among others [22, 23].
A MS is a vast concept, and even small modifications to its axioms can lead to the creation
of different structures, such as a 2-MS [24], a cone MS [25], and many others. The notion
of a b-metric space (b-MS) was pioneered by Bakhtin [26] in 1989, and later refined by
Czerwik [27] in 1993. This innovation introduced a new coefficient in the triangular in-
equality of a MS, laying the groundwork for the development of b-MSs. Researchers have
developed a wide range of FP results utilizing the framework of b-MS. Karapinar [28§]
discusses foundational aspects and key contributions in FP theory within the framework
of b-MS. In 2022, Berinde and Pacurar [29] survey the early progress and key issues in
FP theory within b-MS. Ma et al. [30] introduced the concept of C*-algebra-valued con-
traction mappings. Building on this, Batul et al. [31] generalized the idea by relaxing the
contraction condition initially proposed in [30]. In another development, Shehwar et al.
[32] extended Caristi FP theorem to mappings defined on C*-algebra-valued MSs. They
demonstrated the existence of FPs by employing the concept of minimal elements within
these spaces and introduced a partial order on the set U. Recently, Pasicki [33] explores
the characteristics of Cauchy sequences in b-MS, contributing to a deeper understanding
of their convergence properties.

In 2012, Wardowski [34] introduced a novel type of contractions, known as an F-contraction,
for real-valued functions defined on the set of positive real numbers and satisfying specific
conditions. He also established a fixed point theorem for this class of contractions. Since
then, numerous researchers have extended and explored F-contraction mappings within
various types of MS. Fabiano et al. [35] present an in-depth overview of F-contractions,
focusing on their origins, theoretical advancements and applications in generalized MS.
Petrov [36] obtained some FP theorems for “mappings contracting perimeters of triangles”
(MCPTs) in the framework of MSs. In this paper, the author [36] introduced a new type
of mappings in MSs which can be characterized as a MCPT.

Influenced by the work of Petrov, we bring to light some FP theorems for MCPTs embed-
ded with F-contractions in the framework of b-MSs.

Standard contraction mappings represent a notable subclass within this broader frame-
work, enabling us to recover Banach classical result as a straightforward corollary. Fur-
thermore, we provide examples of mappings that contract the perimeters of triangles
embedded with F-contractions in b-MSs, but do not qualify as contraction mappings in
the traditional sense.

The following are some definitions and results which are useful for the proof of main
theorems.

Definition 1. [26] Let U be a nonempty set and let s > 1 be a given real number. A
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function o, : U x U — RT is called a b-metric provided that, for allmn, &, C €U,
(Mbl): Ub(777§) > 0,

My, ): ou(n,§) = 0 if and only if n = ¢,

(M ): ab(n,€) = au(&,m),

(Ms, ): o5(1,¢) <'s [ob(n, &) + ob(&,C)]-
The pair (U, op) is called a b-MS.

In general, a b-metric is not a continuous function. However, throughout the article,
we will assume that the b-metric is continuous.

Example 1. Let Y = N. Define o, : U x U — [0, +00) by

0, ifn=¢,
Ub(n7£) = 40&, Zf 7775 € {172}7
a, ifnor§¢{1,2} andn#¢,

where oo > 0 is a constant. Here (U, o) is a b-MS with s = 3.
Definition 2. [3/] Suppose F : R* — R is a function that satisfies the following:

(F-1): F is increasing, i.e., for alln,& € RT such that n < &, = F(n) < F(§).
(F-2): For any sequence {n,}°2, of positive real numbers, lirf 1, = 0 if and only if
n—-+0o0

lim F(n,) = —oco.
n—+o00
(F-3): There exists k € (0,1) such that lim ofF(a) = 0.

a—07t

Definition 3. [34] Let (U,0) be a MS. A mapping T : U — U is said to be a Wardowski
F-contraction if there are F € F and T > 0 such that

n§eU, o(Tn,TE) >0 = 7+F(o(Tn,TE)) < Flo(n,£)).
In 2015, Cosentine et al. [37] introduced a new condition in Definition 2 to derive
certain fixed point results in b-MSs. In this article, we further extend this definition by
incorporating an additional condition into Definition 2.

(F —4): Let s > 1 be a real number. For each sequence {3, },en of positive real numbers
such that

T+ F(s?B,) < F(Bn-1) (1)
for all n € N and some 7 > 0, then

T+ F(s"Bp) < F(s"26,_1). (2)

Throughout the paper, F denotes the collection of mappings that satisfy (F—1) to (F—4).
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2. Main Results

The following section is concerned with the principal results of this paper.

