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Abstract. This paper investigates optimal solutions for best proximity points through the frame-
work of generalized interpolative proximal contractions. We introduce a new method that uses
interpolation techniques to handle a wider class of mappings by expanding the concepts of clas-
sical proximal contraction. In the absence of a precise solution, best proximity point theorems
investigate the existence of such best proximity points for approximate solutions to the fixed point
problem. This article aims to develop the best proximity point theorems for contractive non-self
mappings via interpolation to generate global optimal approximate solutions to particular fixed
point equations. In addition to demonstrating the existence of the optimal proximity points, it-
erative techniques are also offered to locate such optimal approximative solutions. We illustrate
the utility of our findings with a few instances. The value of our research is illustrated with a few
examples and applications.
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1. Introduction

Best proximity points have widespread applications in optimization, economics, and
various engineering disciplines, where exact fixed points are elusive, and optimal approx-
imations are sought. Future research may extend these concepts to more complex struc-
tures, such as partial metric spaces or ordered metric spaces, broadening the scope and
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applicability of these results. In optimization and fixed point theory, best proximity points
are crucial when dealing with non-self mappings where fixed points do not exist. The clas-
sical Banach contraction principle has seen various extensions to accommodate different
contractions and more general settings. This note focuses on a specific generalization:
generalized interpolative proximal contractions.

Best proximity point theory is an area of mathematical analysis and optimization
that focuses on finding points in one set that are closest to points in another set when
a contractive mapping is involved. In metric fixed point theory, the concept of best
proximity points plays a crucial role, particularly when dealing with mappings that do
not necessarily have fixed points. This note delves into the best proximity points for
generalized interpolative proximal contractions, an important class of mappings in metric
spaces.

The fundamentals of interpolative contraction are the product of distances with expo-
nents that satisfy certain conditions. The prominent mathematician Erdal Karapinar first
used the word ”interpolative contraction” in his paper [1], which was published in 2018.
The following is the definition of an interpolative contraction:

A self-mapping B3, defined on a metric space (20, 9), satisfying the following inequality

J(Po, Pm) < €(J(b,m))”, Vb, m € 207, (1)

is called an interpolative contraction, where v € (0,1] and ¢ € [0,1). Since v = 1, B is
a Banach contraction. If 8 defined on a metric space (20,9) the followings axioms are
holds:

9(Po, Pm) < € (I(b,Pb))” (I(b,Pm))' ™,

D(Pb,Pm) < E(W(b,Pm))” (b, Pm))' ™,

9(Po, Pm) < EW(b,w))" (I(b,Bb))” (I(m, Pm))' ™, v+ n <1
O(Po, Pm) < E(W(b,w))” (I(b,Bb))" (I(m, Pm))”

for all by,m € I, then P is called Kannan type interpolative contraction, Chatterjea
type interpolative contraction, Ciri¢-Reich-Rus type interpolative contraction and Hardy
Rogers type interpolative contractions, respectively. Through interpolation, numerous
complex and conventional contractions have lately been reexamined (see [2-6] and refer-
ences therein).

The proximal contraction principle appeared in [7]. Proinov [8](2020) offered various
fixed-point theorems that built on previous work in [9]. First, Erdal Karapinar introduced
the idea of interpolation contraction in his work [1] published in 2018, then Proinov gave
the second idea in his paper [8] published in 2020.

Best proximity points are optimal points that minimize the distance between two
sets when fixed points may not exist. A best proximity point theorem achieves a global
minimum of ¥(b, (b)) by specifying an approximate solution b of the fixed point equation
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PB(b) = b to satisfy the requirement that J(b,P(b)) = J(€, D) because the distance
between any element b in € and its image B(b) in D is at least the distance between the
sets € and ©. Recently, Altun and Tagdemir [10] have utilized the interpolative proximal
contraction to produce some best proximity point theorems.

Let € and ® be metric space subsets that are non-empty. Finding an element b in
¢ that is as close to PB(b) in © as possible, is of great interest, since a non-self mapping
P : € — D need not have a fixed point. In other words, it is considered to find an approx-
imation solution b in € such that the error J(b,3(b)) is smallest, where ¥ is the distance
function, if the fixed point equation (b) = b has no exact solution. In fact, best proxim-
ity point theorems look into the possibility of such best proximity point for approximate
solutions to the fixed point equation B(b) = b in the absence of a precise solution. In
order to produce global optimal approximate solutions to some fixed point equations, this
article aims to establish best proximity point theorems for contractive non-self mappings
via interpolation. Iterative strategies are also provided to find such ideal approximative
solutions in addition to proving the presence of best proximity points. Also, we extend the
results appeared in [8, 10] by introducing (J,£)-interpolative proximal contractions, which
generalize and establishing the optimal proximity point theorems for them. To ascertain
the generalized interpolative proximal contractions that produce interpolative proximal
contractions and proximal contractions as special cases. We extend classical fixed point
results by considering a generalized class of contractions known as generalized interpola-
tive proximal contractions and provide conditions under which best proximity points are
guaranteed. The interpolative proximal contraction introduced in [10] are generalized by
the (J,£)-interpolative proximal contraction. We look for various conditions on the func-
tions J,£ to prove the presence of best proximity points of (J,£)-proximal contraction,
(3,£)-Cirié-Reich-Rus type interpolative proximal contraction, (J,£)-Hardy Rogers type
interpolative proximal contraction. We also show non-trivial examples and applications
are given to demonstrate the usefulness of our results.

