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1. Introduction

A neutrosophic metric space expands on the traditional notion of metric spaces by in-
cluding the concept of neutrosophy, which deals with uncertainty and indeterminacy. The
distances between points in a typical metric space are well defined and accurate; however,
in a neutrosophic metric space, the distance between points is specified by three distinct
functions that indicate the degree of truth, indeterminacy, and falsity. This approach
enables more sophisticated modeling of complicated, uncertain, or ambiguous processes in
which information may be inadequate or inconsistent. Essentially, it provides a mathe-
matical structure for analyzing environments where traditional metrics fall short, allowing
more adaptable and resilient approaches to problems in fields such as fuzzy logic, deci-
sion making, and applied research. Neutrosophic metric spaces allow for a more in-depth
examination of phenomena that classical approaches cannot fully represent.

In mathematical analysis, fixed-point theory is a powerful tool with wide-ranging appli-
cations. The most applicable fixed point theorem in metric spaces is the Banach contrac-
tion mapping theorem, which was introduced in [1]. It has been generalized into several
versions of fixed-point theorems and has been advanced through numerous methodolo-
gies. Mathematical models based on classical set theory cannot always capture ambiguous
circumstances in nature or real-world challenges. To overcome this challenge, Zadeh [2]
introduced fuzzy sets to represent an element’s membership by designating an element’s
inclusion in a set by allocating a value within the interval [0, 1]. Afterward, Atanassov [3]
Presented intuitionistic fuzzy sets, which facilitates the representation of level of ambiguity
when determining whether an element in a set is a member or not.

Kramosil and Michalek [4] proposed fuzzy metric spaces (FMSs), which extend prob-
abilistic metric spaces. Grabiec [5] was the first to research the ideology of fuzzy metric
fixed-point theory (FMFPT). By introducing G-completeness and G-Cauchy sequences,
he established a fuzzy counterpart to the Banach contraction principle on FMSs inspired
by [4]. In 1994, George and Veeramani [6] developed a Hausdorff topology for FMSs. Ad-
ditionally, they showed several fixed-point outcomes on the modified spaces and suggested
changes to Grabiec’s Cauchy sequence concept. In 2004, Park [7] proposed the framework
of IFMSs, which increased the scope of fuzzy metrics. Researchers are still delving deeper
into FMFPT. The study mostly goes in two different directions: expanding the scope of
FMSs (comprehensive analysis provided in [8-13]) and examining the existence of fixed
points for mappings adhering to various contractive conditions (for comprehensive infor-
mation, refer to [14-17]. Azam et al. [18] introduced complex-valued metric spaces to
metric fixed-point theory in 2011. Instead of using non-negative real numbers, they used
ordered complex numbers to provide fixed-point results for translations that meet logical
inequality criteria. Shukla et al. [19] used this notion in FMFPT. The authors defined
complex-valued fuzzy metric spaces (CVFMSs) and identified fixed-point transformations
that meet contractive conditions. Umar et al. [20] worked on Some Common Fixed-Point
Theorems in Neutrosophic metric spaces (NMSs). Current research focuses on analyzing
fixed-point translations using CVFMSs. Examples of relevant research include publica-
tions by [21, 22] and Humaira et al. [23-27], which provide practical applications. Kiri sci
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and Simsek [28] proposed NMSs for membership, nonmembership, and naturalness func-
tions. The authors in [29, 30] and Sowndrarajan et al. [31] demonstrated fixed point
findings in NMSs. Umar et al. [32] worked on fixed point results in orthogonal NMSs. See
[33, 34] for applications and research direction.

This paper introduces CVNMSs (CVNMSs) as a new type of fuzzy metric space. This
novel idea encompasses both CVFMSs by [19] and IFMSs by [7]. We give some fixed-point
outcomes for transformations with contractive constraints in freshly formed spaces. We
apply Banach’s fuzzy variation to intuitionistic fuzzy spaces, resulting in common fixed-
point outcomes in CVFMSs. Our findings are demonstrated through practical examples
and applications.

2. Preliminaries

This section summarizes key concepts in CVFMSs, as defined in previous work by
[19]. Throughout the paper, we denote the set of positive integers by M and the set
of nonnegative integers by M. We represent any complex number z = ¢ + id by (c,d).
Assume that S = {(¢,d) : 0 < ¢ < 00,0 < d < oo} C C, where C is the set of complex
numbers. We express (0,0),(1,1) and (3,1) in C as @, 3’ and S respectively. We denote the
closed unit complex interval by T = {(¢,d) : 0 < ¢ < 1,0 < d < 1}, the open unit complex
interval by Top = {(¢,d) : 0 < ¢ < 1,0 <d < 1}, and Sp = {(¢,d) : 0 < ¢ < 00,0 < d < o0}.

Assume that < is a partial order in C, es — e; € S if and only if e; < ey, where
e1,es € C. We write e; < ez to express Re(ez) > Re(er) and Im(ez) > Im(ep). It is
obvious that e; < eg if and only if e — e; € Sp. Assume that {e,} is a sequence in C. If
for each n € M, ¢, +1 < e, or e, < e, + 1 hold, then {e,} is called a monotonic sequence
in relation to <.

Remark 1. [19] Let e, € S for every n € M, all of the following propositions are true:

(1) If {en} is a monotonic sequence with respect to < and for some &,y € S fulfil
T =< e, X4 for each n € M, then there exists e € S such that lim,,_, e, = €.

(2) = creates a lattice structure on set of complex numbers C, but does not create a total
ordering on C.

(3) If for each k € L satisfies & < k =< ¢ for some &,4 € C, then infimum of L and
supremum of IL are exists.

Remark 2. [19] Considering that the following criteria hold for each n € M, ey, e}, € S,

(1) If for each n € M, we have e, =< €}, = ' in addition to e, — I’ as n approaches to
infinity , it follows that e, = ’.

(2) If every element e, in a sequence satisfies e, =< z, and if the sequence e, has a limit
e €S, then the limit e also satisfies e <X z.

(3) If every element e, in a sequence satisfies z < ey, and if the sequence e, has a limit
e €S, then the limit e also satisfies z < e.
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Definition 1. [19] Assume that V is a set that is not empty. Complex fuzzy set (CFS) &
is defined as the mapping from V to the closed unit complex interval T.

Definition 2. [19] A binary operation * : T X T — T is called a complez-valued t-norm if
it meets the following conditions:

(1) @xe=0,3 xe=e for every e € T,
(2) * is associative and commutative
(3) e3*eq = eax ey given that es = e1,eq = ey for each ey, ea,es,eq € T.

Example 1. [19] Suppose that e; = (13,&) € T for i = 1,2, binary operations xz, xy, % :
T x T — T are defined below:

(1) €15y ez = (T172,£162);

(2) e1 *y ez = (min{7, 2}, min{&y, & });

(3) e1 %, ea = (max{r + 12 — 1,0}, max{& + & — 1,0}).
Therefore, %y, %y, %, are complex-valued t-norms.

Definition 3. [19] Let V # 0, % be a continuous complezx-valued t-norms and € be a CFS
defined on V? x Sy whereby the criteria following hold:

(1) E(e% v, e) = 2;

(2) E(¢° v,e) =S for each e € Sy if and only if ¢° = v;
(3) (% v,e) = E(v, 0% €);

(4) E(°s,e+¢) = E(e% v,e) % E(v,5,¢);

(5) £(°v,") : So — T is continuous;

for every 0°,v,c €V and e, ¢’ € Sy.

Then € is called a complex-valued fuzzy metric on V, and (V, &, x) is called a complex-
valued fuzzy metric space. A CVFM & characterizes the degree of nearness between two
points of the set V relative to a complex factor e € Sy.

Definition 4. A binary operation A : T x T — T is called complez-valued t-conorm if it
meets the following conditions:

(1) e AT =ec,e NS =S for every e € T;
(2) A is associative and commutative;

(8) es AN ey = ey A ey given that es = ey, eq = ey for each ey, eq,e3,e4 € T.



S. M. U. Ud-din et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6931 5 of 38

Example 2. Suppose that e; = (13,&) € T for i = 1,2, binary operations Ny, Ny, A,
T x T — T are defined as below:

(1) e1 Dy ez = (11 +72,& + &) — (172, &162);
(2) e1 Ay ea = (max{ry, o}, max{&1,&2});
(3) e1 A\, eo = (min{7m + 72,1}, min{&; + &2,1}).
Therefore, Ay, Ay and A, are complez-valued triangular-conorms.

