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Abstract. This paper explores the landscape of fixed point theory by introducing two novel
classes of contraction mappings: the (as,vs, (@, h)-F)-contraction and the (as, s, vs, (@, h)-F)-
contraction, defined within the rich structure of triple-controlled S-metric type spaces. These
mappings are constructed using a blend of as- and 7ns-admissibility, vs-subadmissibility, and a pair
of upper-class functions (@Q,h), integrated with Wardowski’s powerful F-contraction approach.
Our results significantly extend the classical (as-F)-contraction framework by proving the exis-
tence and uniqueness of fixed points under these generalized settings. Furthermore, we derive
meaningful corollaries by specifying various (Q, h) pairs, illustrating the versatility and depth of
the proposed theory and its contribution to the advancement of fixed point results in generalized
metric environments.
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1. Introduction

The study of fixed point theory has a rich and influential history, tracing back to the
foundational work of Banach (1922) [1], whose pioneering contributions to metric fixed
point theory culminated in the celebrated Banach Contraction Principle. This cornerstone
result has inspired extensive research across diverse branches of mathematics and numerous
scientific fields, including computer science, engineering, physics, and economics. By its
very nature, fixed point theory draws upon ideas from topology, analysis, and geometry
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to investigate the existence and uniqueness of fixed points of mappings—an endeavor that
has generated profound theoretical insights as well as practical applications.

Over the decades, the Banach Fixed Point Theorem has undergone significant gen-
eralizations, particularly through the development of new classes of metric spaces. For
instance, Bakhtin [2] introduced the concept of b-metric spaces, which was subsequently
extended into extended b-metric spaces [3]. Researchers further expanded this framework
to include controlled metric spaces [4], and later to more complex structures such as double
and triple controlled metric spaces [5], [6], [7], [8], [9],][10].

In parallel, Sedghi et al. [11] introduced the concept of S-metric spaces as a broad
generalization of classical metric spaces. Although Sedghi et al. later demonstrated in
[12] that every standard metric d induces an S-metric and conversely, that a standard
metric can be defined from an S-metric, researchers have continued to work extensively
with S-metric spaces (see [13], [14]). This is because many fixed point results admit clearer
and more natural formulations within the S-metric framework. Moreover, S-metric spaces
unify and generalize several other structures, such as G-metrics, and admissibility condi-
tions, as well as contraction mappings may behave differently in S-metric settings, yielding
genuinely new fixed point results. These developments have further stimulated general-
izations, leading to structures such as Sp-metric spaces [15], [16] partial S metric space
[17], extended S metric space [18], and controlled S-metric spaces [19], [20], and recently,
controlled orthogonal S-metric spaces [21], [22]. Collectively, these advances underscore
the dynamic evolution of fixed point theory, which continues to broaden in scope and
enrich its applications.

Building on this tradition, recent research has focused on both new spaces and novel
contraction conditions. For example, Azmi [20] introduced triple controlled S-metric type
spaces and established corresponding fixed point results, thereby extending the framework
of controlled metric-type spaces. This illustrates how the theory has gradually shifted
from classical metric settings to highly generalized structures to address broader classes
of mappings.

A parallel stream of research has centered on the development of generalized con-
tractions. A milestone in this direction was the introduction of the JF-contraction by
Wardowski (2012) [23], which generated significant interest. Subsequent studies have
examined F-contraction mappings in various contexts—for instance, multi-valued F con-
traction [24], [25], modified F-contraction [26]. Karapinar et al. provided a nice survey on
JF-contractions [27]. For broader treatments and further generalizations of F-contractions,
we refer to [28], [29], [30], and [31].

Additionally, Samet et al. [32] introduced the concept of a-admissible mappings in
metric spaces, which was later developed by Gopal et al. [33] into (a-F)-contractive map-
pings in 2016. These mappings have proven crucial in extending fixed point theorems to
various complete metric spaces (see also [34], [35], [36]). Subsequently, Priyobarta et al.
generalized the idea to as-admissible mappings in S-metric spaces [37]. More recently,
Azmi [20] advanced this concept by defining such mappings in the context of triple con-
trolled S-metric spaces and deriving new fixed point results.
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Motivated by these developments, this paper introduces the concept of (ag, vs, (@, h) —
F)-contraction mappings tailored for triple-controlled S-metric spaces. These mappings
rely on as- and ns-admissible mappings, vs-subadmissible mappings, a set of upper-class
functions (@, h), and Wardowski’s F-contraction. Building on the (as — F)-contraction
framework proposed by Azmi [20], we demonstrate the existence and uniqueness of fixed
points in complete triple-controlled S-metric spaces and provide an example to illustrate
our findings. Furthermore, we derive meaningful corollaries by specifying various (Q, h)
pairs, illustrating the versatility and depth of the proposed theory and its contribution to
the advancement of fixed point results in generalized metric environments.

2. Preliminaries

In this section, we will first review some key results and definitions of S-metric spaces
introduced by Sedghi et al. [11].

Definition 1. [11] Let X # (0, and let S : X? — [0,+00) be a mapping satistfying the
following conditions, for all x,y,z € X and a € X:

(i) S(z,y,2) =0 iffr =y = 2,
(i) S(z,y,2) < S(z,z,a) + S(y,y,a) + S(z, 2,a).

Then, (X,S) is called an S- metric space.

Definition 2. [15] Let X # () and b > 1. Let S : X3 — [0,00) be a mapping satisfying
the following conditions, for all x,y,z € X:

(i) S(z,y,2) =0 iff c =y ==z;
(i) S(x,y,y) = S(y, z, )
(iii) S(x,y,z) < b[S(z,z,a)+S(y,y,a) + S(z,z,a)].

The pair (X, S) is called an Sp- metric space.

Definition 3. [16] Let S : X3 — [0,00) be a mapping, where X is a non-void set,
and consider a function 6 : X3 — [1,+00), satisfying the following conditions, for all
z,y,z € X:

(i) S(z,y,2) =0 iff x =y = z;
(i) S(z,y,2) < 0(x,y,2)[S(x,r,a) + S(y,y,a) + S(z, 2,a)].
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The pair (X, S) is known as an extended Sy- metric space.

Ekiz et al. [19] presented the concept of controlled S-metric type spaces in the following
way.