The structure of the paper is as follows: we begin by reviewing key concepts and
preliminary results related to proximal contractions and best proximity points. We then
introduce the concept of generalized interpolative proximal contractions and establish the
necessary theoretical foundations. Subsequent sections are dedicated to proving essential
theorems and demonstrating their practical implications through detailed examples. Fi-
nally, we explore applications of our findings in optimization and equilibrium problems,
showcasing the practical significance and potential impact of our research.

By advancing the theoretical framework of best proximity points and providing prac-
tical solutions to complex problems, this paper aims to contribute to both the academic
literature and real-world applications.
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2. Preliminaries

Let (20,9) be a metric space and €, be two subsets of (20,1). The following infor-
mation is needed throughout this paper.
9(€,D) = inf{dbm):beCAmeD}.
¢ = {bec:9(b,m)=19(¢,D) for some m € D}.
Dy = {meD:9(b,m)=19(¢,D) for some b € C}.
Definition 1. [11] Let (20,9) be a metric space and €, be any nonvoid subsets of 2.

A mapping P : € — D is said to be a proximal contraction, if there exists a real number
t€[0,1) such that

J(b1, P(m1)) =3 (¢, D)
J(b2, P(mg)) = I (€, D)

fO?“ all bl, bz,ml,mg € ¢ and by 75 bs.

} = 19(51, bg) < £ (ml,mQ)

It is easy to observe that a self-mapping that is a proximal contraction of the first kind
reduces to a contraction.

Definition 2. [11] Let (20,9) be a metric space and €,D be any nonvoid subsets of 2.
A mapping P : € — D is said to be a proximal contraction of second kind, if there exists
a real number £ € [0,1) such that

d(b1, B(my)) =9 (¢, D)
19(5;‘43(111;)) =9 (€,9) } = U (Pby,Pby) < €9 (Pmy, Pmy,)

for all by,by,my, my € € and Pb, £ Pb,.

For a self-mapping 3 : € — € to be a proximal contraction of second kind, it needs to
satisfy the following inequality:

9 (PPmy, Pmo) < €9 (Pmy, Pmy), for all my, my € €.

Remark 1. Every contrs is a proximal contraction of the second kind but the converse is
not true. Let be a metric space Indeed, the mapping P : [0,1] — [0, 1] defined by

0  if b is rational

PB(b) =

1 otherwise
is a proximal contraction of the second kind but not a contrs in (R,).

Definition 3. [10] Let (2,9) be a metric space and €,D be any nonvoid subsets of 2.
We say that © is approximately compact with respect to €, if every sequence {b,} in ©
satisfying the following condition

Y (m,b,) — 9 (m,D)

for some m € €, has a convergent sub-sequence.
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Definition 4. [10] Let (20,9) be a metric space and €, be nonvoid subsets of W. An
element b* in € is called a best prorimity point of the mapping P : € — D, if it satisfies
the equation:

9 (b*,Pb*) = 9 (€, D).

3. Main Results

In this section, we define (J, £)-proximal contraction and show that it generalizes
proximal contraction 1. We prove the existence of the best proximity points of (J, £)-
proximal contraction and (J, £)-interpolative proximal contraction in a complete metric
space.

3.1. (J, £)-proximal contraction

Let (20,9) be a complete metric space, and €,® are subsets of 20. A mapping P :
¢ — @ is said to be a (J, £)-proximal contraction if

U (b1, Pm;) =9 (¢, D)

9 (b2, Pmy) = ¥ (€, D) } = 3 (9 (b1, b)) < £ (3 (m1, my)) 2)

for all by, bg, my, my € € with by # bs, where J, £ : RT — R are two mappings.
Example 1. Let 20 = R? and define the function 9 : 20 x 20 — [0, 00) by
9((b,m), (u,0)) = |b —u| + |m — v| for all (b,m), (u,v) € 2.
Then (2,9) is a metric space. Let €, be the subsets of W defined by
C={0,m);0<m <1}, D={(1,m);0 <m <1}, then ¥(€,D)=1.

Define the functions 3, £ : RT — R by

32

3() =3 and £(3) =5 - T3 eRT.

Define the mapping P : € — D by P((0,r)) = (1,7 — %) for all (0,7) € €. We show
that B is a (J, £)-prozimal contraction. For b = (0,b1), u = (0,b2) and my = (0,a1),
me = (0,a2) (let a; > ay), we have

U(b,Pm;) = J(¢,D) (3)

O(u, Pmy) = J(¢,D). (4)
We note that the equations (3) and (4) can further be simplified to have the following
information:

2
a7
bl = a1 — =
27
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[12 = a9 —

ol

This implies that

J@W(b,u)) = J(I((0,61),(0,b2))) = (|0 =0+ [ b1 — b2 |)
1 2
< (ap—ag) — 5(01 —ag)

I(my, ma) — % (9(my, mz))2 = £(9(my, my))

This shows that B is a (J, £)-proxzimal contraction. Next, we show that it is not a prozimal
contraction. Since

19(57(‘]31111) = 19(@:,@)
I, Pmy) = I(E,D).