Definition 4. Consider a b-MS (U,op) and (s > 1) with at least three elements, i.e.,
|U| > 3. A mapping T :U — U is said to be a MCPT embedded with an F-contraction
on U if there exist F € F and T > 0 such that the following inequality

1
7+ F(ou(Tn, TE) + 0u(TE, T¢) + 0u(Tn, TC)) < F (?(Ub(n»f) +0ou(§,¢) + Ub(n,C))> , 3)
holds for all possible combinations of three pairwise distinct points n,&,{ in U.

Proposition 1. Let (U,op) be a complete b-MS and T : U — U be a MCPT embedded

with an F-contraction. Then T s continuous.

Proof. Suppose that (U, oy,) is a b-MS with |[U| >3, T : U — U is a MCPT embedded
with an F-contraction on U and let 1y be an isolated point in . Then, clearly, T is
continuous at 79. Let suppose that 7 be a limit point of &. Now, we show that for every
€ > 0, there exists ¢ > 0 such that o,(Tno, Tn) < € whenever oy (n9,n) < 0.

Since 70 is a limit point, for every § > 0 there exists £ € U such that op(ng, &) < 0. Using
(3), we have

F(ob(Tng, Tn)) F
F(ou(Tng, Tn) + ob(Tng, TE) + ou(Tn, TE))
1

2 (ob(10,m) + 06110, &) + ab(n, §))>

+
+
1
<F (52(%(7707 1) + (10, &) + s(an(m0,m) + ob (70, f))))
(50 9)ontm. 1) + 0.9

1
<F 5—2(1 +5)(0 + 5))
1
= 25—2(1 +5s)d ). (4)
s s° :
Setting 6 = ek then equation (4) becomes

F(ow(Tno, T7)) < F(e).

Since F in increasing, one has
ob(T10, Tn)) <e.

Hence, the MCPT embedded with an F-contraction is continuous.
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Definition 5. Consider a mapping T on the b-MS U. A point n € U is said to be a
periodic point of period n if T"(n) = n, where n is the least positive integer for which
T™(n) = n, such a positive integer n is called the prime period of 7.

Theorem 1. Consider a complete b-MS (U, oy,) with at least three elements, i.e., |U| > 3.
Assume that the mapping T : U —> U satisfies a MCPT embedded with F-contraction
condition on U. Then the following statements are true:

i) The mapping Y has a FP if and only if it does not have periodic points with a prime
period 2.

it) T possesses at most two FPs.

Proof. Suppose that no point is periodic with prime period 2 under the mapping T.
Our objective is to show that T hasa FP. Let ng € T and, Tng=n1, Ty =2, , Ty =

nn+1’ e,
Assume that, for all i = 0,1,2,---, there are no FP of the mapping T among the points

n;. Our goal is to demonstrate the distinctness of every point 7. We have n; # nir1 = T
because 7; is not a FP. We also know that 712 = T(T(n;)) # n; since T lacks any periodic
points of prime period 2. Moreover, niy1 # niyz = Tnir1 since 711 is not a FP. As a
result, pairwise distinct points are n;, 111, and 742. Furthermore, suppose that

Y0 = ob(n0,1m1) + ob(n1,12) + ob(n2,M0),
Y1 = 0b(n1,1m2) + ob(112,m3) + ob(13,71),

Yo = b (N0, Mnt1) + Ob(Mnr1; Mnt2) + b (M2, M),

Applying the contraction condition to the pairwise distinct points i, ni+1, and 9o, we
obtain

F(ob(m,m2) + 0b(n2,m3) + o6 (11, m3)) = F (06(Tm0, Trn) + o6(Tm1, T2) + o6(Tm0, T112))
< F (G ontmm) + slmm) + vl ) )
F(y) < F (Sl?('yo)) -
Since F is increasing, we can write above equation as

F(s*y1) < F(y0) — 7.