Remark 3. Both binary operations, triangular-norm, and triangular-conorm, are fre-
quently employed in fuzzy set theory, especially within the contexts of [0,1] and lattices.
The former denotes the shared area between two fuzzy sets, sometimes expressed as a con-
Junction in fuzzy logic. The t-conorm, which is the dual of the t-norm, is seen as the area
where two fuzzy sets meet, or, in other words, a disjunction in fuzzy logic. For additional
insights into the ideas of t-norm and t-conorm are encouraged to refer to [35] and [36].

Definition 5. Assume that V # 0, x and A\ are continuous complez-valued t-norm and
t-conorm, respectively, and £,G are complex fuzzy sets (CFSs) defined on V? x Sq in which
the following conditions are satisfied:

(1) E(e° v,e) +G(0°% v,e) =

(2) E(0% v,e) -

(3) E(¢% v,e) =

(4) E(¢° v e) = E(v, 0% €);

(5) E(0° s e+e) = E(° v,e) xE(v,s,e);

S’ for each e € Sy if and only if 0° = v;

(]

o,

X

(
(
(
(
(
(6) E(0° v,-) :Sop — T is continuous;
(7) G(e° v, e) < S
(8) G(e°,v,e) =D for each e € Sy if and only if 0° = v;
(9) G(¢° v, e) = G(v, 0% €);
(10) G(0°,c,e+¢€') = G(0°% v, e) AG(v,s,€);
(11) G(e°, v, ) : Sp — T is continuous;
for every 0°,v,c €V and e, e’ € Sy.

The pair (€, G) is called complex-valued intuitionistic fuzzy metric on V and (V, &, G, *, A)
is called complex-valued intuitionistic fuzzy metric space. The pair (€, G) denotes the de-
gree of nearness and the degree of non-nearness between two points of the set V with
respect to a complex parameter e € Sy.
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3. Main Results

In this section, we introduce the concept of complex-valued neutrosophic metric space
(CVNMS).

Definition 6. [28] Assume that V # 0, and let x and A\ represent continuous triangular
norm and continuous triangular conorm, respectively, and £,G,H are the neutrosophic
sets defined on 'V x V x (0,00) in which the following conditions are satisfied:

(1) E(0° v,e) +G(0° v,e) +H (% v,e) <3;
(2) € ) >

(3) E(0° v,e) =1 if and only if 0° = v;
(4) E(% v,e) =

(5) E(e°,s,e+¢€)>E(0% v, e) xE(v,s,€);

o
o, ve

E(v, 0% e);

(7) G
(8) G(0° v,e) =0 if and only if o° = v;

(9) G(0% v,e) = G(v, 0° e);

(10) G(0°,s,e +¢') < G(e°, v, e) A G(v, s, €);

(
(
(
(
(6) £(¢°,v,A\) is a non decreasing function of R* and lime o (0%, v,€) = 1;
(0% v,e) <15

(

(

(

(

(11) G(0°,v,NN) is a non increasing function of R* and lime_, G(0%,v,€) = 0;

(16) H(0% v, ) is a non increasing function of RT and lime_,o H (0%, v,€) = 0;
(17) If e <0 then E(0° v,e) =0,G(0° v,e) =1 and H(0% v,e) = 1;
for every 0°,v,c € V and e, e’ € (0,00).

The triplet (£,G,H) is called neutrosophic metric on V and (V,&,G, H,x, A) is called
CVNMS. The triplet (£,G,H) indicates the closeness degree, the non-closeness degree,

and the neutralness degree between two points of the set V with respect to a parameter
€ (0, 00).
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Definition 7. Assume that V # 0, x and /\ represent continuous complez-valued triangu-
lar norm and continuous complex-valued triangular conorm, respectively, and £,G,H are
CFSs defined on V2 x Sy in which the following conditions are satisfied:

(1) E(% v, e) +G(0% v,e) + H(o% v, e) 23
(2) €
(3) €
(4) E(e° vie) = E(v, 0% e);

(5) (0% s,e+¢€) = E(0% v,e)*xE(v,s,);

0%, v,e) = &

o

0°,v,e) =S for each e € Sy if and only if 0° = v;

o

(7) G(0°, v, e) < S
(8) G
(9) G(e° v, e) = G(v, 0% €);

(10) G(0°,c,e+€) =XG(0° v,e) AG(v,g,€);

(11) G(0° v, ) : So — T is continuous;

(12) H

(13) H

(14) M

(15) H(0% s, e+¢€) 2 H(e% v,e) AH(v,s,€);

(16) H(0% v,-): So — T is continuous;

o

(
(
(
(

(6) (0% v,-) : So — T is continuous;
(
(0° v,e) = @ for each e € Sy if and only if o° = v;
(
(
(

o

0% v,e) <3

o

0°,v,e) =& for each e € Sy if and only if 0° = v;

Qoaya 6) = H(Va 0076);

(
(
(
(

for every 0°,v,c €V and e, e’ € Sy.

Then the triplet (£,G,H) is called complex-valued neutrosophic metric on V and
(V,&,G,H,x,A\) is called CVNMS. The triplet (£, G, H) characterizes the degree of near-
ness, the degree of non-nearness , and the neutralness degree between two points of the
set V relative to a complex parameter e € Sy.

Example 3. Consider the metric space (V,d). Two binary operations, x, and /\,, are
defined for e; = (13,&) € T, where i=1,2, as follows:

e1 xy ez = (min{r, o}, min{&1,&2}) and ey Ay eo = (max{r, 2}, max{{1, & }).
The CFSs £,G, and H are defined as follows:

T+¢ o 0 _ d(e®v) d(0°,v)
Frerdenn s YT T i) THE
for each ¢°,v € V and e = (1,§) € So. Consequently, (V,E,G, H,xy, Ny) is a CVNMS.

E(% v e) =

R}

S\5‘7 H(Qoa v, 6) =
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Lemma 1. Given that (V,E,G, H,x, ) is a CVNMS, £(0°, v, -) is non-decreasing, G(0°, v, -)
is non-increasing, and H(0°,v,-) is non-increasing, that is, for any e, e’ € Sy withe < €', it
follows that E(0°,v,e) = E(0% v, €),G(0°% v, e) = G(0° v, e) and H(o% v, e) = H(0% v,€)
for each 0°, v € V.

Proof. Consider e,¢’ € Sy where e < €', this implies that € — e € Sy. By using condition
(5) from Definition 7, we obtain

E(0% v, e) =E(° v, e —e+e)
i 8(907 Q07 6/ - C) * E(QO’ v, 6)
=3 xE(0% v, e)
=£&(e% vse).
Hence E(0°, v, e') = E(0°, v, e). Alternatively by using condition (10) from Definition 7, we

have

g(go’ V’ 6,) = g(go? I/? e/ —€ + e)

=G(0% 0% ¢ —e) ANG(0° v,e)
=2 A G(e%v,e)
=G(0%v,e).

Hence G(0°,v,¢') < G(0° v, e). Similarly by using condition (15) from Definition 7, we
have

H(0% v,€) = H(0% v,el —e+e)
< H(0°% 0% ¢ —e) AH(0° v, e)
=g NAH( v, e)
= H(e v, ).

Hence H(o% v,€e') X H(0% v,e).

Definition 8. Let (V,&,G, H,x, ) be a CVNMS. A sequence {02} in V converges to
0° € V provided that all v € Ty as well as e € Sy, for some ng € M if it meets the following
criteria:

E(02,0% €)= —r, G(oh,0%e) <r and H(o>, 0% €e) <1 for each n > nyg.
Definition 9. Let (V,E,G, H,x, ) be a CVNMS. A cauchy sequence is a sequence {02}
in V that satisfies the following criteria:

et o
A iy & O o €) = S

lim sup G(oy,, 0p,»€) = 9,

n—00 m>n

lim sup H(oy, o, €) = 2,

NnN—0 m>n

for each e € Sy.
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A CVNMS is said to be complete if every Cauchy sequence in V converges.
The examples below help to clarify the ideas covered in Definitions 8 and 9.