If there exists € € (0,1) such that

9 (b,u) < &9 (my,my).

Then,
19((07bl)a(07 62)) < E79((07 al)v(()? Clg)
(J0=0[+]b1—b2]) < E|O0-0|+[a1—az])
2 ag
al—E—ag—FE < {%(al—ag)
14 a; + ao < ¢

This is a contradiction. Hence, B is not a proximal contraction.

The following lemmas are integral part of this paper and have an impact on further
investigations.

Lemma 1. [8] Let {b,} be a sequence in (20,9) verifying lim, o0 9(by,, bpt1) = 0. If the
sequence {by} is not Cauchy, then there are subsequences {by,}, {by,,} and p > 0 such
that

lim ﬁ(bne+1’ bme+1) =p+. (5)
t—o0
Blir&ﬁ(bné’ bme) = ﬂ(bne+17 bme) = 19([)”3, bmé+1) =p. (6)

Lemma 2. [8/Let J: (0,00) — R be a function. Then the statements (i) — (iii) are
equivalent:

(1) infy~. J (3) > —oo for every € > 0.
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(1) lim; .4 inf J (3) > —oo for every € > 0.
(#4i) limy, 00 J (3n) = —oo implies that lim, o 3, = 0.

Lemma 3. Let {b,} be a sequence in (2, V) obeying the equation lim,,_,oc I(by,, byt1) = 0.
Suppose that the mapping and P : € — D satisfying the condition (2). IfJ, £ : (0,00) - R
are such that

(1) limsup,_,., £(3) < J(€ +) for any € > 0.

Then {b,} is Cauchy.

Proof. Consider sequence {b,} is not Cauchy, then by Lemma 1, then two subsequences
{bpn,}, {bm,} of {b,} and € > 0 such that the equations (5) and (6) hold. By (5), we get
that ¥(bp,41, bme+1) > €. Since, for by, by, biyt1, b1 € €, we have

ﬁ(bné+1,‘p(bme)) = 19((’:7@)7
V(bme+1, P (b)) = 9(ED), for all &> 1.

Thus, by (2), we have
J(W(bper1, bmer1)) < £(9(byy, by, ), for any &> 1.
For if ¢ = 9(by,+1, bymet1) and je = 9(by,, by, ), we have
J(cg) < £(4), for any € > 1. (7)
By (5) and (6), we have limg_,~ ¢¢ = e+ and limg_,, j = €. By (7), we get that

J(e+) = Jim J(ee) < lim sup £(j,) < limsup £(c). (8)

t—o00 c—e
This is a contradiction to the assumption (1). Consequently, {b,} is a Cauchy sequence
in €.

Theorem 1. Let P : € — D be a (J, £)-proxzimal contraction defined on a complete
metric space (2, 9) and €, be nonvoid, closed subsets of W such that © is approximately
compact with respect to €. If

(i) J is non-decreasing function and limsup,_,., £ (t) < J(e+) for any € > 0.

(ii) €y is non-void subset of € such that P(€y) C Dyp.

Then B has a best proximity point.
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Proof. Let by € €. Since P(by) € P(Cy) C Dy, there exists by € € such that,
9(b1,B(bg)) = IE, D). Also we have B(b1) € P(€y) C Dy, so, there exist by € & such
that (b2, P(b1)) = V&, D). Then & implies to have a sequence {b,} C € such that

9(b, P(bn_1)) = (€, D), for all n € N. 9)

If 3 n € N such that b, = byy1, then by (9), then b, is a best proximity point of the
mapping P. If b,_1 # b, V n €N, then by (9), we have

ﬁ(bnvm(bnfl)) = 79(659)7
Hbp+1,P(by)) = ¥(C,D), foralln> 1.

Thus, by (2), we have
I by, by41)) < £(9(by—1,by)), for all b,_1,b,,b,41 € €.
Let 9(by,, bpy1) = 0, we have
J(0n) < TF(On-1) <J(On-1). (10)

Since J is non-decreasing, so, by (10), we have 0,, < 0,1 for all n € N. If > 0, so
that, by (10), we obtain the following:

~ TN <1 V< ‘
3(04) = Jim 3(6,) < Jim § (1) < Jim supF (1)
This defies presumption (i), hence, § = 0 and limy,_so0 (b, bpy1) = 0. Now (i) and
Lemma 3, we conclude that {b,} is a Cauchy sequence. Since (2,9) is a complete
metric space and € is a closed subset of 2. Then there exists b* € €, such that
lim,, o0 ¥(by,, b*) = 0. Moreover,

06", B(by)) O(6%, brg1) + (b1, B(bn))
’19(5*7 bn+1) + "9(@’ Q)

D(6%, bpyr) + (6, D).

VAN VAN VAN

Therefore, ¥(b*,B(by,)) — V(b*,D) as n — oco. Since ® is approzimately compact with
respect to €, there exists a subsequence {B(by,)} of {P(b,)}. Such that P(b,,) - m* €D
as £ — oco. Thus, by solving the following equation with € — oo,

ﬁ(bne-o-wm(bne)) - 79(0:7@)7 (11)

we have,
9(6*,0%) = 9¥(€,D).

