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Abstract. In this paper, we investigate the quantum Hermite-Hadamard inequality using the
Green’s function. This process leads to the derivation of novel quantum identities, which are then
employed to establish novel inequalities. Utilizing these identities, we establish novel inequalities.
The main results of the paper are derived using various techniques such as g-identities, convex-
ity and Jensen inequality. Furthermore, the study provides numerical validation and graphical
representations to support the main results.

2020 Mathematics Subject Classifications: 26A51, 26D15, 68P30
Key Words and Phrases: Quantum integral, Green function, H-H-inequality

1. Introduction

Scientists are very interested in the theory of convexity because of its many uses. Con-
vexity is an important term in the extension and generalization of inequalities. As a result,
convexity and inequality theory are closely related. Many inequalities have been motivated
by convex functions, which are essential to inequality theory. Therefore, it is evident that
the Hermite-Hadamard (H — H) inequality assumes particular significance in the context
of convex functions. The integral mean of any convex function defined within a closed
and bounded area, inclusive of the endpoints and midpoints of the function’s domain, can
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be estimated through the utilization of upper and lower bounds. This estimation is facil-
itated by the H — H inequality, a geometric-based principle. The aforementioned double
inequality can be articulated as follows: Let ¢ be a convex mapping on [w1,ws] C R, where
w1 # wa. Then

o <w1 + w2> < 1 /w2 o(se)dse < p(wr) + 80(W2)‘
2 W2 — W1 Jun 2

One important finding in convexity theory is the H — H inequality. The field has advanced
significantly as a result of the efforts of several mathematicians who have concentrated on
enhancing and generalizing the inequality. We encourage interested readers to review some
of the references and the papers [1-4] as it has been widely researched and used in a variety
of settings.

Definition 1. A function ¢ : I CR — R is said to be convex if
p(owr + (1= 0)ws) <op(wi) + (1 —0) ¢ (w2)
holds for all wi,ws € I and o € [0,1]. If —¢ is convex, then ¢ is said to be concave.

Convex function theory plays a crucial role in both pure and applied mathematics.
Noteworthy inequalities have been derived using various types of convexity [5-9].

The study of integrals and derivatives requires a solid understanding of calculus, a
fundamental branch of mathematics. A new mathematical framework called quantum cal-
culus, or g-calculus, has emerged as a result of the evolution and adaptation of the classi-
cal calculus concepts. Quantum calculus, which includes g-integral calculus, g-fractional
calculus, and g-transform analysis, is the study of calculus without limits. Numerous
mathematical and physical areas have shown how effective these techniques are. In the
early 20th century, the first description of quantum calculus was provided by Jackson.
The book [10] is recommended for those who wish to investigate deeper into this topic.
g-deformation is a key idea in the field of quantum calculus. This procedure includes
changing the characteristics of calculus operations, such as differentiation and integration,
by adding a parameter q. Similar to ordinary differential equations in classical calculus,
g-difference equations are used in g-calculus to define functions and their derivatives.
g-integrals and g-derivatives, which are extensions of their classical counterparts, are in-
troduced in quantum calculus. It is clear that these operators meet several g-analogues of
the basic theorem of calculus and the Leibniz rule, which are characteristics of ordinary
derivatives and integrals. This research paper’s main goal is to investigate the H — H
inequality related to the quantum integral operator. Several features of the g-integral for
a continuous function were defined and shown by Tariboon and Ntouyas in [11] in 2013.
However, Kunt and Iscan showed in [12] that the H — #H inequality derived in [11] is in-
correct on the left. The following variation of the H — H inequality for the g-integral was
then established by Alp et al. in [13]:

qw1 + wo 1 w2 qp(wr) + p(w2)
< d < 1
@( q+1 )_wg—wl/wl Port)urdyra < g+1 (1)
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where ¢ € (0,1) and ¢ : [w,ws] — R is a convex function. The aforementioned inequality
(1) is referred to as the quantum H — H inequality. In recent years, this inequality has
been the focus of research by numerous mathematicians. In [14], Ali et al. established
an identity related to the quantum H — H inequality and the g-integral. Since integral
identity and applications of power-mean inequality and Holder inequality result in the
g-integral form of the H — H inequality, it is clear that certain conclusions have been
established. Previously, the findings were deduced for a certain value of q. Noor et al., in
[15], established some novel quantum estimates for H — H inequalities via g-differentiable
convex functions and g-differentiable quasi-convex functions. In the present study [16],
the authors propose a novel definition of convexity (k-harmonically y—convex function)
and employ this definition to derive new H — H-type integral inequalities for quantum
integrals. A number of authors engaged in research within this field have also studied the
symmetric quantum calculus of the H — H inequality. Researchers interested in further
works may refer to studies [17] and [18]. In [19], Budak and colleagues took into account
the class of coordinated convex functions in order to derive the extended form of the
quantum H — H inequality. In order to further generalize the quantum # — H inequality,
the double integral identity has been developed. Furthermore, as mentioned in [20] and
[21], it has been shown that the above inequality holds for the class of s-convex and
r-convex functions, respectively.

This study’s main goal is to analyze the quantum H — H inequality using a Green
function method. Several novel quantum identities were inferred throughout this partic-
ular technique. New inequalities have been made possible by the use of these identities.
Convexity, Jensen’s inequality for convex mappings, and g-identities are among the meth-
ods used in the study to arrive at the main results of the work. To support the primary
findings, the study offers graphical representations and numerical confirmation.

2. Preliminaries and Definitions of g-calculus

The following discussion will commence with a presentation of these fundamental def-
initions.
Definition 2. [11] Let ¢ : [wi,w2] — R be a continuous function, and let ¢ € [wy,ws].
Then the expression

wquSO(C) =

p(c) = plge+ (1 = gJwr) o
(1—-q)(c—wr) 1 ;€ 7 Wiy Dyp(wr) = Clgill wquSO(C)

is called the g-derivative on [w1,ws] of the function at c.
We call ¢ g-differentiable on (w1, ws)] if w, Dgp(c) exists for all ¢ € [wy, wo).

The g-Jackson integral, or g-integral ([22]), was found by Jackson in 1910.

Definition 3. [11] If ¢ : [w1,w2] — R is a continuous function, then the g-integral of ¢
on |wy,we| is defined as:

[ o6y = e =)= 0 (et (1 hen)

1 k=0
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where 0 < ¢ < 1 and ¢ € [wy, wa).

There are several important properties of g-integral, for example interval addition,
linearity, triangular, and monotonicity property.

Theorem 1. [11] If ¢ : [w1,w2] = R is a continuous function. Then

Cc

A w1 Dgp(€)wy dgse = ¢(c) — p(€)

where € € (w1, c).

Theorem 2. [23] If p,Q : [wi,w2] = R are two continuous functions and suppose p(x) <
Q(5), Vs € [wi,wa]. Then we have

/gp(%)wldqxg/ Q(52) w, dgoe.

1 w1

Theorem 3. [11] If ¢ : [w1,w2] = R is a continuous function. Then we have

C

w1Dq (p(%)undq% = @(6)3
w1

c wqugp(%)Wldq% = @(C) - ‘:0(5)

where & € (wr,c¢).

Theorem 4. [11] If ¢, Q : [w1,w2] — R are two continuous functions and suppose k €
R, c € [wi,wa], and § € (w1,c). Then we have

C

/“: [(52) + Q(5¢)|wy dg3e = /: O(56)wy dg e + / (50, dg e

1 w1
c

Kp(5€)w, dg = /<;/ ©()w, dge;

w1 w1

C
/g 0(52)r Dy (52)usy g e

—o(e)2e) — p(E)0E) /g Qo+ (1= 0)n)un Dapl52)un .

3. Main Results

The fundamental results will be established through the utilization of the following
lemma.
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Lemma 1. [24, 25] Let G be the Green function defined on |wi,ws] X [w1,wa] by

_Ea <€< )
Gt)=y 0 2 2
wr — 2, x<{l<ws.