Similarly,
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F(s*vn+1) < F(7m) — - (5)
Since s > 1, one has
Vo> AL > > > (6)

Assume that j > 3 is the smallest natural number such that n; = n; for some 4 satisfying
0 <i <j—2. Then, we have 7,11 = 141 and 14> = 7i42. Consequently, v; = ~; which
contradicts (6), This shows that all 7’s are distinct. Further, we have to show that {n,}
is a Cauchy sequence. It is clear that

F(52’Yn+1) < F(yn) — T

Using (F — 2),
F(s"2m41) < F(s"m) — - (7)
It follows by induction that
F(s"yn) < F(s" 1) — 7,
< F(s"*y,_9) — 27,
< F(s" ®yn_3) — 37.

By continuing this process, one can obtain
F(s"vn) < F(y0) — nT. (8)
Taking limit as n — 400 in (8) to obtain

: n -
nl1>1—ir-loo F(s" ) = — + 00

which together with (F — 2) yield that

lim s"y, =0.
n—-+00

According to (F — 3), there is k € (0,1) such that

lim (s"y,)*F(s"y,) = 0.

NS00
Multiplying (8) by (s"v,)¥ leads to

0 < (") F(s"m) + (") nT < (") F(70).
Taking limit as n — +o00, we get

: n k. _
nggloo(s Yn)n = 0.

As a result, it can be concluded that there is n; € N such that

(s"'yn)kn <1, forall n > ny.
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Therefore,

(s"yp)k < %, forall n > ny.
It implies

"y, < i;v forall n>ny. (9)

k

N n
This implies that the series Zsi’y; converges. Now, by the triangular inequality, for all
n,p €N, !

b (> Tntp) <S(0b(Mn, Mt1) + O (Tt 1: Tntp))-

That is,

2
Ub(nna 77n+p) Ssab(nna 77n+1) +s (Ub(nn—i-la 77n+2) + Ub(nn+27 77n+p))'
Continuing in this way,
6 (M Mtp) < 506 (N Nt 1) + 5206 (Mnt1, Mnt2) + 5 06 (Tnt2, Mnss) + -+ + SO (Mntp—1,Mmtp).  (10)

Putting n =0 in (7),
F(s?vy1) < F(vyo) — 7. (11)

As y1 = op(n1,m2) + ob(n2,m3) + ob(n3,m1), (11) becomes,
F(s*(ob(n1,m2) + ob(m2,m3) + 0b(n3,m1))) < F(70) — 7

That is,
F(s?(ob(n1,m2) + ob(12,m3) + ob(13,71))) < F(70)-

Since F is increasing and s >1,

ob(n1,1m2) + ob(12,m3) + 0b(13,71)) < V0.

Thus,
ob(n1,1m2) < 0.

Continuing the same process, we obtain

ob(n2,m3) < 71,
ob(n3,ma) < 72,

O-b(nna 77n+1) < Yn-1,
b(Mn+1, Mnt2) < Y,
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Substituting in (10),

b (s Mntp) < Y1 + 520 + Y01 + -+ + PYnip_2,

< 5(Yne1 + 5V + 52Vt + o+ P o),

S _ _
= 5717—1(571 1'771—1 + Sn’Yn + Sn+1'7n+1 + -+ st 27n+p—2>7

1 n-+p—2 )

Therefore, for all n > n; and p € N, (9) implies that

()< (5 )

i=n—1 i=n—1 Ik

1
b (M Mtp) < )
Taking limit as n — 400,

O'b(nm 77n+p) — 0.
It follows that {n,} is a Cauchy sequence in U. As (U,oy,) is complete, {n,} has a limit
n* in U. To show that Tn* = n*, we apply the triangular inequality and inequality (3).
For this,

ob(n", Tn") <s(op(n*,7n) + b0, TN*)),
=s0b(1"; M) + s0b(T1n—1, TN"),
<sob(n*,Mn) + s(ob(THn—1, TN*) + o6(T1n-1, T1n) + ob(Tna, T0*)),

* 1 * *
<sop(n*, 1) +5(?(0b(nn—17n )+ ob(Mn—1,1n) + ob(1n, 1)),

. 1
<sop(n*,nn) + S(;g

1
S

(0b(Mn—1,1m") + ob(Mn—1,1m) + ob(Nn;1")),)

<sou (0" 1) + (= (06 (Mn-1,7") + ob(Mn—1,1m) + ob(Mn;1")))-

Taking the limit as n — +o00, we note that each term in the preceding sum vanishes, and
SO
op(n*, Tn*) = 0.

Therefore, we conclude that Tn* = n*. In order to prove there exists at most two FPs.
Assume by contradiction that T has at least three pairwise distinct FPs, say n, £, and (.
That is, Tn=n, Té =€ and T(¢ = (.