Since, I* € €y, so, P(b*) € P(&€p) C D and p € &y

O(p, P(b")) = 9(¢, D). (12)
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Now, (11) and (12), by (2) we have
I(W(bpe 1. p)) < b(I(by,, b)) < J(I(by,, b¥)), for all £ € N.
Since, J is non-decreasing function, so, we have
(b, 1, 0) < V(by,, b%)
Thus, as € — oo, we have 9(b*,p) =0 or b* =p. Finally, by (12) we have
9(6*,P(b")) = I(€, D).
Hence, b* is a best proximity point of the mapping .
Theorem 2. Let PB: € — D be a (J, £)-proximal contraction defined on a complete

metric space (20,9) and €, be nonvoid, closed subsets of 20 such that © is approximately
compact with respect to €. If

(i) J is non-decreasing and {J(¢,)} and {£(t,)} are convergent sequence such that
limy, 00 J(tn) = limy, 00 £(t5), then limy, o0 t,, = 0.

(i) €y is non-empty subset of € such that PB(¢y) C Dy.

Then P admits a best proximity point.

Proof. As in the proof of Theorem 1, we have
J(0,) < £(0n-1) < J(On-1)- (13)

By (13), then {J (0,)} is a strictly decreasing sequence. We have two cases here; either
the sequence {J (0,)} is bounded below or Not. If {J(0,)} is not bounded below, then

ginf J(6,,) > —oo for every € > 0,n € N.
n>€

From lemma 2, indicated that 6, — 0 as n — oo. Second, the sequence {J(0,)} is
convergent if it is bounded below. The sequence {£(6y)} likewise converges by (13), and,
both have the same limit. Using (i), we have lim,_,~ 0,, = 0, for any sequence {b,} in €.
Now, the rest of the proof aligns with the methodology outlined in Theorem 1, we have

9(6*, P (b%)) = ¥(C, D).

Hence, b* is a best proximity point of the mapping .
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Example 2. Let 2 = R? and define the function 9 : 20 x 20 — [0, 00) by
J((b,m), (u,0)) = |b —u| + |m — v| for all (b,m), (u,v) € 2.
Then (20,9) is a complete metric space. Let €, D be the subsets of 20 defined by
C={0,m);0<m<1}, D={(1,m);0<m <1}, then 9(€, D) =1.

Here €y = € and D9 = ©. Define the mapping B : € — D by P((0,7)) = (1,5) for all
(0,7) € €. Thus B (€y) = Dg. Define the functions J, £ : RT — R by

3(b) =2b and £ (b) = b; b € R*.

As J(b) > £(b) for every b >t > 0. Also lim,_, .+ J (b) > lim,_, .+ sup £ (b). We need to
check whether B is a (J, £)-proximal contraction or not.

For u; = (0,b), us = (0,m) and vy = (0,2b),09 = (0,2m)

U (ur, Poy) = J((0,b),B(0,2b)) =9 (¢, D)
0(“27‘1;02) - 79((07m)7(‘p(072m)):19(

This implies that,
J (9 (ur,u2)) < £(d (01,02))

Therefore, the (J, £)-proximal contraction is fulfilled. Also, (0,0) is the best proximity
point of the mapping B. Hence, all the conditions of the Theorem 1 are hold.

3.2. (3, £ )-Cirié-Reich-Rus type interpolative proximal contraction

Let (20,79) be a complete metric space, and €,® be a pair of nonvoid subsets of 20.
Let J, £ : (0,00) — R be two functions. A mapping P : € — D is said to be a (J, £)-Ciri¢-
Reich-Rus type interpolative proximal contraction if there exist o, 5 € (0,1); o+ 8 < 1
satisfying

0 U 0,0 £ (0 o0 om0
(14)
for all distinct by, by, m;, my € €.
The following example shows that Ciri¢-Reich-Rus type interpolative proximal contra-

cion generalizes Ciri¢-Reich-Rus type interpolative proximal contraction.

Example 3. Let 20 = R and (20,9) be a usual metric space. Let € = {1,2,3,4,5},
D =1{1,2,3,4,5,6,7} and define P : € = D by P(b) = b+ 1. Then, for {1,ls, 1,19 € €,

V(€1,°B(v1))
VI (L2, B(v2))

9 (¢, D)
9 (€, D)
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Let o = %, 8= %, and suppose that the following inequality holds:

(9 (61.£2)) < A (D (01,02))" (9 (01, 0))° (9 (02, £2))' 7.
Then

>
—
53
~—
Q
—
53
—
w
=
SN—
~—
s
—
53
—~
—_
[\
SN—
~
T
i
=

IA A
~—~~ ~~
[\)
~— ~— ~— —

>
\]

yi-a?)
(1)
(1)5 (1)1

< X (a contradiction to X € (0,1)).

=
—
—

L W
—~ =
[N
~_

1—

IN
>
—~ o~
—
—_
S~—
W=

Nl N

IN
>
®

This shows that B is not a Cirié-Reich-Rus type interpolative prozimal contraction, how-
ever, for the functions J, £ : (0,00) — R defined by

~on ) A+T1 forl =2 _ L for 0 =2
“(Z){ 0+ 4 for £ #2 ’6(6){ (43 for 0 42

the mapping B satisfies (3,b)—éz'ric’—Rez’ch—Rus type interpolative proximal contraction.
Indeed,

J(@(b1,b2)) < F ((19 (my, m2))® (9 (my, 61))? (9 (mo, 52))1—(1_5)
implies J(2) < §(1.4142)
3 < 4.4142.