Definition 4. [19] Let S: X3 — [0, +00) be a mapping, where X be a non-void set and
suppose « : X? — [1,4+00) is a function, such that for all z,y,z,a € X, the following
conditions hold:

(i) S(z,y,2) =0 iff c =y = z;
(ii) S(x,y,2) < a(x,a)S(z,z,a) + a(y,a)S(y,y,a) + a(z,a)S(z, 2, a).

Then, the pair (X, S) is referred to as a controlled S-metric type space.

We will now present the idea of triple controlled S-metric type spaces as introduced by
Azmi [20].

Definition 5. [20] Consider a mapping S : X> — [0, 400) with X being a non-void set,
and suppose B,u,7y : X2 — [1,4+00) are functions such that for all x,y,z,a € X, the
following conditions are fulfilled:

(T1) S(z,y,2) =0 iff c =y = z;

(T2) S(x,x,2) =S(2,2,x);, forall v,z € X;

(T3) S(x,y,2) < B(x,a)S(z,z,a) + pu(y,a)S(y,y, a) +v(z,a)S(z, 2z, a).

Then, the pair (X , S) is referred to as a triple controlled S-metric type space, abbreviated
as TC-S-MTS.

Remark 1. [20] By setting 8 = p = v in Definition 5, we get a controlled S-metric
type space, as described in Definition 4. Therefore, the definition of TC-S-MTS is a
generalization of the controlled S-metric type space. Additionally, if we set 5 =pu=~vy=1,
the definition of TC-S-MTS turns into an S-metric space, as outlined in Definition 1.

The following example demonstrates that a triple controlled S-metric type space is differ-
ent from a controlled S-metric type space [20].

Example 1. [20] Let X = {0,1,2}, and define S: X3 — [0,+00) by

0 if r=y=z,
S(z,y,2) =41 if TFYF 2,
S ifr=yy#a
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Let B, 1,7 : X% — [1,400) be defined as follows:

Bx,y) =1+z+y,
wz,y) =1+ zy, and
Y(x,y) =24+ +y.

It is evident that (X,S) is a TC-S-MTS, since 8 # p # v, this indicates that (X,S) is

not a controlled S-metric type space.

We recall the concepts of Cauchy and convergent sequences, completeness, and the
concept of the open ball in TC-S-MTS, as defined in [20].

Definition 6. [20] Let (X,S) be a TC-S-MTS and let {xy,} be any sequence in X.
(1) For x € X with e > 0. Then,

B(z,e) ={w € X,S(w,w,x) < e}, denotes the open ball.

(2) {xn} converges to a point w in X, if for every € > 0, there exists an N € N, such
S(xp, xn,w) < e for all n > N.

(3) {xn} is referred to as a Cauchy sequence if for every € > 0, there exists an N € N
such that S(xy, Tp, Tm) < € for allm, n > N.

(4) The space (X, S) is called complete if every Cauchy sequence in X is convergent.

Lemma 1. [20] Let (X , S) be a TC-S-MTS and let 3, p1, v : X2 — [1,+00) be mappings.
If the sequence {x,} in X is convergent, then the limit is unique.

Samet et al. [32] initially presented the class of «g-admissible mappings. For more details,
refer to [38] and [32].

Definition 7. Let T : X — X be a mapping with X a non-void set, and let «y :
X x X — [0,4+00) be a function. T is called an o -admissible, if whenever as (&, g) > 1
implies  as(Tz,Ty) > 1, forall &, 9 € X.

On the other hand, Priyobarta et al. [37] extended the class of «g-admissible mappings
in the framework of S-metric space as demonstrated below:

Definition 8. [37] Consider the mapping T : X — X and let as: X3 — [0,+00) be
a function, with X a non-void set. T 1is referred to as ag-admissible mapping, if for all
T, 9, 2 € X, we have

as(2,9,2) > 1 = a,(T%,Ty,T2) > 1. (1)

Example 2. [37] Assume X = [0,+0c0), the mappings T : X — X, and as : X3 —
[0, +00) be defined by T(u) = 4u, for allu € X, and as(x,y,z) =ew ifx >y >z, x #
0,y #0, and as(x,y,z) =0, if t <y < z. Then, T is an as-admissible mapping.
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Definition 9. [3/] Consider the mapping T : X — X and let vy : X> — [0, +00) be
a function, with X a non-void set. T is referred to as vs-subadmissible mapping, if for all
T, 9, 2 € X, we have

vs(2,9,2) < 1= vs(T2,T9,T2) < 1. (2)

We will now provide definitions for the functions associated with a subclass of types
I and II, as well as for the pairs belonging to the upper class of types I and II. For more
information, see [30, 39].

Definition 10. (/30, 89]) We say that the function h : Rt x RT — R is of subclass of
type I, if > 1= h(1,y) < h(z,y), for all z,y € RT.

Next, we present examples of functions belonging to the subclass of type I as discussed
in [30, 39].

Example 3. [30, 39]

(1) let h(z,y) = (y +1)*, with I > 1.

(2) let h(x,y) (x +1)Y, with 1 > 0.

(3) let h(z,y) = 2"y*, such that k > 0,n € NU{0}.

(4) let h(z,y) = My
(z,y) =
(z,y) =

n+1
(5) let h(x, (2 tad] 4 Y gnd | > 1.
(6) let h(x,

n+1

%x::y, such that m,n € N.

Remark 2. From Definition 10, we observe that y < h(1,y).

Definition 11. /30, 39] A function h : Rt x RT x RT™ — R is said to be of subclass of
type I, if v,y > 1= h(1,1,2) < h(z,y,2) , for all x,y,z € RT.

Example 4. [30, 39]
The following functions are examples of a subclass of Type I1.

(1) h(z,y,2) = (z+ 1", and | > 1.
(2) h(z,y,z) = (zy +1)?, with | > 0.
(3) h(z,y,z) = xz™y"2P, such that m,n € NU{0},p > 0.
(4) h(xaya Z) - (Z:OT)Z
-~ T zyl
(5) Mz,y,2) = (F%g— + 1), and | > 1.

(6) hiz,y,z) = w kwith the assumption m,n,p,q,k € N.