Example 4. Observe the CVNMS, denoted as (V,E,G, H,*y, Ay) in example 3. Further-
more, set V.= [4,5] and define d as d(0°,v) = |0° — v| for all ¢°,v € V. Let the sequence
{09} = {4+ 1} and ¢o° = 4.

Now we verify that £(02,0°,€) = S — s for each s = (s1,82) € To and e € Sy. For the real
part,

T4+
Re(E(02,0°%,e) —S+s) = —1+s
= T+€1 —1+s
THEF |4+ L4
+
:414£T_1+ﬁ,
T+§+E

As n — oo, then Re(E(0%,0°%€) — S+ s) — s1. Therefore, for each s € Ty together
with e € S, there is always an My € M in which Re(E(0S, 0% e) — S+ s) > 0 holds for
all n > My. The approach for determining the imaginary part is the same, leading to
Im(E(0%,0°e) — S+ s) — s2 as n — oo. Therefore, for every s € Ty and e € Sy, always
there is a My € M such that Im(E(0%, 0%, €)) > 0 holds for all n > M. Therefore, for
every s € Ty and e € Sy, by taking ng = max{Mi, Mz}, we establish (02, 0°,€) > F — s
foe each n > nyg.

Now we verify that G(02, 0°,€) < s for every (s1,s2) € To and e € Sg. For the real part,

~ d(ey,0°)
T+ &+ d(e5, 0%)
441 —4|

e a+ Ly
1

Re(s — G(ap, 0% €)) = 51

e —
T+ € + n
As n — oo, then Re(s — G(0%,0°¢€)) — si1. Therefore, for each s € Ty and e € Sy,
there is always an M; € M in which Re(G(0%,0°%€e) — S+ s) > 0 holds for each n >
M. The approach for determining the imaginary part is the same, this leads to Im(s —
G(02,0° €)) — s2 as n — oco. Therefore, for each r € Ty and e € Sy, there is always an
My € M in which Im(s — G(0%,0°¢€)) > 0 holds for all n > M. Therefore, for every
s € Ty and e € Sy, by taking ng = max{M;, Ms}, we establish G(02,0°,€) < s for each
n > ng.

Now we verify that H(0S, 0°,e) < s for every (s1,s2) € To and e € Sy. For the real
part,

d(0%, 0°%)

Re(S—H(Qn,Q,C)):Sl— T—|—€
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4+ 5 — 4]
:51—7
T+E
1
=85 — —2—.
! T+E

As n — oo, then Re(s — H(0S,0°%€)) — s1. Therefore, for each s € Ty and e € Sy,
there is always an My € M in which Re(H(02,0°,€) — S+ s) > 0 holds for each n >
M. The approach for determining the imaginary part is the same, this leads to Im(s —
H(0%, 0% €)) — s3 as n — oco. Therefore, for each s € Ty and e € Sy, there is always an
My € M in which Im(s — H(02,0° €)) > 0 holds for all n > Ms. Therefore, for every
s € Ty and e € Sy, by taking ng = max{ My, Mz}, we establish H (0%, 0°,e) < s for each
n > ng. Bvery requirement of Definition 8 is fulfilled. We may therefore say that {4 + %}
converges to 4.

Example 5. Using the same conditions as the previous example, we will demonstrate that
{4+ %} is a Cauchy sequence. For all e € S for any n,m € M where m > n,

o o _ T+£ o~
E(angmve) - T_'_g_l_d(gfr)wg%b)‘y
T+E

= R
THEF[A+ L —(4+ 1))
T+

— Cx

S5,
THE+|E- L

n m

d(op, 05,)
G(oy,0p,,€) = T R}
( ) T+ &+ d(05, 0%,)
4+ 5 =@+ )l

THEF[A+ L -4+ 1))

o

1 1
- lizal g
T+€+|ﬁ_ﬁ
And
d(QO QO)
o o _ ny' &m/) ~
H(Qnagmﬁe) T_’_g )
B r @l
T+€

11
_ |ﬁ — E| S
T+
As m,n — oo, we observe that (02, 0°,,e) = ,G(0%, 05,,€) — & and H(02, 0°,,€) —
@, which leads to limy, o infp~pn £(05, 05,,€) = I, limy, 00 SUP,,~r G(05, 05,,€) = @ and
limy, 00 SUD,, sy H (09, 02,,€) = &. Hence show that 4 + % is a Cauchy sequence.



S. M. U. Ud-din et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6931 11 of 38

Lemma 2. Let (V,&,G, H,*,A) be a CVNMS. The sequence {0%} € V converges to 0° € V

if and only if limy, o0 £(0%, 0%, €) = S, limy, 00 G(0%, 0%, €) = & and limy, o0 H(02, 0°,€) =

& are satisfied for each e € Sg.

Proof. Assume that lim, o £(02, 0%, €) = 3, limy, 00 G(02, 0%, €) = & and lim,,_,oc H (05, 0°,€) =
@ for every e € Sg. Assume that e be a fized element from Sg. It is feasible to identify a

real number € > 0 such that z < r for all z € C and |z| < € for any r € Ty. Considering

this particular €, we may find a ng € M such that

IS —E(05, 0% e)| <€ |G(08, 0% €e)| < e andH (oY, 0% €)| <€ for each n € ny.
These two inequalities indicate that
S - 5(9%7 Qov 6) <s
—&(0p,0%€) <5 =S
5(@%5 Qaa 6) =S
as well as
G(on, 0% €) <s
also
H(oy, 0% €e) < s
for all n > ng respectively. Consequently, {05} is convergent to ¢° € V. Conversely,
assume that e € Sy is fired and a real value € > 0 is specified. Assume that a sequence
{02} is converges to p° € V that is, For each element s in the set To and every element n,
in the set M, it is possible to select a value such that £(05, 0% €) > I —s5,G(02, 0% ¢€) < s

and H(0%, 0°,e) < s for eachm > ng. A complex number s is selected from the set Ty such
that |s| < e. Therefore

S = E(en, 0% ) <], [G(en, 0% ) <s| <€ and [H(ap, " €)| < [s] <€ for any n > no.

Therefore, lim, oo £(09, 0°,€) = S, limy, 00 G(02, 0%, €) = @ and lim,,_oo H(02, 0°,€) =
J is satisfied for every e € Sy.

Lemma 3. Let (V,E,G,H,*,A) be a CVNMS. A sequence {0} € V is classified as a
cauchy sequence if and only if for every s € Tg and e € Sg, one can find ng € M satisfying

E(0), 0% €)= —s, G(o2, 0% e) <s and H(o,,0° €) <s for each n,m > ny.

Proof. Assume that {05} is Cauchy sequence. Suppose e is a fived element from Sy,
Then, for each s € Ty, it is possible to identify ng € M that satisfies the conditions
S —infrsn £(09, 00,,€) < S, SUP,,~, G(00, 00,,€) < s, and sup,,~, H(05, 00,,€) < s for
each n > ng. Here, we look at three situations. For the situation where m > n > ng, this
leads to S—s < infy>n £(09, 0%,,€) < (0%, 02,,€), G(02,05,,€) < Sup,,~n, G(02, 05,,€) < s
and H(0S, 09,,€) < sup,,s, H(0,0%,,¢) <. Now if m = n > ng, then I —s < F =
E(02,0°,,€), G(02,0°,,e) =& < s and H(02, 0%,,e) = & < s. Finally, but not least, given
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the situation when n > m > ng, it follows that S—s < infp,~m (02, 05, €) < E(05,,05%,¢) =

E(0D, Oms€), G(omon.e) = G(on, 0ms€) = SUPp>m G(on, 0m.€) < s and H(op,, 0p.€) =
H(05, 0%, €) = SUPysy H(05, 0%s€) < 5. Thus, we deduce that (g5, 0%, €) = S—s, G(0%, 06y, €) <
s as well as H(02,0%,,€) < s for any n,m > ng. Conversely, let e € S be fized, and a

real number € > 0 be given. Suppose that for each s € Tg, one can identify an ng € M in

which £(02,0%,,€) > S —s, G(0%,05,,¢e) < s and H(0%, 0%,,€) < s for each n > m > ny.
Consequently

F—2s<I—s =< inf E(p?2,07,,¢€)
m>n
sup G(oy, 00,,€) 2 8 < 2s
m>n

and
sup H(o09, 00,,e) = s < 2s

m>n

or every n > ng. Select a complexr number s € Tg that fulfils |s| < £, then we get
Y 3 g

19— inf E(65, 65, €)| < 2Is]| < ¢, | Sup G5, 65y )| < 2Is| < ¢ and| sup H(e o, €)| < 21| < ¢ for each n >
m>n m>n m>n

Thus, we have lim,, o0 infy,sp £(09, 02,,€) = S, limy, 00 SUP,,~y, G(05, 05,,€) = &, and
limy, 00 SUP,,, ., H(09, 09,,€) = &, This demonstrates that the sequence {0°},, is Cauchy.