Then by contraction condition,

T+ F(o6(n,€) + 06§, ¢) + 0u(n,¢)) = 7 + F (06(Tn, TE) + 06(TE, TC) + 00(Tn, TC))

< F (500 +on(6.0) +n(n.0)).
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Since F is increasing,

ab(1,€) + 6(£,¢) + o(1,¢) < S (96(n,€) + b(£,¢) + (1, ),

@, —

which is a contradiction, since s> > 1. Thus, we conclude that T possesses at most two
FPs. Conversely, Suppose that T possesses a FP n*. We have to prove that there are no
periodic point in T with a prime period 2. For this, suppose by contradiction that T has
a periodic point 7 of prime period 2, that is, T(Tn) = 7. Define { = Ty and n = T¢E.
Then

7+ F(ow(Tn, TE) + 0u(TE Tn") + 0o (Tn, Tn*)) = F(ou(§,n) + ob(n,7") + 0(&107)),
which contradicts (3). Thus, T does not have periodic points with a prime period 2.

Remark 1. In the assumption of Theorem 1, if we add an extra condition that the FP
n* is the limit of some iterative sequence, then T has a unique FP. Now, we show that

N £ n*foralln = 1,2,---. For this, let ng be an initial point, and iterative sequence will be
m = Tno,n2 = Tny,---. In that case, there is only one FP n*. Assume in fact that T has
another FP x**. For every n = 1,2,---, it is evident that x, # n**. Thus, for every n =
1,2,-- -, we have that the points n*, n**, and n, are pairwise distinct. Now, by contraction
condition,

T+ Flow(n™sn™) + o0, 1) + 000" mas1)) = 7+ F(ou(Tn™, Tn™) + 06 (Tn", Ton) + 06 (T, Trn))

1 * * % * Hx
<F <s—2(ab(77 0 ) A ob(n7mn) 4 ow(n ,nn))>~

As n —0, we get op(n*, Tng1) — 0, op(n*,10) — 0, o6(™, 1) — op(x™,x*) and
ob(™* ) — op(n™,n*). Hence,

* kok 1 * kok
T+ FQ2os(n7,n™)) < F(Z200(0", 17)),
implies
* kok 2 * ok
F2ou(n", 7)) < F(ow(n™, ™).
Since F is increasing,
2
20(n*,n™") < ?Ub(ﬁ*7ﬁ**)~

which is a contradiction as s > 1. This shows that n* = n**. Therefore, T has a unique

FP.

The followings are examples of a MCPT embedded with F-contraction with exactly
two FPs.

Example 2. Let U = {2,3,10}. Let o, : U x U — R be defined as:

ob(n,€) = (n— &), for all n,€ €U.
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Then (U, 0v) is a b-MS with s = 2. Define T :U — U by

Tn=nTE=E and T =1.

Consider
7+ F(ou(Tn, TE) + ou(TE, TC) + ou(Tn, T()) =7 + Flon(n,§) + 0u(&, C) + ob(n, 1)),
=7+ F(op(n, &) + ou(§,m) + ob(n,m)),
=7+ F(201(n,§)),
=7+F(2(n—¢)?),
=7+ F(2(2 - 3)?),
7+ F(op(Tn, TE) + ou(TE, TC) + ou(Tn, TC)) = 7+ F(2). (12)
Now,

F ({00 + (6. 0) 4 061, ) =F ( (0= 02+ (6= 0+ (0= 0P))
—F (212((2 —3)°+(3-10)" + (2 - 10)2> :
By simplifying, one can get
1
F (2 (0.6 + 0b(6.0) + 00(0.0) ) = F(25.5), (13

Hence, by (12) and (13), we conclude that

7 FOB(T0, TE) 4 06(TE, Q)+ 06T 1) < F (061, 8) + 06(6.€) + 0n(1.0) ).

with F(n) = In(n) and 7 = 1. Also, T has no periodic point of prime period 2. Take

T¢=mn,
T(T¢) = T(n),
T2(¢) =n.

Hence, T has no periodic point with prime period 2. Therefore, all the assumptions of
Theorem (1) are true. Thus, T has exactly two FPs, namely n and &.