Remark 3. By Definition 11, we observe that z < h(1,1, z).
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Definition 12. (/30, 39]) Let h,Q : RT xRT — R be functions. We say the pair (Q,h) is
an upper class of type I, if h is a subclass of type I, and satisfies the following conditions:

(1) 0<s<1= Q(s,t) <Q(1,1),
(ii) h(1,y) < Q(s,t) =y < st, for all z,y,s,t € RT.

When we set s = 1 in (2), the pair (Q, h) is referred to as a special upper class of type
1.

Example 5. [30, 39]
FEzxamples of functions belonging to the upper class of Type I are given below.

(1)Let h(z,y) = (y + 1)*, with 1 > 1 and, Q(s,t) = st + 1.

(2) Let h(x,y) = (a:—i— DY,1>0, and Q(s,t) = (1+1)*.

(3) Let h(x,y) = , and Q(s,t) = s™t* k> 0.

(4) Let h(z,y) = Tgﬁrgy, with m,n € N, and Q(s,t) = st.

(5) Let h(z,y) = (LF2" Shetatl 4 o 1> 1 and Q(s, t) = (1+1)*.
(6) Let h(z,y) = (y +1)%,1 > 1 and Q(s,t) =st+ L k> 1.

Definition 13. (/30, 39]) Let h : Rt x RT x Rt - R and Q : Rt x RT — R be
functions. We say the pair (Q,h) is an upper class of type I1, if h is a subclass of type
11, and satisfies the following conditions:

(i) 0<s<1— Qs,t) < Q(1,1).
(ii) h(1,1,2) < Q(s,t) = 2 < st, for all z,s,t € RT.

When we set s =1 in (2), the pair (Q, h) is referred to as a special upper class of type
11.

Example 6. [30, 39]
Ezxamples of functions belonging to the upper class of Type I are given below.

(1) h(z,y,z) = (z+1)™,1 > 1, and Q(s,t) = st + 1.
(2) h(z,y,2) = (zy + 1), with 1 >0, and Q(s,t) = (1 +1)*.
(3) h(z,y,z) = x™y"2P, Q(s, t) = sPtP, such that m,n € NU{0} and p > 0.
(4) h(z,y,z) = w , with m,n,p,q,k € N and Q(s,t) = (st)".
(5) hz,y,z) = (’:OT +1)%,1>1, and Q(s,t) = (1 +1)*.

> anThy

(6) h(z,y,2) = (Z°p77—)7 and Q(s,1) = st.
(7) h(z,y,2z) = (z+ 1%, > 1, and Q(s, )—st+é,k21.
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Wardowski [23] introduced the notion of F—contraction and developed new fixed point
theorems applicable to complete metric spaces. The definition is provided below.

Definition 14. [23] Let F represents the family of all functions F : (0, +oc0) —
(—00,4+00) satisfying the following conditions:

(W1) F s an strictly increasing function.

(W2) Let {t,} be any sequence of positive real numbers, then

lim ¢, =04f lim F(t,) = —oc.

n—-+00 n—-+0o

(W3) limy_,g+ tFEF(t) =0, for some k € (0,1).
Then, F is referred to as an F-contraction mapping.

Numerous researchers have adapted the F -contraction mapping initially proposed by
Wardowski [23] to fit various metric space contexts, as discussed in [26] and [29]. Addi-
tionally, Azmi [20] introduced a modified F-contraction mapping specifically designed for
S-metric type spaces.

Definition 15. [20] Assume (X, S) is a TC-S-MTS, where X # 0. The mapping
T: X — X is referred to as a modified F-contraction mapping, if there exists a function
F € F and a constant 7 > 0, such that the following condition holds:

S(Tz,Ty,Tz) > 0 = 7+ F(S(Tz,Ty,Tz)) < F(S(x, y, 2)), (3)
for allx,y,z € X.
3. Main Results
In this section, we demonstrate the existence and uniqueness of fixed points within a

complete TC-S-MTS space by employing two different contraction mappings.

Definition 16. [20] Assume (X,S) is a TC-S-MTS, where X # 0. A mapping T :
X — X is said to be an (as- F )-contraction mapping, if there exists a function ag : X> —
[0,4+00), F € F, and a constant 7 > 0 such that the following inequality holds:

T4+ as(x, y,2)F(S(Tz, Ty, Tz)) < F(S(z, y,2)),
for xz,y, z € X, with S(Tz, Ty, Tz) > 0.

We now introduce our new (o, vs, (Q, h) — F)—contraction mapping on 7C-S-MTS,
detailed as follows.
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Definition 17. Assume that ( X,S) is a TC-S-MTS, where X # 0, and let the pair (Q, h)
be an upper class of type I. A mapping T : X — X is said to be an (as,vs, (Q,h) —
F)—contraction mapping, if there exist functions as : X3 — [0,+00) and vs : X3 —
[0,400), as in Definitions 8 and 9, with F € F, and some constant T > 0, such that
subsequent inequality holds:

h(as(z, y.2) 7+ F(S(Ta, Ty, T2)) < Q(vilw,y,2), F(S(w, ,2))), (&)
for xz,y, z € X, with S(Tz,Ty,Tz) >0 .
We present our first main result.

Theorem 1. Let (X, S) be a complete TC-S-MTS, where X # 0. Let the pair (Q,h) be
an upper class of type I and let T : X — X be (as, Vs, (Q, h) — F)—contraction mapping.
Assume the following conditions hold:

(1) T is as-admissible and vs-subadmissible mapping.
(2) There is xg € X, such that as(zo, zo, Txo) > 1, vs(z0, 0, Tx0) < 1.

(8) Forxg € X, the sequence {xy,}, is defined by x,, = T™xq, and the following inequality

holds:
sup lim Y(Znt1, Tm)[B(Tni1, Tny2) + 1(Tny1, Tny2)] <1 (5)
m>1 ">+ [ﬁ($n7$n+1) + M(-rnamn+l)}
For every x € X, the following limits exist and are finite;
lim B(z,z,), lm p(z,,z)and lim y(z,, ). (6)

n—-+o0o n—-+o0o n—-+o0o

Then, T has a fized point. For the uniqueness of the fized point, assume both u, and
v are fized points such that as(u, u, v) > 1, and vs(u, u, v) < 1, then T has a unique fixred
point in X.