Then any ¢ € C*(Jwi,ws]) can be expressed as
w2

wm:¢@o+w—mwmm+/ G(oe, 0)" (D). @)
w1
Theorem 5. Let ¢ € C%wy,ws] such that ¢ is convex and 0 < q < 1. Then

1 /w2 () d qu1 + w2
a4 ” — _—
g — w1 MSO w1 8q 2 q+1

1 1 " " (wQ - wl)s
[6 (¢"(w2) — ¢ (w1)) ((1+q)(1+qg)>

W —wi

B (@"(W) + @"(wl)) ((wz - w1)> 2 <280"(W2) + @"(w1)> ¥

2 1+¢ ! 6

3 (@"(WQ)E:SD"(M)) ((Qle;;z))B N (@"(wz)wl ; <P"(w1)W2>

(quwi + w2) 2 wiwa ' (wr) (W — wr) "
((1+Q)> 1+q) + ¢ (wi)wiws

+1<@&—MP)¢%M4. (3)

2\ 1+q+¢?

Proof. If we set s = % in (2), then we get

qu1 + wo qu1 + wo / /w2 <qw1 + wo ) "
) () + [ = —w wa) + g\ ————¢ de
P22 e+ (B2 - ) e+ [0 (5520)

wo —wi w2 qu1 + w2 "
=p(w1) + ¢’ (w2) +/ G <€) " (0)de. (4)
q+1 w1 q+1

Also from (2), we obtain that

1 [
/ (52) gt

wo — w1 Sy,
———— [ {etw) + e + [

w2 = W1 Juy, w1

w2 —w1 1 w2 [e2 "
L+ o [ [ et atadye )

w2

G(s, E)go“(f)dﬁ} dys

w1

=p(w1) +
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Subtracting (4) from (5), we get:

1 /“’2 () d (qw1+w2>
» w—p| ———=
wo — w1 Jo, PR =P\ T

. w2 — Wi
=p(w1) + ) @(w2)+w2_w1

/ G (52, 000" (0) o, e

w1 w1

wy — w1 w2 qwi + w3 Iz
— - - P T2 A yae.
o) = 2 ) [0 (B2 1) 0

:/wz { L [P 66t dye—0 <W€> e ae. ()

w1 w2_w1 w1 q+1

2 qui + w2
g(%, ﬁ)wldq% — g <q—+—17£> .

Let v(0) =

Wy — Wi Sy,

Clearly v(0) is the difference of middle and left side of (1), for the Green function therefore
~v(€) is non-negative.

- -0
Let { = w1 wo + 2 w1, then from (6) we have
w2 — w1 w2 — w1

1 w2 qw1 + wo /“’2 o L— w1 wo — 4
dose — o | L1222 = ¢ wo + wr | de.
WQ_M/M P (50) ey dg 3¢ w( ] . Y(0)p L R

By convezity of ¢", we obtain

wo — W1 Ju, q+1 ) w2 — w1 w2 — w1
= [t — o (M52 ) <) [0 - ait+ )
wo — w1 Jy, o q+1 " (w2 —w1) w1
w2
|20 - o). 7)
w1

Now we find the integral f:’f Y(0) (€ — wy)de.
If (0) = 203 — Jwi 0%, then @' (£) = £ — wy, using these functions in (6) we obtain.

w2 1 w2 [ 53 o 1 qui+w\®  wi (g +ws)?
[ = 2 [ (5 n g a5 (M1552) + 5 (M52

Finding the above integrals, we deduce.

w2 1 (wg—wyp)? lwd(wy—wy) 1 5 1 (qw1 +w2)3
Ol —wr)dl == - = - —wj — = | ——=
/wl MO =)l = T T+ @ 2 114 31

w1 [ qui + w2 2
— [ = . 8
+2 < 14¢ ) (8)
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Now we find the integral f;f v(0)(we — £)de.
If (0) = Swal® — 203, then @' (£) = wy — £, using these functions in (6) we obtain.