Note: In the previous example, we verified the conditions of Theorem (1) using a
continuous b-MS. Now, in the next example, we will use a discontinuous b-MS to verify
Theorem 1.
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Example 3. Let U = {2,3,10}. Let op : U x U — R be defined for all n,§ € U as
follows:

0 ifn=¢,
opb=41 ifln—¢& =1,
5 ifln—¢& > 1.
Then, one can easily verify that (U, op) is a b-MS with s = 2. Define T : U — U by

Tn=nTE=E and T¢ =1.

Consider
7+ F(ou(Tn, TE) + ou(TE, TC) + ou(Tn, T()) = 7 + Flon(n,§) + ou(&, ) + (1, 1)),
=7+ F(ob(n,€) + on(&,m) + ob(n,n)),
=7 + F(205(n,€)),
=7+ F(2(1)),
7+ F(op(Tn, TE) + ou(TE, TC) + on(Tn, TC)) = 7 + F(2). (14)
Now,
F (00606 + an(6.0)+ o606 ) =F (0 + 6+ 9))
11
-+ (1)
By simplifying, one can get
1
F (2 (0u(0.6) + on(6:) + (0. C)) ) = FC275). (15)

Hence, by (14) and (15), we conclude that

7 F(Ob(T0, TE) 4 06(TE, Q)+ 06T 1)) < F (0001, 8) + 06(6.€) + 0n(0.0) ).

with F(n) = In(n) and 7 = 0.01. Also, T has no periodic point of prime period 2. Take

T¢ =n,
T(T¢) =T(n),
T2(¢) =1

Hence, T has no periodic point with prime period 2. Therefore, all the assumptions of
Theorem (1) are true. Thus, T has exactly two FPs, namely n and &.

In next example, we prove that if T has periodic points of prime period 2, then T has
no FP.
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Example 4. Let U = {n,§,(}. Define op : U xU — R as
ob(1,€) = (11— &), for all n,& €U.
Then one can prove that (U, oy) is a b-MS with s= 2. Now, define T :U — U by
Tn=¢&TE=n and T¢=n.

Then T has no FP. Here, n and & are periodic points with prime period 2. Consider

Tn=2¢,
T(Tn) =T(),
T2(n) = .
Also,
TE=mn,
T(TE) =T(n),
T2(¢) =¢.

Definition 6. Let (U,0p) be a b-MS. Then a F-mapping T : U — U is called an F-
contraction mapping on U if there exist a positive real number s > 1 and 7 > 0 such
that

T+ F(op(Tn, TE)) <F (;ab(n,§)> , where F € F and for all n,§ €U. (16)

The following corollary provides a simple and direct proof of Banach FP theorem, in
the framework of a b-MS.

Corollary 1. Suppose that (U,op) is a complete b-MS, where U # (. Then the F-
contraction mapping T : U — U guarantees that T has a unique FP.

Proof. Suppose that U is a complete b-MS and || = 1. Let 4 = {u}. In this case,
since U has only one element 7, the mapping T must map 7 to itself. That is, Tn = n.
This is because there are no other element in U/ for Tn to map. So, we can see that 7 is
indeed a FP of T, and it is unique. Therefore, the Banach FP theorem holds trivially for
a set U of order 1.

Now, if |U| = 2, suppose that U = {u,v} and T : Y — U is an F-contraction mapping.
Assume, if possible, that T has two distinct FPs n and £. Then, Tn =n and T¢ = ¢ . By
the definition of an F-contraction mapping, we have

7+ F(o(Tn, TE)) < F(S%abmf))

That s, 1
Flon(n,€)) < F(Z0b(n,€)) — 7
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Hence, .
F(ou(1,€)) < F(50m(0,€)).

F is increasing, so

ou(1,6) < ou(n,).

This is a contradiction since s > 1. Therefore, our assumption that T has two distinct
FPs is false. Hence, T can have at most one FP. So, for || = 1, 2 the proof is complete.
Assume U has at least three elements, i.e., || >3, if T has some n € Y with prime period
2, i.e., T(T(n)) =n, then

op(n, Tn) = ou(Tn,m) = ou(Tn, T(Tn)).

which is contradiction with (16). It follows that T has no periodic point with prime period
2. Considering pairwise distinct elements 71, £, ¢ € U, and applying (16), we have

o F(on(T(0), T(E) < F(0u(n, €)).