4. Fixed-point Results

We will now examine the existence and uniqueness of fixed points for self-mappings
that satisfy the specified contractive requirements in CVNMS. Let {e,} be a sequence
from C. It is said that lim, €, = 0o = (00, 00) if for every ¢ € C, there is a ng € M
such that e, > e for all n > ng

Theorem 1. Let (V,E,G, H,*, ) be a complete CVNMS with the characteristic that any
sequence {en} € Sy fulfills lim,,_,~ €, = 00 implies

lim inf £(0°% v,e,) =S, lim supG(0°,v,e,) =@, lim supH(e’% v, e,) = 2,

n—oo veV n—00 ,,cy Nn—00 1,y
for any ¢° € V. Consider a self-mapping h : V — V meets the following condition:

g(hgo’ hV? ke) = E(Qov v, 6)7 g(hgoa hV? ke) = g(QOa v, 6) and H(hgoa hV? ke) = H(Qoa v, 6)

1)

for each 0°,v € V and e € Sy, where k € (0,1). Then, there is a unique fixed point of the

mapping h that is located in V.

Proof. Let ¢° € V be an arbitrarily chosen point. In V, a sequence {09} is defined by

0y = ho®,_; for alln € M. The existence of a ng € M such that ¢°, = 0°,,-1 guarantees

that ¢°,, is a fived point of h. To prove that the sequence {0} is Cauchy, we see that

05 # 0°,_1 for each n € M.
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For every n € M and a fixed e € Sy, we define
Ay ={E(0%, 00,,e):m>n} CT,

By, :={G(on, op,€) :m>n} CT,
Cy, == {H (0}, 0y €) : m >n} C T.

As & < E(02,0%,€e) =2 for everyn € M and n < m, subsequent to the remarks 1, the
greatest lower bound of the set A, denoted as inf A,, = &,,, exist for every n € M. In the
same way, since F < G(0°,0%,,e) < for all n € M such that n < m, subsequent to the
remarks 1, the least upper bound of the set B,,, denoted as supB, = v, exists for every
n € M. and also, since @ = H(02,0%,¢) < for all n € M where n < m, subsequent to
the remarks 1, The supremum of the set C,, denoted as sup C,, = ¢é,, exists for every n
belonging to the set M. For ¢ € Sy and n,m € M where m > n, using equation (1), we
obtain

e
E(QO"‘Fl’ ‘QOm—l-l? 6) = g(hgon—l-l? hQ(r)m 6) = & (Q?m Q?n’ %) (2)
(&
G n1s Pons1:€) = Gl ) G (g5 ) 0
and .
M1 s 11) = HOh i) < (5 ) (W

Since k € (0,1), according to Lemma 1, this implies that

e (&

e) = E(ons 0ms€), G (@Z, O %) = G(ons 0m.€) and H (Q?L, O g) = H(ons 0ms€)-

& (Q?m Q?m E

This ultimately results in
8(Qon+17 Qom—i—la 8) i g(@fw Q?na 6)

g(gon-i-l? Qom-i-l? 6) j g(gqow Q(r)rw 6)

and
H(Qon—i-l? Qom—i—la 8) j /H(Q;)“ anv 6)

for every n,m € M and m > n.After verifying the inf(E), sup(G) and sup(H) above, we
may conclude that

jSnjin—i—lj%; ij/n-i-ljynjgy Qjén—l—ljénjs

for any n € M. Thus {Z,},{yn} and {é,} are monotonic sequences in S. According to
Remarks 1, there are complexr numbers €,9,¢ € S satisfying limy, oo Tn, = €, liMy 00 Yn =
¥ and limy,_,o ¢y, = ¢. By using equations (2),(3), and (4), we have

. . . e
frpr = 0F E(i1, &1 @) = il € (080007 )
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, €
Unt+1 = sup G(0°, 41,0 my1,€) 2 sup G (9%, O %)
m>n

m>n

and .
én-i-l = Sup H(QonJrlv Qom+17 6) = sSup H (Q?H Q(r)m E)

m>n m>n

for ¢ €Sy and n € M. By successively applying equation (1) to the inequalities mentioned
above, we obtain

e
, o o o ©
Tn+1 = Wllr;fng(gmgma k)

. (&

~ nlfLI;fng(Qon_lj Qom—la ﬁ)
. e

= #Lr;fng(gon—% °m—2; ﬁ)

. o o e
= #gf;zg(Q 0@ m—n> W)

, e
Un+1 =< sup G0, 00, %)

m>n

e
= sup G(0%-1, 0" m—1> ﬁ)

m>n

€
= sup G(0%,—2, 0°m—2; @)

m>n

e
= sup G(0°%, 0°m—n; W)

m>n

and

, e
Cn+1 j sup H(qu ngu %)

m>n

e
j sup ,H(Qonfla Qamflv ﬁ)
m>n
e
= sup H(0%—2, 0m—2, ﬁ)

m>n
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e
j sup H<9007 Qom—'rw W)

m>n

for any e € Sg and n € M. In addition, we obtain

) . e . €
Tn+1 >~ T}ll’;fng (QO()? Qom*nﬂ kn+1) = ;2{]5 (Qo[)u v, k’n+1>

, o (o) € o € _
Yn+1 = :;;I;g (Q 09 m—n> k”—H) = ilelgg (Q 0V kn—l—l)

and e e
, o) 0o o
Cn41 = ;1;1?17{ (Q 009 m—n> k‘n+1) = igg% (Q 0 kn—i—l)

for each e € Sg andn € M. As n — oo on both sides of the given inequality, the hypothesis
yields

e
hm:U > lim 1nf€( ):C‘
n+1 n=r00 YEV 0 0,V, k‘n+1

= 1i < 1 g( € ) —
y lm Z/n+1 nngo ;Sjlelg 00V kn+l -

and

lir < i Y ( € ) &
C = 1m C 11m su =
n+1 n—00 Veg 20,V T nl

Which imply © = 3,9 = @ and ¢ = &. Thus,

lim inf £(p° o = lim &, =S,
n—o0o0 m>n (Q n+170m+17 ) n—o00 n

lim su © ° e)= lim vy, =9
n—)oom>€lg(g n+17zQ m+1> ) n—>ooyn )

lim sup H(p° ° e)= lim é,=9
n—>oom>IT)L (¢ n+1> € m+1> ) nosoo ’

for all e € Sg which show sequence {02} is Cauchy. Given that (V,E,G, H,*, ) is com-
plete, 2 implies the existence of o° € V satisfying

lim £(o),0%€e) =S, lim G(o),07,¢) =@ and lim H(o),00.,e) =@ for any e €Sy

(5)
As a result of equation (1), and conditions (5),(10), (15) of Definition 7 for any e € Sy,
lead us to the conclusion that

E(0% ho%e) = & (QO,Q n+1 ;) *E (Qonﬂ’hgo’ g)
=& (Q", 0 nt1s g) 3 (h o b’ g)
& (QO’QOnJrlv g) * & (93,9", %) ;

G(0° ho®e) 2 G (Q 2 nt1 ;) AG (Qon+1ahg ag)
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=g (90, i1 g) AG (hQZ, ho, g)

=g (90, 0% nt1s g) AG (@Z, o, %) :
and

e e
(Qoa Qon+17 5) A H (QOn—l—l’ hgoa 5)
e

H(o% ho®,e) = H
Y <Qo, s g) AH (hgg, he®, 7)
=H

2
e e
(Qoa Qon—',-h 5) A H (an QO7 %) .