Theorem 3. Let P: € — D be an (J, £)-interpolativw Ciiri¢-Reich-Rus prozimal contrac-
tion defined on a complete metric space (2,9) and €, D be nonvoid, closed subsets of LW
such that ® is approximately compact with respect to €. If

(i) J is non-decreasing function and for any € >0

lim sup £ (t) < J(e+).
t—e+

(ii) €y is nonvoid subset of € such that P(Cy) C Dp.
Then B has a best proximity point.
Proof. Let by € €. Since P(bg) € P(&y) C Dy, there exists b; € €y such that
(b1, B(bo)) = &, D).
Also, B(b1) € P(Cy) C Dy, there exists by € € such that

J(b2,PB(b1)) = (€, D).
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Continuing this process, we construct a sequence {b,} in €y such that
V(byy1, (b)) = ¥, D), for all n € N. (15)

Now, if there exists some n € N such that b, = b,41, then by (15), then b, is a best
proximity point of the mapping . If b,, # b, 1 for all n € N and using (15), we have

ﬁ(bnym(bnfl)) = 19(@:, 9)7

and
V(bp11,P(by)) = 9(C, D), for all n > 1.

Thus, by (14), we have
IO (0n,0041)) < L0 (01-1,60))" (I (b1-1, b))° (I (b, bs1)) 7% (16)
for all distinct b, 1, by, b1 € €. Since, £(t) < J(t) for all t > 0, by (16), we have
J(@(bns byt1)) < J((V (b4-1,62))* (I (b11,00)) (9 (by, b 1)) 7).

Since, J is a non-decreasing function, then
9(Bn, 1) < (9 (bn1,60)) " (D(bn, b))~

This implies that
(0(bn, bpr1)* ) < (9 (b—1,6))* 7.

This implies 6,, < 6,1 for all n € N. Suppose on contrary that § > 0, so that, by (16),
we have:

~ — T N < I a+B 1-a—8) < '
30%) = Jim 300 < lim £ ((0n0)" (0! < i sup £ 1)
This defies presumption (i), hence, § = 0 and lim,_,oc 9(by, bp41) = 0. Now, (i) and
Lemma 3, we conclude that {b,} is a Cauchy sequence. Since (20,v) is a complete metric
space and € is a closed subset of 20. Then there exists b* € €, such that lim,,_, ¥(b,, b*) =
0. Further,

ﬂ(b*am(bn)) ﬁ(b*abn-ﬂ) +19(bn+17q3(bn))
(6%, bny1) +9(€, D)
30", byp1) +0(65,D).

IN N CIA

Therefore, 9(b*,B(by,)) — I(b*,D) as n — oo. Since D is approximately compact with
respect to €, there exists a subsequence {3(by,)} of {P(b,)}. Such that P(b,,) - m* €D
as £ — oo. Thus, by solving the following equation with £ — oo,

D (bng,,5 B(bn,)) = (D), (17)
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we have,

96", y*) = 9(€, D).
Since, b* € €, so, P(b*) € P(Cy) C Dy and there exists p € € such that
J(p, B(b")) = 9(C,D). (18)

Now, (17) and (18), by (14) we have

STCC) I (T Y CTC ) Y CTC et
< 3 ((ﬁ(bne,b*))“  (9(bng by, ) (ﬁ(b*,p))l—a—ﬁ), for all € € N.
Since, J is non-decreasing function, so, we have
D (bngsrsP) < (9(0pg, 6°))* - (9(bpg, by, y)) - (9(6%, ) 7P, for all € € N.
Thus, as € — oo, we have b* = p. Finally, by (18) we have
9(6*,P(b%)) = I(€, D).

Hence, b* is a best proximity point of the mapping .

Theorem 4. Let B: € — D be an (J, £)—C’z’m’c’—Reich—Rus type interpolative proximal
contraction defined on a complete metric space (2,9) and €,D be nonvoid, closed subsets
of 20 such that ® is approximately compact with respect to €. If

(i) J is mon-decreasing and {J (t,)} and {b(t,)} are convergent sequences such that
lim, 00 J (t) then limy, o0 £, = 0.

(it) €y is non-void subset of € such that P (€y) C Dy.

Then B has a best proximity point.

Proof. As in the proof of Theorem 3, we have
3(00) < £ (00" (02)' ") <3 ((On-0)* (0) ) (19)

By (19), we have {J (0,)} is strictly decreasing sequence. We have two cases here; either
the sequence {J (0,)} is bounded below or Not. If {J (6,)} is not bounded below, then

einf J(6,) > —oc for every e > 0, n € N
n>€

Lemma 2, indicates that #,, — 0 as n approaches to co. Second, the sequence {J (6,)}
is convergent if it is bounded below. The sequence {b(6,)} likewise cgs by (25), and,
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both have the same limit. For each sequence {b,} in € we have lim;,_,o ¥ (by, b,41) = 0
according to (i) .Now, Theorem 3, we have

9 (b*,pb*) = 9 (€, D).