Proof.
Select zp € X such that, as(xg,xo, Tzo) > 1, and vs(xg,x0, Txo) < 1. A sequence
{x,} is formed by Txg = 21, T?x9 = Tz1 = 2. Therefore, for any n € N, we have

T”xo = Tn_l.ili‘l == T.’En_l = Tn.

In addition, T"zq # T" 1z holds for all n > 0.

Utilizing the fact that 7' is an (s, ps, (@, h) — F)—contraction mapping and referring
to Definition 12, we can derive:

h(l, T+ F(S(2n, Tn, xn+1))) - h(1, T+ F(S(Tap_r, Tan1, Txn))).

< h<as(1‘n—1a Tn—1, xn) , T+ F(S(T$n_1, T xp-1, Txn)))
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< Q(Vs(xn—ly Tn—1, l’n),F(S(.%'n_l, Tn—1, xn)))

< Q(I,F(S(:En_l, Tp—1, xn)))

As the pair (Q,h) is an upper class of type I, hence we have
T+ F(S(2n, Tn, Tny1)) < F(S(wp-1, Tn1, Tn)),

which implies

F(S(xpn, Tn, Tni1)) F(S(xn—1,%Tn-1,%4)) — T (7)
F(S(.Tnfz, Tn—2, xn,l)) — 27.
< < F(S(x0,x0,21)) — 0T

INIACIA

Letting n — 400 in equation 7, and with 7 > 0, we have

lim F(S(zp,%n, Tnt1)) = —00. (8)

n—-+o0o

As F € F, utilizing (W2) of Definition 14, we deduce that lim,, oo S(pn, Tn, Tny1) = 0,
and by (W3), there exists k € (0,1) such that

lim (S(Zn, Zns Tny 1)) F(S(Tn, Tn, Tny1)) = 0. 9)

n—-+o00

From equation 7, we obtain
F(S(zp, xn, Tn+1)) — F(S(z0, 0, 1)) < —nT.
Thus for any n, we have
(S(Zns Tny Tny 1)) F(S(xn, Tn, Zns1) — (S(@n, Tny Tni1)*F(S(xo, 0, 1))
< —nT(S(xn,xn,:nnH))k < 0. (10)
As n approaches infinity in equation 10, we find that

lim  n(S(xn, Zn, Tni1)) = 0. (11)

n—-+00

This gives, limy, 4o nt/k (S(xn, Tn, xny1)) = 0, hence there exists some ng € N, such that

S(xn, Ty Tny1) < for alln > ng. (12)

1
nl/k’
To show that the sequence {z,} is a Cauchy sequence, we consider any natural numbers
m and n such that n < m. We find that:

S(.%'n, Tn, xm) < 5(1'7“ :L'n+1>8(33n,$n, $n+1) + N(a:n?xn-&-l)s(xn: T, Tnyl)
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+ V@t 1, Tm)S (Tnt1, Tt 1, Tm)-

< B(Zny Tnt1)S(Tn, Tny Tnt1) + 1 Tn, Tn1)S (T, T, Tnt1)

+ Y (@nt1, ) [B(Tnt 1, Tnt2) S (Tnt1, Tnt1, Tnt2) + 1Tt 1; Tnt2)S(Tnt1, Tnt1, Tnt2)
+ Y (@nt2, ) S (Tnt2, Tnt2, Tm)]-

< B(@n, Tnt1)S (@0, Tny Tnt1) + (T, Tnp1)S(Tny T,y Tngr)

+ Y@t 15, Tm) B(Tnt1, Tnt2) S (Tnt 15 Tnt1, Tnt2)

+ V@t 15 T ) U Tn41, Tt 2) S (Tnt 1, Tnt1, Tnta)

+ Y (@n+1, Tm) Y (@nt2, Tm) [B(Tn+2, Tnts)S(Tnt2, Tnt2, Tnis)

+ 1(Tn+2, Tnt3)S(Tnt2, Tnt2, Tnts) + V(Tnt3, Tm)S(Tn+3, Tnts, Tm))-

Hence, we get

S("Ena xna$m) < /B(xna$n+1)8(l‘na Tn, anrl) + N(xna xn+1)8($n7$naxn+l)

+ Z xlaxl-i-l +N($Zaxz+1)]8($i7$i7xi+l) H ’Y(xj7$m)
i=n+1 j=n+1

+ H ’Y(xia .me)S(.Tm_l, Tm—1, wm)-
i=n-+1

Therefore,

S(In, Tn, xm) < [/B(ﬂjna J:n—&-l) + M(:En7 xn—i—l)]s(l‘na Tn, xn—i—l)

i
$Z7‘TZ+1 +/i(x27$z+1)]8($i7xiuxi+1) H f)/(mjvxm)

”MS

j=n+1
(13)
Applying equation 12 into inequality 13, it becomes
1
S( Tny Tn, xm) < [,B(l‘n, xn«H) + N(l‘naanrl)](W)
m—1 1 %
+ Z [B( @i, ﬂfi+1)+u(~’0i,$z’+1)}(ﬂ) H V(@j, Tm)
1=n-+1 v j=n+1

< (B, 2s1) + e 2 1)) (57)

m—1
1
+ E 337,, Ti+1 +,u( L, l'z—i-l)](il/k) H 'Y('Tjaxm)
=1
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(14)
Let Ly = Y02 [8(wi, wivn) + plei wisn) () (T (w5, 2m) ).
Therefore, inequality 14 can be expressed as:
1
S(.Tn,l’n, xm) < [ﬁ(xnvxn—i—l) + ,U,(LL’n, fL‘n—Q—l)](m) + (Lm—l - Ln)
(15)

The application of the ratio test to inequality 15, followed by taking the limit as both
n and m approach infinity while utilizing equations 5, leads us to the conclusion that
limy, 1400 [Lim—1—Lp] = 0. Furthermore, the use of 6 indicates that lim,_, oo [5(zn, Znt1)+
11(%n, Tnt1)] (i) = 0.