w2 1 “Zlwy 5 1 4 wy ((qui+wa\® 1 [qui+w)®
O)(ws — 0)dt = “2.2 2 dype — 22 (1T @2 2 (41 T @
/w1 V() w2 = £) wg—wl/wl (2% 67 )N T 9 T4 6\ 1+g

Finding the above integrals, we deduce.

w2 w2 (LUQ - w1)2> W12 (wg — wl) 2 1 ((.UQ — w1)3
l —0)dl =— _ -
/w1 702 =0 2 <1+Q+q2 " N (e

_lwl(wz—wl)Q_lw%(m—wl)_}wg_ﬂ qwi + w2 2_} qui + w2\
2 1+q+¢>2 2 1+gq 6 L 2 1+g 6\ 1+¢
(

9)

using (8) and (9) in (7), we get

1 " I (w2 —w)? _lw%(wg—wl) 1 53 1 [/qui+w 3
<)[ ( 2){ <>

et
(wg — w1 6(1+q)(1+¢2) 2 1+gq 3716\ 1+4¢
2 2

wi [ qwi + w2 } " {w2 <(w2—w1)> wiwa (w2 — wr) 2
+ (=) ()= - +ww
2( 1+ ¢ ) G ol e 1+4 L
1 (we —wp)3 ~ lwi(ws — wi)? - }w%(wz —wi1) }wg w2 (qwl +w2>
6(1+¢)(1+¢%) 2 1+q+¢® 2 1+¢q 61 2\ l+gq

Clfqutwn 3}
6 1+q )

- 1 1 " 1" (w2 - w1)3
‘wy—w[6“’W”“°“”)Q1+ma+@%>

B <<P"(w2) N 90"(2W1)> <(wi ;:1)) W2
(

_ <<P”(2w2) L w1)> Wi <90”(w2) n @”(m)) ((qwl +w2)>3

3 6 6 6 (1+q)
¢'(wwi @ (w)we ((qwi +w2\? | @ (wi)we (w2 —wi)?
+< 2 2 >< <1+q>>'+ 2 <u+q+q%>
wiwe” (wi)(wa —w1) |, w1 (w1) (w2 — wi)?
1+q) s - 21 +q+ ¢?)

(
_ 1 1, ., " (wQ — wl)g
_ [6 (¢" (w2) — ¢ (w1)) ((1+q)(1+q2)>
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B <<P"(w2) J2r @"(w1)> <(wi ;;UD) W2
1 7 Vi " 3
3 <290 (wz)gﬂp (wl)) W <<P (w2)23-</7 (w1)> ((qzullj_r;;ﬂ)

N <90”(w2)w1 ; <P"(w1)w2> <(qzdllj;;2))2

8 of 18

wiwa” (w1)(we — w e

(10) is equivalent to (3).

Remark 1. Under the assumptions of Theorem & with the limit as ¢ — 1, we have the
following H — H inequality:

1 w2 w1 + wa
/ p(s)dx — ¢ < >
w9y — W1 w1 2

< [214 (¢ (w2) = (1)) (w2 = w1)?

— 1 (") + ¢ () (w2 — ) — £ (26 () + (1))

- % (" (w2) + ¢"(w1)) (w1 +w2)® + % (" (wa)wr — ¢ (w1)w2)

1
(w1 + w2)? + 5 (wiwae (w1) (w2 — w1)) + @ (w1)wiwy
]' 3 "
+ w2 —w) (W) |-
Theorem 6. Let p € C?|wy,ws] such that ¢ is conver and 0 < ¢ < 1. Then

qp(wr) + p(w2) 1 /°u2

q n 1 Wy — Wy 90(%)0-)1dq%

w1

1 Loy " (w2 _wl)g
S— [- 5 (e~ ) (@ i )

B (so”(M) - <p"(w1)) <(w2 - w1)> 2 <290”(w2) + <P"(w1)> 3

2 1+q )9 6 !
(w2 —w1)®\ wiwe” (wi) (w2 —w1) 1, 2
2 <1 +q+ q2 2 (wl) (1 I q) 290 (wl)wle