Hence, b* is a best proximity point of the mapping .

Note that, if B is a self-mapping defined on €, then best proximity point is a fixed
point of L.

Remark 2. The generality of Cirié-Reich-Rus type (3, £) interpolative proximal contrac-
tion for the particular definitions of the mappings J, £ is demonstrated by the observation
that follows.

1. Defining £(b) = J(b) — 7 for all b € (0,00), in Theorem 3 and Theorem 4, we
obtain the existence of best proximity points of the Cirié-Reich-Rus type interpolative
proxzimal contractions [12].

2. Theorem 8 and Theorem 4, produce the existence of best proximity points of the Cliric-
Reich-Rus interpolative type (T, Jqp)-prozimal contraction if £(b) = J(b) — 7(b) for
all b € (0, 00).

3. Letting J as an identity mapping and £ (t) = At for all t > 0 and A € (0,1), in
Theorem 8 and Theorem 4, we receive the existence of best proximity points of the
Clirié-Reich-Rus type interpolative proximal contraction [10].

4. If we define £(b) = B(b)b and J(b) = b for allb > 0 and 5 : (0,00) — (0, 1) verifying
limsup 5(b) < 1 for eachp > 0 in Theorem 3 and Theorem 4, we receive the existence

b—p+
of best prozimity points of the Cirié-Reich-Rus type interpolative Geraghty’s prozimal
contraction.

5. For v = 0, we obtain (J, £)-interpolative Kannan type proximal contraction from

(14)-

Example 4. Let b = R? with Euclidean metric ¥ on R? and ¢ = {(b,m) : m = v/9 — b2}
D = {(b,m) : m = V16 — b2} be two subsets of W. Then I (€, D) = 1, & and Dy are
nonvoid subsets of € and ® respectively. Define a mapping B : € — D by

(5,%) forb>0

‘B(C):‘B(b,m):{( 1,0) forb<O °

We note that for b > 0, there is ( = (b,m) € € such that ¥(¢,B(()) = ¥(€,D) = 1.
The following information shows that P generalizes the Ciri¢-Reich-Rus type interpolative
prozimal contraction [10]. For by, by, mj, me € €, we have

O(b1, Pmy) = I D)
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U(b2, Pmy) = I(,D).

L/et o= %, 8= % with a+p< 1, and suppose on contrary that B satisfies the interpolative
Cirié-Reich-Rus type proximal contraction, then

9 (b1, ba) A9 (m1,m2)) (9 (m1, b1))" (9 (ma, b))t =7
9((1,0),(L,2) < A(@(1,2),(0,1)) (19(2,2),(1,0))5(19(0,4)7(1,2))17”[3‘

IN

N

This implies
VI-1P+ =07 < A (V0 4—2)2)a<v<1—2>2+<o—2>2>5
(Va—orre-a2) "
1—

1

() o3 (5

[(1.6817)(1.3076)(1.1435)].

2
2

ANYAY

This implies that X > 1, a contradiction. Hence, B does not satisfy the intplv Cirié-
Reich-Rus type prozimal contraction. However B satisfies (J, £)-Cirié-Reich-Rus type
interpolative proximal contraction. Indeed, define the functions J, £ : (0,00) — R by

£(b):{gb forb=1 3(6):{2 forb:.l
10

otherwise 3 otherwise

Then £(t) < J(t) for allt > 0 and satisfies assumption (i) and since

e
o
~—

N

< £(2.5145)
2 2.5145

10 8
0.2 < 0.3143,

|
N

so, B satisfies (J, £)-C’im'é—Reich—Rus type interpolative prorimal contraction.

3.3. (3, £)-Hardy Rogers type interpolative proximal contraction

Let (20,9) be a complete metric space, and €, be a pair of nonvoid subsets of 20.
A mapping P : € — D is said to be a (J, £)-interpolative Hardy Rogers type proximal
contraction if there exist a, 8,7,9 € (0, 1) satisfying o + 5 + v + 6 < 1 such that

9 (b1, Pm,) =9 (€, D) ~ 9 (my, ma)® ¥ (my, b1)” ¥ (ma, b2)?
9 (bs, Pmy) = 9 (¢, D) } = 3@ (01, b2)) < £ ( (L (9 (m1, b) + 9 (ma, b)) 74P
(20)
for all distinct by, by, my, mg € € and b; # m;, i € {1,2} with 9 (Pb, Pm) > 0; J, £ : RT —
R are two functions.
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Remark 3. Defining £(b) = J(b) — 7 for all b € (0,00); £(b) = J(b) — 7(b) for all
b € (0,00); letting J is a identity mapping and £ (t) = Xt for allt > 0 and XA € (0,1);

£(b) = 5(b)b and J(b) = b for allb >0 and 5 : (0,00) — (0,1) verifying limsup B(b) < 1
b—p+
for eachp > 0in (20), we obtain the interpolative Hardy Rogers type F-proximal contrs [12];

intplv H-R type (1, Fip)-proz contrs; interpolative Hardy Rogers type proxzimal contraction
[10] and interpolative Hardy Rogers type Geraghty’s proxzimal contraction respectively.

The following example shows that (J, £)-Hardy Rogers type interpoative proximal
contraction generalizes the Hardy Rogers type interpolative proximal contraction [10].