Now considering the limit as n — oo for both given inequalities, utilizing equation (5)
together with Remarks 2, for any e € Sy, it follows that

E(0° he’e) =S, G(0° ho°,e) = and H(o0%, ho’,e) = @.

By conditions (3), (8), and (11) of Definition 7, it can be concluded that o° is equal to
ho°, indicating that 0° is a fized point of h. To demonstrate uniqueness, let us assume that
z and 0° are two distinct fized points of h. This indicates that there are some elements
e € Sy for which E(¢° z,€') # 3,G(0°% 2,€¢') # & and H(e°, z,¢') # . By iteratively
applying equation (1), for every n € M we obtain

6/

E(QO’ Z, 6/) - g(hgoa hZ, el) i g(go’ Z, E)
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and

e/

H(0% 2, €') = w(he® hz,e) < H(e°, 2, E)

e/

j H(QO> 2, ﬁ)

e/
< H(% 2, —).
< H(0’ z, k")

Consequently, we derive that

e/ /

E(°2,¢) = E(¢% 2, ) = inf £(o°
(0% 2,€¢") = (Q’Z’kn)—irelv (0% 2,
e e

G(0° 2,¢') 2 G(0°% 2, ) ZsupG(¢°, 2,
k vev

)

kTL)
and

e’ e
H(0% z,¢) 2 H(0% 2, ) < supH(¢% 2,

k vev ﬁ)

As k € (0,1), it is obvious that lim,,_, ]f—; = 00. So by assuming the limit as n approaches
infinity for the above inequalities, it implies

E(0% 2,€) =3, G(¢°,2,¢) = @ and H(0%, 2,¢') = @

which is a contradiction. Thus E(0°,z,e) = ,G(0°%, 2z,€) = & and H (0% z,e) = & for
each e € Sg. The uniqueness of the fized points of h is confirmed by the fact that ¢° = z,
as deduced from the conditions (3),(8), and (11) of Definitions 7.

Remark 4. The proof of Theorem 1 remains the same by substituting equation (1) with
the subsequently contractive condition of mapping h:

E(he®, hv,k(e)e) = E(0% v, €), G(ho®, hv, k(e)e) X G(0% v, €) and H(he®, hv, k(e)e) = H(o% v, ).
For each e € Sg and ¢°,v € V, k denotes a mapping from Sy to (0,1).

Example 6. Assume that (V,d) is a metric space and V = [0, 1] combined with d(o°,v) =
|o° — v| for each o°,v € V. Define the complex-valued t-norm x and the complez-valued
t-conorm A\ by 1wy * Wy = (u1pe, sx1362) and Wy Awe = (max{u1, po}, max{si, sn}) for all
w1 = (1, 20), W = (e, 222) € T respectively. Define complez-valued fuzzy sets £, G, and
H as:

d(0°,v)

5(007% 6) = 7'76%’ g(007V7 e) = W

7€+ d(e%v)
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for each ¢°,v € V and e = (1,€) € Sp. It is simple to prove that (V,E,G, H,*, ) is a
complete CVNMS induced by metric d. Let us consider a sequence {e,} € So where each
element e, = (7n,&,) for n € M is arbitrary, Along with the fact that for all v € V,
0 <d(e°v) <1, this means that
: (o)
S P l}r&f/é’(g LV, €n)
. Tnén Iy
;Iele/ Tnén + d(0°, V) M
_ Tné‘” Cx
Tnén + sup,ey d(0°, 1)

Tnén

T b+ 1

As n approaches infinity, we have

. . . T
S = lim inf (0% v, e,) = lim nifni‘f =<
n—o0 peV neoo 7€, + 1

the given expression implies that lim,_,~ inf,cv E(0°, v, €,) = . Furthermore, we obtain
@ <supG(0°,v,en)

vev
d (0]
—sup A&V o
veV Tnén + d(QOa V)
sup,ey d(e%,v)
Tnén + ian/EV d(Qov V)
<1y
Tnén

As n approaches infinity, we have

@ =< lim supG(e’,v,e,) < lim S=0

n—oo vevy neoo Tnén

the given expression implies that lim, . sup,cy G(0°,v,e,) = . In a similar way, we
have

%] j SupH(QO7V’ en)
vev
d(p°, v
= sup (%,v)
vev Tnfn
supyev d(0%,v) o
Tnén

R

1
—

Tnn .

IA
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As n approaches infinity, we have

& =< lim sup H(e’%, v, e,) < lim =9

n—00 ,cy neoco &y,

the given expression implies that lim, o sup,cy H(0% v,e,) = @. Let K be a mapping
from V to V which defined as Ky = %D for each o° € V. If we choose a number k €
[1/2,1) C (0,1), then for all 0°,v € V and e € Sy, fulfills equation (1). However, since
2k > 1, we have

kT&

E(Ko°, Ky, ke) = Ry
(e K ke) = e ik ko)
B k7€ N
kré+ |4 — %
_ le§ 3
kT€ + 5l0° — v
B 2kTE 5
O 2kTE+ |00 — v
N S
T+ 0° — v
= E(0° v, e)
for any 0°,v €V and e = (1,€) € Sp.
d(Ke?, Kv)
Ko’ Kv, ke) =
GRe" Ky, ke) = e ate k)
@ _ v
2 2 Cx
kté+ 1% — %
slo’ —vl
: )
kr€+ 3|0 — v
l0°—vl
T 2krE o vl
e°—v]
T T+ 00—
=G(¢%v,e)

for any 0°,v €V and e = (1,€) € Sp.

d(Ke°, Kv) S

H(Ko°, Ky, ke) = e

S

v
NI

153l

kT&
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%\@“—V\%
kT&
_ e =l

2kTE

L le® =] S
2
=H(o% v, c)

for each e = (1,§) € So and o°,v € V. Consequently, all the conditions given in Theorem
1 are met. Hence in IC, 0 is the only fixed point.

The following example demonstrates that Theorem 1 is not unnecessary.

Example 7. Suppose that V is equal to M. We define two binary operations, x and /N, as
e1x ey = (11712,6182) and ex A ez = (11 + 72,61 + &§2) — (1172, §1&2) for any e; = (73,&) € T
for i=1,2. Consider the CFSs £, G, and H, which are defined as follows:

g(go,%e)zwg G(o° v e) = <1_H1111{Q7V}> S, H(e% v, e) = <1 2min{e°, v} )C\\s

max{g°, v} max{° v} "~ min{e°, v} + max{e°, v}

for each ¢°,v € V and e = (1,§) € Sp. It is simple to prove that (V,E,G, H,*,A) is a
complete CVNMS. For any 0° € V, consider a mapping K : V. — V represented by 0°%+5.
Consider the sequence {ey}, defined as e, = (n,n) for alln € M. The construction of ey,
ensures that there is no ambiguity in the erpression lim, ., = 0o. For every element o°
in the set V, with a fixed element v € V such that ¢° is not equal to v, and for all n € M,
we may prove that

3 (0]
inf £(0% v, en) = inf VY o
vev max{° v}

I (o}
Sup (0%, vy en) = s1p (1 _ mn{g”}) 3=

1%}

vev maX{QO,V}
and 2min{e°, v}
minq o°, v

H O’ , = ]._ . C\‘:O‘

s en) = (1 - ) =

Therefore, we get
lim inf £(0° v,e,) =T #

n—oo vevV

lim supG(o%,v,e,) =S # @

n—oo vev

and

lim sup H (0%, v, en) =S # &
n—oo vev

for each ¢° € V. For every k € (0,1), ¢°,v € V and e € Sy, note that

min{o°* 4+ 5,% + 5}
S
max{0°? + 5,02 + 5}

E(K0°, Ky, ke) =
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min{o°, v} |
~ max{p°, v}
=&(0% v, e)

min{°? + 5,2 + 5}
max{0°? + 5,12 4+ 5}

(1- mner) )
= G(0% v,e)

G(Ko°, Kv, ke) (

IA

and

2min{g°? + 5,12 + 5}
Ko, K, ke) = (1 - ’ 3
H(Ko® Kv, ke) < min{ %2 + 5,2 + 5} + max{0°2 + 5,2 + 5}
3 (0]
(- 2min{e°, v} 5
min{o?, v} + max{p°, v}
- H(‘Qoﬂ/? 6).