Thus, we have demonstrated that:

lim  S(xp,zn, zm) = 0.
n,m—-+oo

We deduce that the sequence {x,} is a Cauchy sequence. Given the completeness of the
space ( X, §), it follows that this sequence must converge to a limit u € X, i.e.

lim S(zp,zn,u)=0. (16)

n—-+00

Assume that S(T x,,, T x,,, Tu) > Ofor all n. By Definition 15, we have
P17+ F(S(Twn, Tan, Tw))) < h(as(en, @n, w),7+ F(S(Taq, Tan, Tw)))

h
< Q(l/s(llin, Tn, u), F(S(zy, xn, u)))
Q(1L, F(S(zpn, xn, u))).

As the pair (@, h) is an upper class of type I, hence the following inequality holds:
T+ F(STxn, Trn, Tu)) < F(S(xn, Tn,w)). (17)

Taking the limit as n approaches infinity in equation 17, and applying equation 16 along
with (W2) from Definition 14, we find that lim,,—, o F(S(Tzy, Tzp, Tu)) = —00. Accord-
ing to Definition 14, this means that lim,, o0 (T2, T2y, Tu) = 0.

Taking the limit as n tends to infinity in equation 17, and using equation 16, and (W2)
from Definition 14, we obtain lim,_, . F(S(Tzy, Txy, Tu)) = —oo. Again, by Definition
14 this implies lim,,_, oo S(T'zy, Txp, Tu) = 0.
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To show that w is a fixed point, note that;

S(Tu, Tu, u) = S(u, u, Tu) < B(u, Tpnt1)S(u, uy, Tny1) + p( Uy Tpt1)S(u, U, Tpi1)
+ v(Tu, ©py1)S(Tu, Tu, Txy,).
< B, p11)S (U, uy Tng1) + (U, Tpg1)S(u, Uy Tpg1)
+Y(Tuy 2y 1)S( Ty, Ty, Tu).

As n tends to 400 in the preceding inequality, we conclude that S(Tu, Tu, u) = 0,
implying Tu = wu. Now, we proceed to establish the uniqueness of the fixed point.
Suppose there exist two fixed points, u and v, with u # v such that as(u, u, v) > 1, and
ws(u, u,v) < 1. Since Tu = u # v = Tw, it implies that S(Tu, Tu, Tv) > 0. Given
that 7' is an (as, s, (Q, h) — F)-contraction mapping, utilizing equation 4, we obtain

h(l,T + F(S(Tu, Tu, Tv))) < h(as(u, u,v), 7+ F(S(Tu, Tu, Tv)))
< Q(I/S(u, u,v), F(S(u, u, v)))
< Q(1, F(S(u, u,v))).

Since the pair(Q, h) is an upper class of type I, we get

T+ F(S(Tu, Tu, Tv)) T+ as(u, u,v)F(S(Tu, Tu,Tv))

<
< F(S(u,u,v)) = F(S(Tu, Tu, Tv)).

This implies 7 < 0, leading to a contradiction. Therefore, v = v, implying the uniqueness
of the fixed point.

We will now provide an example that supports Theorem 1, based on the work of Azmi
[9].
Example 7. Let X = [0, +00), and consider the mapping S : X3 — [0, +00), defined by
S(x,y,2) = |x—y|+|y—=z|. Then (X,8) is a complete TC-S-MTS, where B, i,y : X? —
[1,4+00) are defined by

B(x,y) = max{z,y} +1, p(z,y) =max{z,y}+ 2, and

(2,y) = x4y if xe€]|0,1],
R if x> 1.

The mapping T : X — X, is defined by
if x€l0,1],

T(z)=143
(@) {Zx—g if ©>1.
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Let ag,vs : X2 — (=00, +00), and F : (0, 4+00) — (—o0, +00) be defined by,

1 72}[‘ $’ y’Z 6 [O? 1]’

0 otherwise.

1 if x?y?'z e [07 1]7

2  otherwise.

and F(t) = In(t).
To show T'is (as,vs, (Q,h) — F)-contraction mapping; we only need to consider the
case when x,y,z € [0,1]. Note that

1 1 1 2
S(Tx7Ty7TZ) - ‘T.f - Ty‘ + ‘Ty - TZ‘ = g‘l’ - y‘ + g‘y - Z’ = §8<1‘,y, Z) < §S<$7yv z)
Hence, the following inequality holds:

()0 HA(S (T, Ty, T2))) < In(5)Hn(S (T, Ty, T2) < vl v, 2)n(S(,y, 7))
(18)
By taking T = ln(%) > 0, in 18, we find that

as(z,y, 2)(T+ F(S(Tx, Ty, T2))) < vs(z,y,2)F(S(x,y, 2)).
Therefore, we have
h(aul@, y,2),7+ F(S(Ta, Ty, T2)) < Q(ve(@,y.2), F(S(w, 3,2)) )

which implies that T is (as,vs, (Q,h) — F)-contraction mapping. Let xo = 1, then
as(zo, zo, Txo) > 1,vs(x0, 20, Txo) < 1. We form a sequence by x1 = T'(xo) = T(1) = %,
hence x, = T"(x0) = T™(1) = 3k for alln > 1.

Finally, to show that the equation 5 holds, consider that

. Y @nt1, ) [B(@nt1s Tr2) + (T, Tng2)]
sup lim
m>1n—+00 1B(2n, Tnt1) + (@, Tpg)]
= sup lim (([max{ﬁ,ﬁ}+1)+max{3n%’3n%}+2)] 1 1

—) < 1.
m>1 00 [(max{gimg,n%}-l-l)+(max{3in,#}+2]) )(3n+1 3m)

Moreover, for any x € X, all the following limits lim, o B(2, Ty,), limy 400 1(Tn, ),
and limy,_ oo Y(p, ) exists and are finite. Therefore, T fulfills all the hypotheses of The-
orem 1. Consequently, T has a fized point, which is x = 0.



F. M. Azmi, A. H. Ansari, S. H. J. Petroudi / Eur. J. Pure Appl. Math, 18 (4) (2025), 6847 15 of 26

Remark 4. In Example 7, if the mapping T is not regarded as as-admissible and vs-
subadmissible, it follows that T cannot be classified as a contraction mapping. It is impor-
tant to observe that for any x,y, z € (1,400), the following expression holds:

which implies that T is not a contraction.