Example 5. Let 20 = R and define the function 9 : 00 x W — R by
J(b,m)=|b—m|
Then (20,4) is a metric space. Let €, be the subsets of W defined as
¢=1{1,2,3,4,5},© ={1,2,3,4,5,6,7} then 9 (€,D) =0

Define the functions J, £ : RT — R

b+10 for b #2

Define the mapping P : € — © by R (b) = b+ 1 for all b € €. We show that P is a
(3, £)-interpolative Hardy Rogers type proximal contraction. For by, by, m;, my € € and

_ 1 _ 1 _ 1
0—5,5—777—6

3(6) = b+1 for b=2
o b+5 otherwise

E =
andf(b)z{Z for b 2}

0 (b1, Pmy) = J(¢,D)
0 (b2, Pmy) = I (¢, D)

implies
1 1-a—pB—y
3 (ﬁ (bl, 52)) S £ (19 (ml, mg)“ ) (ml, bl)ﬂ ) (mg, bg)’y <2 (19 (ml, bg) + ) (mg, bl))) ) .

This shows that 8 is a (J, £)-Hardy Rogers interpoative type proximal contraction. How-
ever, the following calculation shows that it is not an interpolative Hardy Rogers type
proximal contraction. We know that

U (b1, Pmy) = J(¢,D)
79(527q3m2)

If there exists € € (0, 1) such that

I
53
i
b

1 1-a—B—y
) ([11, bg) < 14 (19 (ml,mg)o‘ Y (ml, bﬁﬁ ) (mg, [32)7 (2 (19 (ml, 52) + ) (mg, [31))) )
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2

IN
=
/-~
—
[\
SN—
00|
—~
—_
SN—r
=
—~
—_
SN—r
ol
VR
N
—~
w
_|_
—_
SN—
SN~—
—

|

0|

|

=

|

ol
N——

2 < £(1.6138),
a contradiction. Hence, 33 is not an interpolative Hardy Rogers type proximal contraction.

Theorem 5. Let (2,9) be a complete metric space and €, D be nonvoid, closed subsets of
0 such that © is approzimately compact with respect to €. Let P: € — D be an (J, £) —
interpolative Hardy Rogers type proximal contraction. If

(i) J is non-decreasing function and for any e > 0,

tl_lglJr sup £ (t) < J(e+).

(7i) €y is nonvoid subset of € such that P (€y) C Dy.

Then B has a best proximity point.

Proof. Let by € €. Since P(by) € P(Cy) C Dy, there exist by € € such that,
9(b1, B (b)) = I(€,D).Similarly, for P(b1) € P(Cp) C Dy, there exists by € €y such that
9(b2,B(b1)) = (&€, D). Then €y implies to have a sequence {b,} C &y such that

29(bn+1asn(bn)) = ﬁ(Q:?@) (21)

If there exists some n € N such that b, = b,11, then b, is a best proximity point of the
mapping P (see (21)). Assume that b,1; # by, for all n € N, then by (21) we have

O(bn, B(br-1)) = 9(€,D),
V(bpt1,P(by)) = 9, D), forall n > 1.

Thus by (20), we have

s < £ GL e )
s0tarea = 2 Gl 0t )
ot s ( HELET LR )
SR frania ey
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for all distinct by,—1, by, b,41 € €. Let 9(by,, by1) = 0, Since, £ (t) < J (¢t) for all ¢t > 0,
SO we get

l1—a—p—
J(bn) <3 ((9n_1)°‘+5 (0,)7 <; (0, + Qn_l)) 7) . (22)

Assume that for some n > 1, 6,1 < 6,,. According to (22), we have (6,,)*t5 < (6,)*™”
since J is non- decreasing. As a result, for every n € N, we obtain 0, < 6,1 . This
indicates a strictly decreasing sequence {6, }. As a result, it approaches an element 6 > 0.
Consequently, 6 = 0, in case § > 0, we can derive the following via (22):

1 l—a—p—y
JO+) = lim J(6,) < lim £ <(9n_1)a+ﬂ (0,)7 <2 (0 +9n_1)> > < lim b(¢)

n—00 n—00 t—0+

This contradicts (i), hence, § = 0 and lim,,_,oc ¥(by,, b, 41) = 0. Now, (i) and lemma 3, we
conclude that {b,} is a Cauchy sequence. Since (20, ) is a complete metric space and € is
a closed subset of 20, so, there exists b* € €, such that lim,,_,. ¥ (b,, 6*) = 0. Moreover,

V(6P (b)) < I(b%, bpgr) + (bpt1, P(by))

(6%, bpr1) +9(E, D)
D(6%, bpyr) + (6", D).

VANVAN

Thus, ¢(b*,B(b,)) — ¥(b*,D) as n — oco. Since D is approximately compact with
respect to €, there exists a subsequence {¥B(by,)} of {P(by)} such that P(b,,) - m* € D
as £ — oo. Letting £ — oo in the following equation:

D(bng,,5 B(bne)) = I(E, D), (23)

we have,

J(b*, m*) = 9(€, D).
Since, b* € €, so P(b*) € P(&y) C Dy, there exists p € €y such that
O(p, PB(b7)) = 9(€, D). (24)
Now, using (20) in association with (21) and (22), for all ¢ € N, we have
~ (9 (B, ) (9 (b, by, )™ (9 (67, )
106 < o[ o)) (06
- (3 (@ (0ngsp) + 9 (6%, b)) !