_ <2<P"(w2)grw”(m)> <1qii”q> n (w”(m) 4%2<P”(w1)> <1qu>
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_ (wzso”(wQ) —2qw190”(w1)> <<1m+w2>

Proof. If we set x = ws in (2), then we get

. (11)

w2

p(wn) = plen) + (wa — wn)¢ (wn) + / G(wn, )" (0)de.

w1

Adding qp(wi) and divide by (¢ + 1) both sides we get

gp(w1) + pwa) _ wy —wi [ "
o =gl + 2 ) + g [ g noa (2

Subtracting (5) from (12), we get:

+ 1 w2
qsﬁ(wz)+ 1@((#2) oo / O(50), dg
B w2 g(w%g) 1 w2 ,
_/w1 { q+1 N Wo — Wy /wl g(%7£)w1dq%}§0 (6)de. (13)
g(wg,é) _ 1 w2

Let v(0) = G(52,0),,dgs.

qg+1 wo — w1 Sy,

Clearly () is the difference of right and middle side of (1), for the Green function
therefore by y({) is non-negative.

€—w1 (,UQ—€

Let ¢ = wy + w1. Then from (13) we have
Wy — W1 w2 — W1
1 w2 w2 l— —/
gp(wi) + p(wa) / O(50)uy dy e :/ y(£) " ( d wo + w2 w1> dr.
g+1 wa — w1 Jy, wi wWa — w1 w2 — w1

By convezity of ¢, we obtain

gp(wi) +p(w) 1 /w2 0(50) e, dgre < /w2 y(ﬁ){ = wll @ (w2) + < wp L ) @”(M)}df-

q+1 wo — w1 Sy, Wy Wy — W Wo — w1
Q‘P(Wl) + 90(0‘)2) 1 /W2 1 " /wQ "
_ < - _
= el B s e {¢"(w2) BRCIETAET®Y
w2
|0 - o). (14)
w1

Now we find the integral f:f v(0) (€ — wy)de.
If () = %63 — w12, then ¢ () = 0 — w1, using these functions in (13) we obtain.

a4 i
/fy(ﬁ)(ﬁ—wl)dﬁ: - / (6—b12> dgse.
w1

W 1+g¢q w2 — w1 Ju,
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Finding the above integrals, we deduce.

3 3 2
w2 1 _ 3 1 2 _ 1 _qwy + wy  wiwy
/ )l — wy)dl = —= (w2 —w1) - _J’Jl(w? w1) b 3 6 p)
w1 6(l+q)(1+4¢%) 2 14¢ 3 1+g¢

Now we find the integral f:f v(€)(we — £)de.
If (£) = Swal® — 203, then @ (£) = wy — L. using these functions in (13) we obtain.

wgw% w%) + wzw% wg

w2 q(T—f 2 T % 1 “2 [ woy 1
¢ —0)dl = - 5 Ay
/w1 v(0)(way — 0) T q wz_wl/w1 <2% 6%>w1 g

Finding the above integrals, we deduce.