Let F(n) = In(n), so '
7 +1n(op(T(n), T(£))) < In(Z0b(n,¢)).
That is,
(1), T(E) < v (6).
That is,

-7

oo(T (1), T() < Zou(1,): (7)

Similarly, one can get

4 F(o(T (. T(0)) < F(50u(6.0)

implying .
ob(T(€), T(0)) < 0b(: ). (18)
and
o Flon(T(n), () < Fou(n, Q).
Thus,

—T

ob(T(0), T(0)) < Z5-0v(n, €). (19)
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Adding (17), (18) and (19), one has

ab(T(n), T(£)) + o6(T(£), T(C) + au(T(n), T(()) < 652 (a6(1, ) + o5(&, C) + ou(n;, ),

with @« = e~ 7. Hence, T is a MCPT embedded with an F-contraction on /. By Theorem
1, a FP exists for the mapping T. For the uniqueness, suppose that T has two FPs n
and n*, i.e, Tn = n and Tn* = n*. Now, by the definition of a b-metric and the given
assumption, one writes

0 < F(ow(n,7n")) = Flou(Tn, Tn")),
< 174 F(op(Tn, Tn™)),
Fon(,1)) < F(z506(0,1°),

since F is increasing,
* 1 *
ob(1,1°) < (Zow(m:17)),

where s > 1, which is only possible when

ob(n,n*) = 0.
Thus,
n=mn.
Hence, T has a unique FP.
Proposition 2. Consider a b-MS (U, o) with at least three elements, i.e, U] >3, and

T:U—U is a MCPT embedded with an F-contraction. Then, for all points £ € U, T is
an F-contraction mapping if n is a limit point of U.

Proof. Consider an accumulation point 77 € U and any point £ € U. If € = n, then (16)
is obviously satisfied. Now, consider the case where £ # 1. As 7 is a limit point, which

implies the existence of a sequence {(,} converging to 7, satisfying ¢, # x, ¢, # £ with all
distinct elements (,. Consequently, applying (3) establishes the following

7+ F(ou(Tn, TE) + 0u(TE, T¢n) + 0u(Tn, T6n)) < F(S%(Ub(n»f) + 00§ Gn) +0u(n,60))),  (20)
which is satisfied for all n € N. As o(n, () — 0, (» — x and the continuity of b-MS
implies 0p(&,¢n) — ob(n,€). By continuity of T, op(Tn, T¢,) — op(Tn, Tn) = 0 and
ob(TE, T¢n) — op(Tn, TE). Taking limit n — 400 in (20) gives
1
7+ F(ou(Tn, TE) + 0u(Tn, TE)) < F(5(0b(n,€) + 0b(1,€))),
2
7+ F(20u(Tn, T€)) < F(Z0(1,€)),

r+ Flov(T5,T) < F(500(1,6)).

Hence, if n is a limit point of ¢, then T is an F-contraction.
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Corollary 2. Consider T : U — U is a MCPT embedded with an F-contraction, and
(U,0op) is a b-MS with at least three points, i.e, [U| >3. Then T is an F-contracting
mapping whenever every element of U is an accumulation point of U.

In a MS (U, o), £ is an intermediate point for n and ¢, whenever

ab(1,¢) = op(n,€) + ob(§, () where  1,§,C € U. (21)

Let us develop an example demonstrating the distinction between a MCPT embedded
with an F-contraction and an F-contraction in the framework of a b-MS.

Example 5. Suppose U has countably infinite elements, [U| = No, specifically U =

{n*,n0,m,...}. Consider a mapping T : U — U, that is, a MCPT embedded with
an F-contraction, but exhibits non-contracting behavior in a b-MS U.

2 a2 as? aZf4 a</4

L - - - - - .+++++++++.*
Mo M M2 M3 Mg N5 Ns n

Figure 1: The points of the space (U , o) with consecutive distances between them

Let a be a positive real number. Define op, on U X U as follows:

a?/2li/2l] if n=n,f=np,i=123,---.,
ou(, €) = Ub§77i777i+1)+"'+Ub(77]—1:77j)7 goom=mE=mitl<y,