Equation (1) is satisfied by the mapping KC, however, V has no fized point.

In order to obtain the next result, ) is defined as the set of all mappings ¢ : T — T,
where ¢ is continuous, p(I) = I, ¢(c) = ¢ for every e € Ty, and lim,,_, p"(e) = < for
every e € Ty. Similarly, F is defined as the set of all mappings ¢ : T — T in which o is
continuous, 0(@) = &,0(e) < e for every e € T, and lim,,_, 0" (e) = @ for every e € T.

Theorem 2. Assume that the CVNMS (V,E,G, H,*, ) is complete. If the following
conditions are satisfied by a mapping I : V — V:

E(Ke% Kv,e) = p(E(e°% vy e)), G(Ke% Kv,e) 2 a(G(e°% v, ¢)) and H(Ke® Kv,e) X o(H (0%, v,€))
(6)

for each 0°,v € V and e € Sy, with 0 € F and ¢ € Q. Then the mapping K has a fixed

point in the set V.

Proof. Let 0°y € V be Any given point. In'V, a sequence {02} is defined by 0% = he®,_;
Jor allm € M. The existence of an element ng € M such that ¢°,, = 0°,,-1 makes sure
that 0°,, s a fized point in K. Now, we assume that oy is not equal to ¢°,_; for every
nM, and we prove that the sequence {0%} is Cauchy. For each n € M and a given e € Sy,
let us define

By = () 0e) im >} C T,

B, :={G(0%, 0p,,€) :m >n} CT,
Cp:={H(0},05,,¢) :m>n} CT.
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As & < E(02,02,,e) X & According to Remarks 1, the greatest lower bound of A,,, that
is, inf A, = &, exists for any n € N such that n < m. In the same way, since & =<
G(02,0°,,e) < for each n € M such that n < m, According to Remarks 1, the least upper
bound B,,, that is, supB,, = 4, ezist for any n € N. Also, since @ < H(02,0%,,¢e) < for
each n € M such that n < m, According to Remarks 1, the sup(C,), that is, supC,, = é,
exist for any n € N. According to equation (6), for each n,m € M such that m > n, this
implies that

g(gonJrlv Qom+17 6) = g(lCer)u ICQyon7 6) t @(5(92, Q;?m 6)) e g(gfm ng 6) (7)
G(0°n41,0my1,€) = G(Kap, Koy, e) = a(G(oh, o €) < Glon, om, €) (8)

and
H(Qon+1a QOerl? 6) = H(’C927 ICerJnv 8) j G(H(Q%7 Q7Orm 6) =< H(Q?w Q?m 6). (9)

From this, we can conclude that
g(gon—i-h Qom-i-l? 6) - 5(@7017 Q?na 6)

G(0° 41 0%mr1-€) < G(on, 0p,r€)
and

H( nt1s 0 my1s€) < Hon, oo €)
for alln,m € M such that m > n with e € Sg. By taking the inf(E), sup(G), and sup(H),
we obtain

jSnjin—i—lj%; ijn-l—ljynj%p gjénﬁ-ljénj%

for any n € M. Thus {5}, {yn} and {é,} are monotonic sequences in S. According to
Remarks 1, there are complexr numbers €,9,¢ € S satisfying limy, oo Tn, = &, liMy 00 Yn =
¥ and lim,_, é, = é. By using equations (7),(8), and (9), and employing equation (6)
gradually, we have

E(°ns1,0%my1€) = ©(E(0p, 0y €))
t (102 (g(gonflv Qomfla 6))

= p(E(0%, 0%m—n-¢€))

g(gon+17 Qom—i—la 6) = U(Q(Q?w Q?m e))
j 02(g(90n717 Qomflv 6))
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j J(g(9007 Qom—na 6))

and

H(Qon+17 Qom—i—la 6) j O—(H(927 Q;)na 6))
j 02 (,H(Qonfb Qomfb 6))

j U(H(Qoou Qom—na 6))

for every n € M such that m > n and e € Sg. This implies that
«T/n—i-l i inf Son(g(gom Qom—n7e)
m>n
y,n-‘rl = Slip Un<g(9007 Qom—m 6)
m>n

and

én—i—l j sup Un(H(QOO> Qom—n? 6),
m>n

for every n € M along with ¢ € Syg. On both sides of the above inequality, as n approaches
infinity, we deduce that

£ = lim inf @"(E(0%, 0%m_n-€))

n—oo m>n

= lim ¢"(£(0%; 0 m-n-€))
n—00

=<

g = lim sup 0" (G(0%; 0°m—n-€))

n—oo m>n

= lim 0" (G(0%; 0% m_n-€))
n—oo

=

and

¢ =< lim sup o™ (H (0%, 0 m_ns€))

n=o0 m>n
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= lim O'n(H(Qoﬂvgom—'rwe))

n—o0

= .
Hence, t =S,y =3 and ¢ = . Thus,

lim inf £(p° 0 e)= lim £, =S
n00 m>n (Q n+17Q m+1> ) neso0 n )

lim su © ° e)= lim vy, =9
n—)oom>€lg(g n+17zQ m+1> ) n—>ooyn )

lim sup H(o° o e)= lim ¢, = &
n—>oom>I7)l (Q n+17Q m—+1 ) n_moyn )

for all e € So which show sequence {02} is Cauchy.
Given that (V,E,G, H,*,\) is complete, 2 implies the existence of 0° € V satisfying

lim £(oy,0%€) =S, lim G(o2, 00,,¢) = & and lim H(o}, 00, €) = & (10)

for any e € Sp.
As a result of the conditions (5),(10) and (15) of Definition 7 and equation (6), for
any e € Sy, we can conclude that

Ele'he o) 8 (QO’ 1 g) *é <Qon+1, Ko°, %)
= &a <907 Pt %) & <ICQ‘T7“,CQO, g)

e (e e ) o (205)
(e ) e (D)
G(0°,Ko%e) =G (g 2 0% 415 g) AG (Q°n+1,’CQO, g)
=G (Q s 041 g) AG (/CQZJCQ", g)
<0(8 00 ) 0 (0(03))
<60 §) 20 (80
and
H(0% Ko%e) 2 H (@", & nt1s g) AH <Qon+17 ho, g)
(e ) o (k)
(et ) 2 1 (.0.5)
(e o ) ()
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Considering the preceding inequalities and applying limy, o0, by using equation (10), we
can conclude that

E(0° Ko%e) =S, G(0°, Ko e) =@ and H(e°, Ko’ e) =&

for any e € So. By applying the conditions (3),(8) and (13) of Definition 7, it can be
derived that 0° = Ko°, that is, 0%is a fized point of K.

To prove the uniqueness of fixed point, suppose that z and 0° are two distinct fized
points of KC. According to equation (6) for every c € Sy, it implies

E(0°% z,e) = E(K0% Kz, e) = p(E(0° 2,€)) = E(0°, 2, €)
G(0°% z,e) =G(Kp°, Kz,e) 2 0(G(0° 2,€)) < G(0° 2,€)

and
H(0% z,e) = H(Ko®, Kz,e) 2 a(H(0% 2,€)) < H(e° 2, €)

It is a contradiction. Consequently, x = z, which shows that fized point is unique.

5. Common Fixed-Point Results

This section investigates several standard fixed-point theorems for two mappings that
satisfy the given contraction condition on CVNMSs. It extends the concept of fuzzy
Banach contraction to these spaces.

Definition 10. Let (V,E,G, H,x, ) be a CVNMS. A neutrosophic Banach contraction
is defined as a pair of two mappings, T and J, both mapping from V to V, such that there
exists a real number k in the interval (0,1) where

S—E(Zo°, Jv,e) R k(S —E(Zo° Tv,e),

G(Zo°, Jv,e) 2 kG(Zo° Tv,e), (11)
H(Zo®, Jv,e) 2 kH(Zo%, Tv,e)

holds for any o°,v € V and e € Sy.

Theorem 3. Suppose that (V,E,G, H,x, ) is a complete CVNMS and a pair of two
mappings L, T : V =V is a neutrosophic Banach contraction. Then both the mappings T
and J have a unique shared fized point that belongs to V.