w2 w Wy — wy )2 wiwso(wg — w w1w 1 (wo—wp)?
/ 7(6)(w2—£)dﬁ——22<(1_i 1)2>_ wa (w2 —wi) w1 2 1 (w2 1)2
w1 q+q l1+gq 2 6(1+q)(1+4¢*)
2 3 3
1&)1(&)2 —w1)2 lw%(u}g —wi) N 1w3+ qwéwz qogl + %2
2 14q+¢> 2 1+gq 6 ! 1+gq
(16)
using (15) and (16) in (14), we get
3
< 1 30”((4) ){ _1 (w2_w1)3 _1&]%((4)2-0)1) _‘_1(’03_‘_ _%4—%_ w12“)2
“ (w2 —w1) U610+ (1+¢?) 2 1+gq 3! 1+gq
w Wy — w1)? wiwo(wg — w w1 2w 1 wo — wy)?
+gp"(w1){—2<(2 1)2>_ 1w2 (w2 1)_ 1 2+7 (wa 1)
2 \14+q¢+gq 1+¢ 2 6(1+q)(1+4q*)
2 3
1wy (w2 —w1)2 1w%(w2 —wi) n 1 3. q‘gm WTI+‘%2
— — —w
2 14+qg4+¢2 2 1+4¢ 6 ! 1+gq
1 1 1" " (w2_w1)3
= S wy) — w
Wy — w1 6 (‘P ( 2) 2 ( 1)) (1+q)(1+q2)
_(Pw2) — W) (w2 —w) o (267(w2) + e (w1 s
2 1+q )™ 6 !
1((w2—w)®\ , wiwe” (w1)(w2 —w1) 1,
2 (1+q+q2 ¥ (wl) (1+ 2@ (wl)w1w2
B <280”(W2)+80”(W1) (qwl > <90 wa +280"(W1)) ( w3 >
6 l1+q 1+¢
(w2 (w2) — quip"(wr) | [(wiw2 an
2 1+g¢

(17) is equivalent to (11).
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Remark 2. Under the assumptions of Theorem 6 with the limit as ¢ — 1, we have the
following H — H inequality:

1 [_]'@WM)—dﬁuﬂ@&—MP

— 1 (6 w2) — 9" () (w2 — wn)eod + 5 (2" (2) + ¢ (wn))
é (w2 —w1)® @ (w1) — % (wiwa” (w1) (wa — w1)) — %@”(wl)w%m
— 75 (27" (n) + 9 (wn)) w + 75 (¢ (w2) + 26" (wn))

1

~1 (wggp"(wg) — wlgp”(wl)) wiws | .

A wide range of inequalities for convex functions have been published in the literature,
and Jensen’s inequality has a special place among them. The following is the presentation
of Jensen’s inequality:

Lemma 2. [26] Let p : [wi,ws] — I be integrable functions with p(s) > 0,
Vo€ |wi,wsl, and f:jf p(se)dse > 0. If p : I — R is convex function, then

“2 p(5¢) 2ed s w2 ) dx
(%P( >—ff 18)

Theorem 7. Let ¢ € C%wy,ws] such that ©" is a conver and 0 < g < 1. Then

1 /“2 () dyse — p (21 T92
Wz — w1 M‘P w1 Qg ® q+1
> 1 (wo — w1)? +w1(w2—w1)+1w% qui +wz
2\ 1+ q+ q? (1+q) 2 1+gq

(wa2— w1)2) _i_%Wl(WZ wi)? + 1w1(w2 w1) + wl %<w1+w2>
2

1
n | 6 (1+9)(1+g 1+q+q> I+q T+q

1 (w2—w1)? wl(wrwl)_‘_ 1o 2 1 (qwitws
2 1+q+q? 1+q 1 2 1+q

Proof. From (18), we have

w2 “2 05 (3¢) sedse w2
t/pww@<hp“))g/pwwwm% (20)

w1 f:f p(s)ds
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Comparing (20) with (6), we have p(sc) = y(¢) and p(3¢) = ©"(£).

(20), becomes
w2 . wa f 0)ede
/ S0 ez [ e fw (6) -

By (6), we have

1 w2 qwi + w w2 f Edé
o /wl O(2)w, dge — <q1—|—12> > /w1 y(0)de." (le (E)df) . (21)

Now we solve the integral, fwwf ~y(0)de.
If () = 202, then ¢"(¢) = 1, using these functions in (6), we obtain.

“a= L [l L (qwtw)’
/w1 7(g)dg_w—wl/w 2(€)w1d€ 2< 1+g¢q >

Finding the above integrals, we get.

w2 1 [ (w2 —w)? wilwa—wi) 1 5 1 (qui+ws 2
Hdl = = —wi — = | ——= ) . 22
/wl () 2(1+q+q2 TTarg T2 21y (22)

Now we solve the integral, j:f y(€)ede.
If p(€) = ££3, then ¢ (¢) = ¢, using these functions in (6), we obtain.