Remark 5. Let (X,S) be a TC-S-MTS, as stated in Theorem 1. If 8 = p = -y, then
(X,S) becomes a controlled S-metric type space according to definition 4. Therefore, we
arrive at our next result.

Theorem 2. Assume that (X,S) is a complete controlled S-metric type space, where X
is a nonempty set. Let T : X — X be an (as, vs, (Q, h) — F)—contraction mapping, such
that the following conditions hold:

(1) T is ag-admissible and vs-subadmissible mapping.
(2) There is xo € X, such that as(xg, o, Txo) > 1, and vs(xg, xo, Txo) < 1.

(8) For xy € X, the sequence {zy}, is defined by x, = T"xo, moreover, assume these

hold
sup lim DTl Tm)B( Tt Tnvs) g (19)
m>1n—>+0o0 ﬁ(xna anrl)
And suppose that,
EIE B(x,xy) , exists and finite. (20)

Then, T has a fized point. Furthermore, if there are two fixed points of T in the space
X, labeled as u and v, such that as(u,u,v) > 1 and vs(u,u,v) < 1, it follows that T' has
a unique fized point within X.

Proof.
The proof is completed by following a similar approach to Theorem 1, using 8 = u = .

Definition 18. Assume that (X,S) is a TC-S-MTS, where X # (. Let the pair
(Q,h) represent an upper class of type II. A mapping T : X — X is defined as an
(as, s, Vs, (Q, h) —F)-contraction mapping if there are functions as,ns, vs : X°> — [0, +00),
a function F € F, and a constant 7 > 0 such that the following condition holds:

h(as(@,y, 2)ms(@,9,2), 7+ F(S(Tw, Ty, T2))) < Q(vslw,y, ), F(S(a,9,2) )

for all z,y,z € X, with S(Tx, Ty, Tz) > 0.
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Theorem 3. Let (X, S) be a complete TC-S-MTS, where X # 0. Let T: X — X
be an (as,Ms, Vs, (Q, h) — F)—contraction mapping. Assume that the following conditions

hold:

(1) T is as-admissible, ns-admissible and vs-subadmissible mapping.

(2) Thereisxy € X, such that as(xg, zo, Txo) > 1,ns(x0, 20, Tx0) > 1, and vs(xg, xo, Txo) <

1.
(3) For xy € X, the sequence {x,}, is defined by x, = T"xq, and the following inequal-
ityholds:
sup lim Y(Zn+1, Tm) [B(Znt1s Tny2) + #(Tnt1; Tnto)] < 1 (21)
m>1n—+o0 [B(zn, Tnt1) + (T, Tni1)]

In addition, for every x € X, the following limits exist and are finite:

nll)l_{l_looﬁ(m,xn) , nll)l_il_loo w(xp, x) and nll)l_il_loo (zp,x) . (22)

Then, T has a fized point. For the uniqueness of the fized point, assume both u, and
v are fized points such that as(u, u, v) > 1,n5(u,u,v) > 1, and vs(u, u, v) < 1, then T
has a unique fized point in X.

Proof. Select zg € X so as(zo, o, Txo) > 1,ns(x0, z0, Tx0) > 1,vs(x0, 20, Tx0) < 1.
A sequence {x,,} is formed by Tz = 1, T?x¢ = Tx1 = x2. Therefore, for any n € N, we
have

Tl =T" 2y == Taxp1 = .

In addition, T"xy # T" 'z holds for all n > 0.

As T is an agz-admissible mapping and vg-subadmissible mapping, this implies that
as( Ty Tny Tpt1) = 1, Vs(Xn, TnyTpg1) < 1, for all n € N.
Since T is (as,ns, Vs, (Q, h) — F)—contraction mapping, we obtain

h(1,1,7'+ F(S(xn, xn, mn+1))) :h<1, 1,74+ F(S(T zp-1, T -1, T:L‘n))>

< h(as(xn_l, Tn—1, Tn),Ns( Tn—1, Tn_1, Tn),
T+ F(S(Tan1, Tan1, Tn)))

< Q(l/s(xn_l, Tn—1, Tn), F(S(Tp_1, Tn_1, acn))>

< Q(l,F(S(l’n—l, Tp—1, xn)))
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As (Q,h) is an upper class pair of typell, the following inequality holds:
T+ F(S(2n, Tn, Tny1)) < F(S(2n-1, Tn-1, Tn)),

which implies that

F(S(ﬂ?n,$n,$n+1)) < F(S(Cﬂn_l,l’n_l,ﬂin)) - T. (23)
< F(S(xn—ann—Q’xn—l)) — 27,
< - < F(S(xo,x0, 1)) — nT

Letting n — +o0 in equation 23, and with 7 > 0, we have

lim F(S(zp,Zn, Tnt1)) = —00. (24)

n—-+4o0o

As F € F, utilizing (W2) of Definition 14, we deduce that lim, o0 S(2n, Zpn, Tny1) = 0,
and by (W3), there exists k € (0,1) such that

lim (S(Zn, Zn, Tni1))* F((S(Zn, Tp, Tni1)) = 0. (25)

n—-+oo
From equation 23, we obtain

F(S(.fn, Tn,s mn—i—l)) - F(S(xov Zo, fEl)) S —nT.
Thus for any n, we have

(S(Zns Tny Tng1)) F(S(Tns Tn, Tng1) — (S(@n, Tns Tng1) " F(S(20, 20, 21))
< —n7(S(2n, Tny Tny1))* < 0. (26)
As n approaches infinity in equation 26, we find that

lim  n(S(zn, Zn, Tng1))* = 0. (27)

n—-+00

This leads to the conclusion that lim,— 400 nlt/k (S(zpn, Tn,xnt1)) = 0. Consequently, there
exists a natural number ng such that the following inequality holds:

1
S(Tpy Ty Tpy1) < v for alln > ng. (28)

To show that {z,} is a Cauchy sequence, we will use the same approach as in the proof
of Theorem 1. This leads us to the conclusion that

lim  S(xp, xn, Ty) = 0.
n,m—-+00

Consequently, {x,} is a Cauchy sequence. From the completeness of ( X, §), therefore
the sequence converges to a point u € X. This means that

lim S(zp,zn,u)=0. (29)

n—-+00
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In the next paragraph, we will demonstrate that u is a fixed point of the mapping T,
meaning that Tu = w. First, we will prove that lim,, oo S(T'zy, Txy, Tu) = 0.