Proof. Take an arbitrarily selected point ¢° € V. For any n € My, a sequence {02} is
defined in 'V as

o _ 0
0%ont1 = L0,

o _j 0
Y 2n+2 — 0 2n+1-

It is guaranteed that ¢°,, is a common fived point of L, if there is a ng € M such that
0% ny = no+1- Using the equation (11), we also have

3 - 5(902n+1, Q02n+27 e) =3 - 5(1002717 j902n+17 e)
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(
(

A

— E(0%n; 902n+17 e))

)

>~
& W
<

Il
(N

G(0°2n+15 % 2nt2,€) = G(Z0°2,, T 0°2n 11, €)
= kG(0°2n, 0%2n+1,€)
= k(9)
=9

and

H(0on+15 02n42:€) = H(Z0%p: T 09415 €)
= kH (0, 0%2n415€)
= k(9)
=9

for each e € Sy. Consequently, £(0%241,0%2n12,€) = ,G(0%p41,0%n12,.€) = D and
H(0%ni1>0%2n0:€) = . By conditions (3),(8) and (13) of Definition 7,0%,,1 =
%19 = J0%p 1, this shows that 0%, 1 is a fized point of J. We can infer that 0%,
is a common fived point of T and J because 0%, = 0%, 1. Similarly, if there exists an
element n € Mg such that 0%, 1 = 0%°9,,2, we can demonstrate using equation (11) that
0%9n41 5 a shared fived point of T and J.

Suppose that o), # 0°,,1 for every n € My. There are two scenarios that we will
examine. Suppose that n is an odd number in the first case. By substituting o° = 0°,_4
and v = 0% into equation (11), for every e € Sy, we obtain

S - g(ng Qon+17 6) =3 - 5(Igonflv \79(;1,7 6)
j k(% - g(gon—h Q?L? 6))
<3S - g(gon—lv Q?L’ 6)7

g(QTOW Qon-‘rl? 6) = g<IQOn—17 jggu 6)
= kg(gon—la Q(r)we)
= g(tgon—la Q(r)ue)

and
H(QTOI’ Qon-‘rl? 6) = H(Igon—h \7@;)17 6)

j kH(QOn—h 97017 6)
= H(Qon—la QZ? 6).
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It follows that

5(@2, QOnJrl’ 6) - E(Qonfla Q?L’ 6)

g(@fw Qon—i-l? e) = g(QOn—la 'Q;)m e)
and

,H(Q;)m Qon—l-l’ e) = H(Qon—lv Q;)m 6)

for any e € S. For the second case, let us assume that n is an even number. By substituting
0° = 0% and v = 0°,_, into equation (11), for every e € Sp, we obtain

o

NS S(Qon—i-l’ Q?m e) =3 - S(Ian jQOn—lv 6)
= k(% - g(gfm Qonflv 6))
- 5(&%7@07171’6),

A
&2

g(gon-i-l’ Q?L’ 6) = 9(1927 jQOn—b 6)
j kg(gfmv Qon—17e)
< G(0p,°n-1:¢€)

and
H(QOnJrl? Q?L’ 6) = H(IQ%’ jgonflv 6)

j ij(@z: Qon—l7 6)
< ,H(wa Qon—17 6).

It follows that
g(@fw Qon—l-l? e) - 5(Qon—17 Q%v 6)
g(gfw Qon—i-l? 6) =< Q(Q;’” Qon—lv 6)
and
H(Q?y Qon+17 6) < %(QTON QDn—l’ 6)

for any e € S. Therefore, we conclude that

S(er)w Q0n+1’ 6) -~ E(Qonfla Q?m 6), g(@?p Q0n+1a 6) = g(@fw Qonfla 6)7 H(Qrow Qon+17 6) = ,H(er)u Qonfla 6)

for every n € My and e € Sg. Denote £(¢5,0°%,11,€) = Ay, G0, 0%,41,€) = B, and
H(0S, 0% 41,€) = Cy, for each n € My. Since

S=A,-A, 1 -0

=B, <B,—1 <

K &

g=<C,=<C,_1 <



S. M. U. Ud-din et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6931 28 of 38

for every n € My, It concludes that sequences {A,},{By,} and {C,} are monotonic in S.
By Remarks 1, one is possible to locate T,7,¢ € S satisfying

lim A, =%, lim B, =9, lim C, =¢
n—oo n—oo n—oo

By using equation equation (11), for n € My and ¢ € Sy we obtain
B 5(9701, Qon—f—l? 6) j k(% - g(Qon—lv Q%a 6))
S — An = k(% - An—l)
g(Q%? Qon+17 6’) j kg(gonfh Q%’ 6)
Bn = k(anl)
and

H(on, 0°pi1,€) 2 kH(0%,—1, 0ps€)
Cpn = k(Cp1).

As the value of n approaches infinity for inequalities, we get
S—2 k(S — 1)

4=k

AN

and
¢ < ké.

As ke (0,1), if £ < 3,9 = &, and é = &, it is a contradiction. Therefore & = 3,9 = &
and ¢ = & it indicates that

lim E(en, 0°ni1,€) =S,

lim (o, 0%ni15€) = 9,

Jim H(of, 0% 41,6) =
for everymn € My and e € Sg.

Now we will show that the {02} is a Cauchy sequence. For every n € My as well as
fized e € Sg, consider

Dy, = {&(on, 0pie) :m >n} C T,
En, ={G(on, 00,€) :m >n} CT,
Fn = {H(op, 0 €) : m >n} CT.

Since @ < E(0%,09,,€) =3, =G(09,,05,e) < and @ < H(02,,0%,¢) <, by Remarks
1, The infimum of the CFS (02, 02,,€), the supremum of the CFS G(02,02,,€), and the
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supremum of the CFS H(02,02,,€) all exist. By iteratively applying the condition (5) of
Definition 7 for any positive integers m > n, we can obtain

e e e
5(@%; Q?ny e) t g (QZ? Qon+17 7’)’L—’l’L>*g <Qon+1? QOn+27 TrL—n)*...*g (QOm_l, an, H) .
Consequently,

lim inf £(0),00,,€) = S*xJx..x
n—oo m>n

I
&l

which leads to

et e
D il £ oo €) =S

for every e € Sy. Furthermore, By iteratively applying the condition (10) of Definition 7
for any positive integers m > n, we can obtain

c e e
g(@?w Q?n) 6) <G <Q27 Qon+1, 7m — n> AG <Q0n+1’ Qon""g’ m — n) A0 <Qom_1, ng m — n> ’
Consequently,

lim sup G(o5, 00,,€) STASN..AD

n—00 m>n

=9

which leads to
lim sup G(of,, 0,,€) = &

Nn—00 m>n

for every e € Sy. Also By iteratively applying the condition (15) of Definition 7 for any
positive integers m > n, we can obtain

e e e
H(on, 0y €) = H <93a nt1s m_n> AH <Qon+1’ & nt2, m_n> AOH (Qomh O m_ﬂ) :
Consequently,

lim sup H(o), 09,,€) STASN..AD

N—00 m>n

=9

which leads to
lim sup H(oy, op,€) =@

N—0 m>n

for every e € Sy. Hence, sequence {02} is Cauchy.
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Given that (V,E,G, H,*, ) is complete, Lemma 2 implies the erxistence of u € V
satisfying

lim E(o),u,e) =S, lim G(o),u,e) =@ and lim H(o),u,e) =

n—oo n—o0 n—oo

for all e € Sy. For anyn € My and e € Sy, by equation (11) we yield

—E(Fu,Go%py1.€) 2 k(S = E(u, 0%n41,€))
< % - g(ua 902n+17 6)

G(Zu, \790271-1—17 e) X kg(ua 002n+17 e)
< g(u7 QOQn—l—l: 6)

and

H(IU, j902n+17 6) j kH(U, QOQn—‘rlv 6)
< H(U, QOQn—‘rl: 6)-

This implies that

E(I’U,, jQOZnJrla 6’) - g(uv Q02n+17 6) (12)

Q(Iu, jQOQn—I—la 6) < Q(u, 902n+17 e) (13)
and

H(Iuv \790277,4—1’ 6) = H(”? Qo2n+17 6) (14)

for each n € My and e € Sg. As a result of conditions (5),(10) and (15) of Definition 7,
equations (12), (13) and (14), for each n € My and e € Sy, we may deduce that

E(u,Tu, ) = & (u Conro: g) < E (902n+2,1'u g)

=¢ (u Conra: )*5 (jg o1 T, 2)
= & (1,02 5 ) %€ (T, T 0015
& (1w &ming) <

*C\U, Q2n+1’ )

G, T,6) 3 G (0012, ) A G (s T 5
=G (10" 5 ) AG (T, T, )
=G (P ansar ) A6 (T0. T 00010, )
45 (0 l) 2 (1)
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and

TN N TN
S S
fbo

© N
3

+

—_

N

£
a
—

As the value of n approaches infinity for inequalities, we get
E(u,Zu,e) =S, G(u,Zu,e) = & and H(u,Zu,e) = &

for every e € Sy. Under conditions (3),(8) and (13) of Definition 7, it indicates that u is
equal to Zu. By applying the same methods as previously, one can establish that

E(u, Ju,e) =S, G(u, Ju,e) =& and H(u, Ju,e) = &

for every e € Sg. By the conditions (3),(8) and (13) of Definition 7, imply that u is equal
to Ju. Consequently, it follows that w = Zu = Ju which shows that u is a is common
fized point of both functions I and J.