- S S L (qun+ws\’
/w 7(€)€d€—w2_w1/w HEWAE 6< 1+q>

1

Finding the above integrals, we get.

/WQv(e)ecw_l (o —w1)’ | lwn(wr—wn)” | 1wj(ws —wi)
w 6l+q)(1+¢) 2 l+q+a® 2 1+g
1 (qui +ws
6 w%6< L+4 ) (23)

Using (22) and (23) in (21), we get

1 /w2 (56)oon ¢ — quwi + wo
wo — w1 Mcp S R
> 1 (wo — w1)? +w1(w2—w1) —|—1w% <qw1 —l—w2>
2\ 1+ q+ ¢? (1+q) 2 1+gq

(wa2— w1)2) _i_%m(wz wi)? + 1w1(w2 w1) + Wl %<w1+w2)
2

1
(p// 6 (1+q)(1+¢ 1+q+q? I+q I+q

1 (w2—w1)? w1(w27w1)+ Lo 2 _ 1 (gwitws
2 1+q+q? 1+q 1 2 1+q

. (24)

(24) is equivalent to (19).
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Remark 3. Under the assumptions of Theorem 7 with the limit as ¢ — 1, we have the
following H — H inequality:

1 w2 w1 + woy
/ p(s)dse — ¢ <>
w2 — W1 Juy, 2

1 1 1 1
> <6(w2 —w1)? 4 cwi(we —wi) + —wf — < (w1 + w2)2>

2 2 8

W (214((*)2 —w1)? 4 FHwz —wi)?wr + Fw2 — w1)wf + Fwi — gk (wr +w2)3>

Hwr — w1)? + H(ws —wi)wr + Fwi — F(wr + w2)?

Theorem 8. Let ¢ € C?[wy,ws] such that ¢ is conver and 0 < q¢ < 1. Then

qp(wr) + o(we 1 w2
o) L
q wo — w1 Ju,
> <1 (‘M> 1 <(w2 - Wl)Q) _wilwy —wr) 1w2>
=\2\ 1+4¢ 2\ 1+q+q? (1+q) 21
1 (qui+wd) 1 (we—w1)? 1wi(we—wi1)?  1wi(we—wi) 1.3
u | 6 1+q 6 (1+q)(1+4?) 2 14+q+q? 2 1+q 61
® 1 (qw%-i—wg) 1 (we—w1)?  wi(we—wi) 1,2
2 1+q 2 1+q+q? 1+q 21
(25)
Proof. From (18), we have
w2 ol pse)sedse w2
| e (2T ) < [ b0 G (26)
w1 w1 p(se)dse w1

Comparing (26) with (13), we have p(3¢) = v(¢) and p(3¢) = ¢ (¢).

(26), becomes
- w 2y (0)ede
/w1 V()" (£) dl > /w1 Y(£)dl.o <W> :

By (13), we have

gp(wi) + p(w) 1 w2 w2 , (LA (e)ede
g+1 Wy —wp /w1 P(30)un dgre = /wl V(0)de.p (W) . (@7

Now we solve the integral, fwwf ~y(0)de.

If p(¢) = 202, then ¢"(¢) = 1, using these functions in (13), we obtain.

w2 1241 2 w3
qwy + 5w; 1 L o
7€d€——2 272 / —(0%),, dgL.
/w1 () 1+gq w2 — W1 Jun 2( )1q
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Finding the above integrals, we get.

w2 1 qw%+w%> 1<(w2w1)2> wiwe —wi) 1 4
Ode == (e 2 - W2 (28
/w1 " 2( l+gq 2\ 1+q+¢? (1+9) 2“1 (28)

Now we solve the integral, fwwf ~()ede.
If p(¢) = 13, then ¢"(¢) = ¢, using these functions in (13), we obtain.

— 6
wa 1 3 1,3 w2
= - ~(03) 4, dg.
/w ~(£)ede g P 5w dg

w1

1

Finding the above integrals, we get.