4a® — ab(no, m), if  n=mé=n",

0, Zf 77:'57

where |-| is the floor function defined as the greatest integer less than or equal to a given
number.
Clearly, for every triplet of distinct points in U, one point is situated between the remaining
two, we can see in Fig.1. Furthermore, the space has a single accumulation point n*, and
so it is complete.
Define the mapping T : U — U given by T(ni) = niy1 for alli € NU {0}, and T(n*) =
n*. We can see that T is not an F-contraction mapping. Indeed, on(Nan,Mon+1) =
ob(T12n, T2nt1), for alln = 0,1,2,---.
Now, we prove that T is a MCPT embedded with an F-contraction . Consider the first
triplets of points n;,m;,n* € U with 0 < i < j. According to the definition of the oy, given
above

ab (i, m5) + ob(n,0%) = (i, ")

and adding on(n, n*) in both sides, one writes

ob(mi, 1) + ob(nj, ") + ou(mi,n") = 206(mi, 1),
- 2(432 - Ub(770777i))7
= 832 — 20’b(770,’l7i).
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Also,

ou (T, Tog) + o (T, Tp™) =ow (T, Tp).
Adding op (T, T0*) in both sides,

ob (T, Ty) + ou (T, T0™) + o6 (T, T0™) =200 (T, T),
=2(ob(Mi+1,1")),
=2(4a* — op (10, Mi41));
=8a% — 206(10, Nit1)-

Using the formula for the sum of a geometric series with n terms, we get

4a® (1 — @)n) , if  i=2n,

O-b(T/O?ni) - n= ]-527 e

1\" §
4a2<1—<2>>—2:_1, if i=2n-1.

ab(10, Mi+1) = ob(n0, M) + ob (M5, Mit1),
= () +

By the equation (21),

Now,

ob(Tni, Ty) + on(Try, Tn*) + b (Tri, Tn*) 832 — 20110, 7it1)

ob(mi, m5) + ob(n, 0*) + ob(mi, 7*) ~ 8a2 —20y,(no, ;i)

a2

4a2 — oy (no, i) — m

4a — ap(no, i)

1\" a’
4a” — 422 (1_ <7) ) SR
Li/2]
2 (2 ) if i=2n,

422 —4a2(1—(%)") ’

1\" a2 a?
2 2
w -4 (1-(3) )+ 5= - @
if i=2n—1,

)
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Considering n;, nj, ne € U with 0 <i < j <k, Fig.1 illustrates that
ob(Mis M) = o6 (1, Mit1) + o (M1, Mi2) + - + ob(Mj—1, 7)),

ob (75, 1) = ob (), Mj+1) + T (41, Mjt2) + -+ -+ T (1k—1,7%),
and
ab (i k) = ob (s Mit1) + -+ ob(Nj—1,75) + -+ + b (Mk—1, Mk)-
Adding (23), (24) and (25) yields that
o (1, M) + o6 (M5, M) + b (i M) = 2(0n (i, M) + o6 (i1, Mig2) + -+ - + Ob (=1, 7))

Now, by the definition of oy,
o (T, Ty) = ob(Mit1, Mixr1) = ob(Mit1, M) + - + ob(nj—1,m5),

ab(T15, Tr) = ob (M1, Mt 1) = O (M1, Mj42) + -+ - + b (M, M),
and

ab(Tni, Tk) = b (141, Mkt1) = Ob(Mit1, Mit2) + -+ - + O (M, Mkt 1)-
Adding (27), (28) and (29) leads to

17 of 23

oo (T, Ty) 4+ ou (T, Tri) + o6 (T, T) = 2(06 (Nit1, Mit2) + - - - + oo (=1, M) + (M, Mt+1)).  (30)

By subtracting (26) and (30), one gets

ab (i, m5) + ob(nj, k) + ou(mi,mk) — (ou(Tmi, Togy) + on (T, Tone) + on (T, T)),

= 2(op(Mi, Mit1) + ob(Mk, Mk+1)),

32 32
=@~ @)

Rearranging this equation,

a? a?

ou (T, Tn)+aw (Y5, Top) +ou (T, Trw) = aw (11, 15) +0w (05, 1) +0b (1, 1) —2 (( -

oli/2ly ~ (2lk/2])

We can see that i +1 < k , which implies that
oli/2+1]  olk/2]
= 2.2/2 < olk/2]

a? a?