3( (9 (bng, 6%)) (& (e, ”Hl))ﬁ ﬂ(b*,p )
)

(3 (9 (b, p) + 9 (6%, by,

By using the monotonicity of J, for all £ € N, we have

5 1 1—a—f—y
9 (bney59) < (9 (b 69))% (9 (bng, brg, )™ (0 (07, p))7 (2 (8 (bng p) + 0 (b7, bneﬂ))) :
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Thus, as € — oo, b* = p. Finally, by (24) we have
7 (6", (b7)) =9 (€, D).

Hence, b* is a best proximity point of the mapping 3.

Theorem 6. Let (20,9) be a complete metric space and €, be nonvoid, closed subsets
of W such that ® 1is approximately compact with respect to €. Let P: € — D be an
(3, £)-interpolative Hardy Rogers type prozimal contraction. If

(i) J is non-decreasing and {J (t,)} and {b(t,)} are convergent sequences such that

lim 3 (tp) = lim b (t,),

n—o0 n—o0

then lim,, o t, = 0.

(it) €y is nonvoid subset of € such that P (&) C Do.

Then B has a best proximity point.

Proof. The proof aligns with the methodology outlined in Theorem 5, we have

l1-a—p—
J(0,) < £((9n_1>“+‘3<9nw (;(en+en_1)> 7)

l1-a—p—
< 3 ((9n_1)a+5 (0,) (; (0 + en_l)) 7) . (25)

We establish that {J (6,)} is a strictly decreasing sequence by (25). This presents two
scenarios: either the sequence {J (6,)} is bounded below, or it is not. If {J (6,)} is not
have a lower bounded, then

einf J(0,) > —oc for every € > 0, n € N.
n>€

Lemma 2, indicates that #,, — 0 as n approaches to co. Second, the sequence {J (6,,)} is
convergent if it is bounded below. The sequence {b (6,)} likewise converges by (25), and,
both have the same limit. For each sequence {b,} in € we have lim;,_,o ¥ (by, b41) = 0
according to (i) . Now, according to Theorem 5 proof, we have

9 (6%, pb*) = 9 (€, D).

Hence, b* is a best proximity point of the mapping .
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4. Application to integral equations

The theory of integral equations is essentially credited to Fourier’s exploration of the
theory about fundamentals that bears his name; in fact, this theorem, although it is not
consistent with Fourier’s perspective, can be understood as a statement of the solution to
a specific first-order integral equation. However, Abel, Liouville, and several others who
came behind them began to consciously explore incredible integral equations, and many
of them came to the realisation that the theory might be necessary. The objective is to
use Theorem 1 (for € C ®) to show that the following nonlinear Volterra-type integral
equations have a solution.

k
£ = [ Ho(koh f)d, (26)
0

for all k € [0,1], ¢ € O, and H, is a function defined on [0, 1]
We demonstrate that the solution to (26) exists. For f € C(]
Ifll- = sup |f(k)]e”™", 7 > 0. Define

kel0,1]

1 x C([0,1],Ry) to R.
,1],Ry), define norm as:

17 (f, ) = [ sup | f(k) — %(k)\e_Tk] =If ==~

ke€l0,1]

for all f,s € C([0,1],R;), with these settings, (C([0,1],R;),n,) represents a complete
metric space.
Now, we show the following theorem to clarify that the solution of integral equation exists.

Theorem 7. Suppose that the mapping H : [0,1]x[0, 1]xC([0, 1], R4+) — R is a continuous
satisfying:

7-77T(f7 C) Th
|He(k, h, ) = Ho(k, h,c)| < o +1° (27)

for every h,k € [0,1] and f,c € C([0,1],R). Then, integral equation (26) have at most one
solution in C([0,1],R) or equivalently the associated operator L. : R — R defined by

k
(Lo f)(k) = / H, (k. b, f) dh, (25)
0

admits a best proximity point.

Proof. By (27) and (28), we have the following information.

k
Lof — Lo = / \He(k, b, f) — He(k, by )| dh,
0
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k

/ 7_777' f? Thdh

™0 (f, 2
0

k
TT’T f’ / Thdh
0

0 (f, %) +1
777'(f7 ) erk
e (fie) + 10

This implies
’Lgf _ ng‘ e—rkz < nT(fa %)

~n(f,e)+ 10
- (f; )
| Lef — Lo HT_W-
™ (f, %)+ 1 < 1
TIT(f, %) B HLgf_Lg%H-r.

1

1
T+ < .
n-(f, ») Hch_Lg%HT

which further implies
1 -1

1Lf — Lo, = e (f )

T —

So all the conditions of Theorem 1 are satisfied for J(5) = =L; 3¢ > 0 and £(3c) = J(52) —
Hence, the integral equation (26) admits a solution.

5. Conclusion

Generalized interpolative proximal contractions provide a robust framework for solv-
ing proximity problems in various mathematical and applied contexts. The established
existence and uniqueness results facilitate their practical use, offering significant insights
and solutions in various applied mathematics and engineering fields.
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