Assume that S(T xy,, T xy, Tu) > 0, for all naturan number n. By Definition 15, we
have

p(1,1,7+ F(S(Tan, Ty, Tu))
< h(0x(n, @n @) 10, T 0),7+ F(S(Tan, T, Tw))
< Q(vi(@n, @, w), F(S(an, wn, w)

< Q(l,F(S(mn, T, u»)-

As the pair(Q, h) is an upper class of typell, hence we find that
T+ F(S(Txy, Txp, Tu)) < F(S(xn, Tn,u)). (30)

Taking the limit as n approaches infinity in equation 30, and applying equation 29 along
with (W2) from Definition 14, we find that lim, . F(S(Tzp, T2y, Tu)) = —oco. Fur-
thermore, according to Definition 14, this means that lim, oo S(Txp, Tzy, Tu) = 0.

To prove that u is a fixed point, note the following;

S(Tu, Tu, u) = S(u, u, Tu) <
+7
<B
+7

—~

u, xn-l-l)S(uv u, xn—f—l) + u(uv $n+1)8( u, U, $n+1)
Tu, p+1)S(Tu, Tu, Txy,).

u, xnﬂ)S(u,u,an) + :u(uv an)S(u, U, xn—i—l)
Tu, Xpi1)S( Ty, Ty, Tu).

=

As n approaches infinity in the previous inequality, we find that S(Tu,Tu,u) = 0,
which means T'u = u. Next, we will show that the fixed point is unique. Assume there
are two fixed points, u and v, where u # v and

as(u,u,v) > 1,ns(u,u,v) > 1, vs(u,u,v) < 1.

Since Tu = u and v = Tw, it follows that S(Tu,Tu,Tv) > 0. Given that T is an
(as,ms, Vs, (Q, h) — F)—contraction mapping, we obtain

h(l, 1,7+ F(S(Tu, Tu, Tv)))
< h(as(u, u,v),ns(u, u,v), 7+ F(S(Tu, Tu, TU)))

< Q(Vs(u, u,v), F(S(u, u, v)))
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< Q(l,F(S(u, u,v))).
By the property of the pair(Q,h) being an upper class of typell, allows to say that
T+ F(S(Tu, Tu, Tv)) < F(S(u,u,v)) = F(S(Tu, Tu, Tv)).

This implies 7 < 0, leading to a contradiction. Consequently, it follows that v = v, which
indicates the uniqueness of the fixed point.

4. Corollaries

This section presents several corollaries derived from Theorem 1. As introduced in
Definition 17, we have established an (as, s, (Q,h) — F) contraction mapping denoted
as T in the framework of the space TC-S-MTS (X,S), that satisfies the condition 4.
Here, (@, h) represents a pair from the upper class of type I. We will now provide specific
examples of such pairs (@, h) belonging to this upper class.

By applying a similar approach with a pair (@, h) from the upper class of type I, one
can derive corollaries for Theorem 3.

By selecting the pair (Q,h) of upper class of type I, where h(z,y) = 2™y*, Q(s,t) =
s™tk m,n € NU{0}, k > 0, we drive the following Corollary from Theorem 1.

Corollary 1. Let (X, S) be a complete TC-S-MTS, where X # 0. Let
s, 2)" (7 + F(S(T, Ty, T2)F < vy, 2" F(S (9, 2))F,
where, m,n € NU{O},k > 0 . Assume the following conditions hold:
(i) T is as-admissible and ps-subadmissible mapping.
(i) There is xo € X, such that as(zo,x0, Tx0) > 1, vs(x0, 20, Tx0) < 1.

(iii) For xy € X, the sequence {xy,}, is defined by x,, = T"xq, and the following inequality
holds:

sup lim 7( Tn+1, xm)[ﬁ(xn-‘rlu $n+2) + :U’( Tn+1, xn-f—?)] < 1.

m>1n—+o0 [B(@n, Tng1) + p1(Tn, Tni1)]

In addition, for every x € X, the following limits exist and are finite:

im Bera) s N e, ) and Tim ()
Then, T has a fixed point. For the uniqueness of the fized point, assume both wu,
and v are fized points such that as(u, u, v) > 1, and vs(u, u, v) < 1, then T has a
unique fixed point in X.
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It is important to observe that by selecting n = m = k = 1 in Corollary 1, we obtain
the subsequent corollary, as illustrated in Example 7.

Corollary 2. Let (X, S) be a complete TC-S-MTS, where X # 0. Let
as(z,y, 2) (T + F(S(Tx, Ty, Tz))) < vs(x,y,2)F(S(x,y, 2)).
Assume the following conditions hold:
(i) T is as-admissible and vs-subadmissible mapping.
(i) There is xg € X, such that as(xo,x0, Tx0) > 1, vs(x0, 20, Tx0) < 1.

(iii) For xo € X, the sequence {xy}, is defined by x,, = T™xq, and the following inequality
holds:

. Y(Zni1, J?m)[ﬁ(ﬂ?nﬂa Tpy2) + pu( Tngt, 1»‘n+2)]
sup lim
m>1"n—+00 [5(%, $n+1) + N(l‘n, !L‘n+1)]

< 1

In addition, For every x in X, the following limits exist and are finite:

ngTooﬁ(x’x”) , nllﬁloou(x"’x) and ngr—ir-loo (Tp, ).

Then, T has a fixed point. For the uniqueness of the fized point, assume both wu,
and v are fized points such that as(u, u, v) > 1, and vs(u, u, v) < 1, then T has a
unique fixed point in X.

By selecting the pair (Q, h) of upper class of type I, where, h(z,y) = (y +1)*,1 > 1, and
Q(s,t) = st + 1, we drive the following Corollary from Theorem 1.
Corollary 3. Let (X, S) be a complete TC-S-MTS, where X # 0. Let
(1 + F(S(Tz, Ty, Tz)) + D)*@¥2) <y (2, y,2)F(S(z,y,2)) + 1,
where, | > 1. Assume the following conditions hold:
(i) T is as-admissible and vs-subadmissible mapping.
(i) There is xo € X, such that as(zo, zo, Txo) > 1, vs(x0, 20, Txo) < 1.