= oWl = (ol

Using this in (31) to obtain

2a°

(T, Tg) + o (T, Vo) + 06 (T, Trne) < o (i, 75) + 0w (5, 75) + 0w (1, M) = 5777

+

a2

) . (31)

2Li/2]
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a2

= ap(Ti, Tny) + ou(Tny, T) + oo (T, Tr) < o (i, 15) + 0w (15, 7)) + o (1, 1) — Sl
(32)
One can show that oy (i, n*) < 4op(ni, Niy1). We have

ab (i, k) < ou(m,n").

consequently, we obtain
ob (1, 1K) < 40w (1, Tit1)-

Using equality (23) and the preceding inequality, we obtain

ab(1i,m5) + ob(1j, k) + ob(1i, k) = 206 (1, 7K )

S 80b<ni7 nH-l)a

a2

(2l2])°

By putting this inequality in (32), yields ow(Tmi, Tm;) + ou(Tny, Tne) + o6 (T, Trw) < o (i, m5) +
o (15, 16) + o6 (1, m6) — 5 (o6 (i, 1) + o6 (75, M) + b (75, 7))

[e el

ab (T, Tg) + ow (T, To) + o6 (T, Trw) < < (ow (5, 15) + o6 (75, M) + b (11, 7)) (33)

By equations (22) and (33), inequality (3) satisfies for any three pairwise distinct points
from the space U with F(n) = In(n) and

e T 7 237
— = - =max<{—,—, = /.
52 8 3748
It should be noted that the sequence of iterates of any two points, 7 and 7, in the
preceding example overlap sets. Let’s create an example of a mapping T : U — U that is
a MCPT embedded with an F-contraction and is not a an F-contraction mapping. It has

the feature that there are an infinite number of points such that the iteration sequences
of these points are disjoint sets.

Example 6.
—4 -3
Consider the subsetU C R consisting of {no, n1, ... }U[0, 1], where ny = ok and noxy1 = ok
for k >0, illustrated in Fig.2.
-4 -3 -2 =32 -1 -4 =38 0 1
PR —

Mo M Mz Nz M4 Ns Na
Figure 2: The b-MS (U , ov)

Let T : U — U be defined by Tn; = niy1 for alli € {0} UN and Ty = 1 for n € [0,1].
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The mapping T satisfies the required condition for sequences of iterates of points in [0,1]

of the form 2%, where p is a prime number greater than or equal to 3 and k is the smallest

natural number ensuring % C[o,1].

Setting s = 1 establishes an isometry between the previous example’s b-MS and the sub-
space ({0,m0,m1, - - },0p) within (U, ov). The F-mapping T is defined in a similar manner
for this subspace, and it follows that T is not an F-contraction mapping. We will demon-
strate that for each of the three pairwise distinct points from the space (U, oy), inequality
(3) is satisfied. The validity of this property for all distinct triplets in ({0,n0,m1, - },0b)
has been previously established. Since the b-metric oy is contractive on ([0, 1],0p), and
every F-contraction reduces to triangle perimeters, we only need to prove inequality (3) for
three pairwise distinct points n,&,¢ € U satisfying: n < & < ¢ where, n € {no,n1,---} and
¢ €(0,1].

We begin by considering n = nyx = g—f. Subsequently,

4 2
(1.€) + 0b(6.€) + 0u(1.C) = 200(.0) =2 5+ ¢) (3)

-3
S5 - which implies that

From Tn = Tno, it follows that T = noka1 = 5

2
ob(T7, TE) + 05 (TE, TC) + ap(T1, TC) = 204(Tr, TC) = 2 (;k g) ,

By equation (34), one writes

ob(Tn, T&) + ou(TE, TC) + on(Tn, TC) < 1%(%(?7,5) +0b(&,€) + 0b(n,¢))-

We can see that it satisfies the inequality (3). Similarly, for n = nys1 = we have

-3
2k

3 2
(1. €) + 06(6.€) + 0u(1.€) = 200(.0) =2 (3 +€) (35)
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. . —4
Applying T to m+1 yields Tikt1 = Mws1) = ST We get

ab(Tn, TE) + ou(TE, TC) + ob(Tn, TC) = 20(Tn, TC),

IN

Now, by equation (35), we obtain

b1, 1) + 04(TE, 1C) + 061, T0) < 2 (08(0,€) + (€, €) + (1 )

which implies that inequality (3) holds with F(n) = In(n).

3. Conclusion

Using some well established results for “mappings contracting perimeter of triangles”
the notion of a “mapping contracting perimeters of triangles (MCPT) embedded with an
F-contraction in a b-metric space (b-MS)” has been introduced. The FP theorem has
been proved and classical Banach FP theorem is derived as a simple corollary. Examples
of a MCPT embedded with an F-contraction which are not contraction mappings in the
framework of a b-MS have been established. These results open avenues for further re-
search. Future work may explore the application of this framework in controlled, double
controlled, partial and cone b-MSs.
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