/w2 y(O)tdt = H <qw“f+w§’> 1 (- wy)?® 1w (wg — w1)?

o 6\ 1+g 6(1+q)(1+¢%) 2 1+g+¢
1w} (we — 1
Clwilwazw) Ls )
2 1+4+4¢ 6
Using (28) and (29) in (27), we get
gp(w1) + p(w2) 1 “2
- QO(K)qu%
qg+1 wo — w1 Sy,
- (1 (qw% +w%> 1 <(w2 —w1)2> Cwi(we—w) 1w2>
=2\ 1+4¢ 2\ 1+ q+¢? (14 q) 21
1 qw%-i—wg 1 (wa—w1)? . lwl(wg—wl)Q _ lwf(w2—w1) _ lw?,
6\ 1tg 6 (1+9)(1+¢?) 2 1+g+q? 2 1l4q 671
4 1 (qw%w% ) C l(wemw)?  wilwr—wy) 1 2
2 1+q 2 1+q+q2 1+q 271
(30)

(30) is equivalent to (25).

Remark 4. Under the assumptions of Theorem 8 with the limit as ¢ — 1, we have the
following H — H inequality:

p(w1) + p(wa) 1 /w2

1 1 1 1
> (4(w% —i—w%) — 6(0.)2 — w1)2 — §(w2 —wy)wy — 2w%>

" (112(0«&)’ +wh) — gp(wp —wi)? — lwz — wi)?wi — 3wz —wi)wf — gwf

107 +w3) = glwz —w1)? — 5wz —wi)wr — 507
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4. Numerical Examples and Graphical Analysis

In this section, we present our primary results through numerical examples and graph-
ical representations. Under the assumption of Theorem 5, we take ¢ € (0,1), ¢(5) = »?,

and |wi,ws] = [6, 8], as a variable to illustrate a Figure 1 between the left and right-hand

sides of Theorem 5.

Plot of the Inequality

: . LHS
‘ e N . RHS

Value

7

7
6.5

b2 6 6 . bi
Figure 1: LHS vs RHS of Theorem 5 for ¢ € (0,1), ¢(3) = 3%, on [w1,w2] = [6,8].

Under the assumption of Theorem 6, we take ¢ € (0,1), ¢(s) = 5%, and [wi,ws] =
[2,2.4], as a variable to illustrate a Figure 2 between the left and right-hand sides of

Theorem 6.

Plot of the Inequality

I LHS
I RHS

Value

2.4

22

b2 2 2 b1

Figure 2: LHS vs RHS of Theorem 6 for ¢ € (0,1), ¢(3) = 3, on [wi,ws] = [2,2.4].
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Under the assumption of Theorem 7, we take ¢ € (0,1), p(x) = 32, and [wy,wq] =
[0, 1], as a variable to illustrate a Figure 3 between the left and right-hand sided of Theorem

7.

Plot of the Inequality

I LHS
I RHS

Value

b2 0 0 b1

Figure 3: LHS vs RHS of Theorem 7 for ¢ € (0,1), ¢(») = 52, on [w1,ws] = [0, 1].

Under the assumption of Theorem 8, we take g € (0, 1), ¢(») = s*, and [wy,ws] = [7, 8]
as a variable to illustrate a Figure 4 between the left and right hand side of Theorem 8.

Plot of the Inequality
T . S
I RHS

Value
. |

b2 77 b1

Figure 4: LHS vs RHS of Theorem 8 for g € (0,1), ¢(3) = 5", on [wi,w2] = [7, 8].

5. Conclusion

The present study has employed a Green function technique to analyze the quantum
‘H — H inequality. New quantum identities were obtained throughout this procedure and
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applied to create new inequalities. Jensen’s inequality for convex mappings, convexity
principles, and g-identities are some of the methods used in this work to arrive at its main
conclusions. Furthermore, the major results are supported by graphical representations
and numerical validations. In this regard, the presented consequences and methods in this
paper may explore further investigation in this area by mathematicians.
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