(iii) For xg € X, the sequence {xy}, is defined by x,, = T™xq, and the following inequality
holds:

sup lim Y(Tna1, Tm)[B( Tna1, Tny2) + o Tog1, Tny2)]

< 1.
m>1Mr+00 [B(%n, Tpy1) + (20, Tng1)]
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In addition, for every x € X, the following limits exist and are finite:

i B(r), lm (e, @) and lim (@)

Then, T has a fixed point. For the uniqueness of the fired point, assume both wu,
and v are fized points such that as(u, u, v) > 1, and vs(u, u, v) < 1, then T has a
unique fixed point in X.

By selecting the pair (@, h) of upper class of type I, where h(x,y) = (z +1)¥,1 > 0, and
Q(s,t) = (1 +1)%, we drive the following Corollary from Theorem 1.
Corollary 4. Let (X, S) be a complete TC-S-MTS, where, X # 0. Let
(1 + F(S(Tx, Ty, Tz)) + 1)* @92 < (1 4 ()= @02 F(S(@y,2)
where, I > 0. Assume the following conditions hold:
(i) T is as-admissible and vs-subadmissible mapping.
(i) There is xo € X, such that as(zo, o, Txo) > 1, vs(z0, 20, Tx0) < 1.

(iii) For xg € X, the sequence {x,}, is defined by x, = T"xq, and the following inequality
holds:

sup lim 7( Tn+1, xm)[ﬁ(xn-‘rlu xn+2) + :U’( Tn+1, xn+2>]

< 1.
m>1n—+oo [B(%n, Tpy1) + (@0, Tng1)]

In addition, For every x € X, the following limits exist and are finite:

ngrfooﬁ(:c, Tn) ngrfoo,u,(mn, x) and ngrfoov(xn, x).

Then, T has a fixed point. For the uniqueness of the fixed point, assume both wu,
and v are fized points such that as(u, u, v) > 1, and vs(u, u, v) < 1, then T has a
unique fixed point in X .

By selecting the pair (@, h) of upper class of type I, where h(z,y) = ";ﬁ;f y, withm,n € N,

and Q(s,t) = st, we drive the following Corollary from Theorem 1.
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Corollary 5. Let (X, S) be a complete TC-S-MTS, where X # (). Let

mao(z,y,2) +n
m-+n

(T + F(S8(Tx, Ty, T2)) < vs(w,y, 2) F(S(x,y, 2).
Where m € N,n € N U{0}Assume the following conditions hold:

(i) T is as-admissible and vg-subadmissible mapping.
(i) There is xo € X, such that as(xg, xo, Txo) > 1, vs(wo, 20, Tx0) < 1.

(iii) For xg € X, the sequence {xy}, is defined by x,, = T™xq, and the following inequality
holds:

sup lim Y(Tnt1, Tm)[B(Tnt1, Tny2) + o g1, Tny2)] < 1

m>1M—>+00 [ﬁ(l‘n’xn—i—l) + M(mnaxn—i—l)]

In addition, for every x € X, the following limits exist and are finite:

li li d li .

S Pleza) ol e, @) and L y(en, 2

Then, T has a fixed point. For the uniqueness of the fixed point, assume both wu,
and v are fized points such that as(u, u, v) > 1, and vs(u, u, v) < 1, then T has a
unique fixed point in X.

Remark 6. It is important to observe that by selecting n = 0 in Corollary 5, we obtain
Corollary 2.

5. Application

This section demonstrates the application of the main theorem presented earlier, with
a particular focus on Theorem 1, which plays a crucial role in establishing the existence
of a unique real solution for an mth-degree polynomial. While various approaches exist
for solving root-finding problems—especially numerical techniques—the use of fixed point
theory, as outlined below, provides a clear and effective alternative. We begin with the
following theorem. The application of fixed point results offers a direct and elegant method
for proving Theorem 1. Since the proof closely follows the arguments of Theorem 4.1 in
[20], we omit it here.

Theorem 4. [20] For any natural number m > 3, the following equation
m

2™ — (mt = 1Dz™ T —mirz+1=0, (31)

has ezactly one solution in the interval [—1,1].
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Theorem 5. For any natural number m > 3, the following equation

sin™x — (m? — 1)sin™ ™z — misinz +1 = 0, (32)
has a unique solution in the interval [—1,1].

Proof. Let y = sinz. Thus, |y| < 1. Now apply Theorem 4.
Definition 19. [40] The functions ptan; j,ptanh; j: R =R, 4,5 =0,1,2,--- ,p—1, p€
N,i # j are defined as follows:

ptan; ;(t) = ;z;((g, ptanh; ;(t) = ZIP ;Eg
—
Tp 1(t) Hp 1(t)
D tan; O(t) = Tp 0(1’,‘) y P tanh1 o(t) = Hp O(t) .

Where T), j,Hy, j : R =R, j=0,1,2,--- ,p—1, p €N, are nested functions defined by:

+oo i +oo i
(—1)n¢pnti tpnti
ij(t>:§ YRR Hpj(t)ZE NE
— (pn+)! — (pn+j)!

Consult [41] and [42] for more details on the nested functions.

Theorem 6. For m > 3 any natural number m, the following equation

m+1

p tanh'io (:L‘)m p tanh'io () _ip tanh?O ()

xt xt

—(m*=1) +1=0, (33)

:L‘,L
has a unique solution in the interval [—1,1].

Proof. Let y = M; thus, |y| < 1. Now, apply Theorem 4.

xt

6. Conclusion

This paper presents two new types of contraction mappings: (as,vs, (Q,h) — F)-
contraction and (s, s, Vs, (@, h)—F)-contraction, within the framework of triple-controlled
S-metric spaces. These mappings are based on «s; and ns-admissible mappings, v,-
subadmissible mappings, upper-class functions (@, h), and Wardowski’s F-contraction.
By expanding the (as; — F)-contraction, we have shown that fixed points exist uniquely
in complete triple-controlled S-metric spaces. Furthermore, we provided several corollar-
ies of Theorem 1 using specific examples of pairs (@, h) from the upper class of type I.
The findings of this paper enhance the understanding of fixed point theory in generalized
metric spaces and lay the groundwork for future studies in this field.
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