In order to prove uniqueness, assume that u and v are two distinct fixed points of K,
It is possible to locate e € Sy satisfying E(u,v,e) # ,G(u,v,e) # & and H(u,v,e) # &
By equation (11),

S —E(u,v,e) =% — E(Zu, Jv, e)
= k(S —E(u,v,e))
<3 —E(u,v,e)

G(u,v,e) = G(Zu, Jv,e)
2 k(G(u,v,e))
< G(u,v,e)

and
H(u,v,e) = H(Zu, Jv,e)

= k(H(u,v,€))
< H(u,v,e)
which contradicts our assumption. Thus E(u,v,e) =, G(u,v,e) = & and H(u,v,e) = &

for all e € Sy. By the conditions (3), (8) and (13) of Definition 7, we may deduce that u is
equal to v which show that the K has a unique fixed point.
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Corollary 1. Suppose that (V,E,G, H,*, A) is a complete CVNMS. A mappingZ : V — V
satisfying

fized point in V.
Proof. The desired outcome may be obtained by replacing T = J into Theorem 3.

An example of the idea presented in Corollary 1 is shown below.

Example 8. Consider V.= [0,1]. Define two binary operations x and /\ by e} *x eg =
(1172,&1&2) and e; A eg = (max(71,72), max(&1,£2)) for any e; = (14,&) € T where i=1,2.
Let CFSs £,G and H be defined as follows:

£(0° v.¢) = <T§+m1n{g ,y}> S, G’ ve)=1- <T§+mln{g ,1/}> 3

7€ + max(0°, v) 7€ + max(0°, v)
H(e% v,e) = max{g”,v} ~minig", v} o
7€ + max{°, v}
for all o°,v €V and e = (1,§) € Sp. It is not difficult to show that (V,E,G, H,*, ) is a
complete CVNMS.
Consider a mapping T : V — V expressed by % for all 0° € V. For any 0°,v € V
satisfying 0° < v, it is clear that Zo° < Zv. It follows that
7€ + min{Zp°, Zv}
Z10°,T = R
€% Iv,e) <T§+maX(IQO Zv) >

_ T§+IQ
T\ r+Iv

<Tf+g)

=E(0% v, e).

Y

If we choose any k € (%, 1), we have
- 5(IQOaIV7 6) = k(% - g(go’ v, 6))
for every o°,v € V and e = (1,€) € Sp. Similarly, we can deduce that

G(Zo° Iv,e) < kG(0° v, e)

and
H(Zo% Zv,e) = kH (0% v, e)

for all 0°,v € V and e = (1,&) € So. Thus, all the requirements stated in Corollary 1 are
satisfied. Specifically, the number 0 is the only fixed point of T.
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Theorem 4. Let (V,E,G,H,*,A) be a CVNMS. If there is a commuting pair of self-
mappings, L, J :V — V satisfying

S—ET"0°, T v, e) k(S —E(0°% v, e)),
G(I"0°, J"v,e) 2 kG(0°% v, €),
H(Z" %, T"v,e) <X kH (0% v,e)

for every 0°,v € Ve € Sy and n € M, where k is any real number from (0,1). Then there
s a single shared fixed point of mappings T and J inside V.
Proof. Both I" and J" satisfy all the conditions stated in Theorem 3. Thus, they have
a shared fixed point p in 'V, for instance, I"u = J"u = p. According to the provided
information

I"Iu =I1"u = Tpu,

it may be deduced that Ly is a point fived by I". Since both the mappings T and J commute,
We may express the equation as follows:

T"Ip=1J"n="1p
this demonstrates that Zp is a point fixed by J". Thus, Tu acts as a common fixed point

of I™ and J™.
Similarly, According to the provided information

T Tu=JT"u=JITp,

it may be deduced that Ju is a point fixred by J". Since both the mappings T and J
commute, We may express the equation as follows:

T"Tu=JT=Tn

this demonstrates that J i is a point fized by I™. Thus, Ju acts as a common fized point
of I™ and Jn.

Given that the common fixed point of I and J" is unique, it follows that p = JTp =
Tu. Consequently, i as the common fized point for both T and J. If T and J have any
common fixed point, that point will also be a fixed point of I and J"™. The common fized
point of T and J is uniquely defined for this purpose.

Corollary 2. Let (V,E,G, H,x,\) be a CVNMS. If there is a mapping T : V — V
satisfying
S—E(I"0°, IT"v,e) R k(S —E(0°%, v, e)),
G(Z"0, IT"v,e) = kG(0°, v, e),
H(Z" 0%, T v, e) = kH (0%, v, e)
for each 0°,v € V,e € Sg and n € M, where 0 < k < 1. Then mapping T has a single

common fixed point within V.
Proof. The desired outcome may be obtained by replacing T = J in Theorem 4.
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6. Application to Fredholm integral equations of the second kind

In this section, we use Theorem 1 to show that Fredholm integral equations have a
unique solution. The collection of all continuous functions mapping the interval [0, 1] to R
is represented by the set C'([0,1],R). An illustration of a second-kind nonlinear Fredholm
integral equation is given below:

1
o(0) = Qlg) + ¢ /0 (g, r)w(r, o(r))dr (15)

where @) denotes is a continuous real-valued function on [0, 1],w(g,r) denotes the kernel
of the integral function,w(r, ¢(r)) denotes nonlinear and continuous function defined on
[0,1] x R and ¢(g) symbolizes the function we want to be identified.

Theorem 5. Assume that the set V.= C([0,1] x R). Assume that the following circum-
stances are fulfilled:

(1) A member & € (0,1) can be identified in the following:
@ (r, ¢(r)) — @(r,o(r))| < &lp(r) —o(r)|
for any p,0 €V and r € [0, 1];
(2) Jy bla.r)dr < ;
(3) Eg?i? <k < 1.

As a result, the integral equation (15) possesses a unique solution inside the set V.
Proof. Consider a mapping L : V — V defined as

1
To(q) = Qa) + ¢ /0 (g, r)w(r, () )dr

for each ¢(q) € V and q € [0,1]. The complex-valued t-norm is defined as x,,, whereas the
complezx-valued t-conorm is defined as /\,. Moreover, £(0°,v,€),G(0°%, v, e) and H (0% v,e)

defined by

_ T4+
T+ &+ p(q) —o(q)?

__ letg) —o@l*
9D 719 =3 0@ - o

— o 2
H(p(q),0(q), €) ZW%

[
)

E(p(q),0(q),e)

for each p,0 € Ve = (1,£) > 0 and q € [0, 1]. It is easily established that (V,E,G, H,*, )
is a CVNMS.
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For each p,0 € V and q € [0, 1], it follows that
1

1
To(a) — To(o)? = !Q()+0/ (g, Py (r, (ﬂMT—Q@)—é/iﬂ%ﬂw

0

_ 02\/ w(g,r ))dr — /01 w(q,r)w(r, o(r))dr|?

§g<é @,m>1w<¢v»—wmdww

< P |p(r) — o (r)f?
< Klo(r) — o (r)[*.
Now, for each p,0 € V and e € Sy, it leads to

) K(r +8) N
5(2(,0((]),IO'(Q)’ ke) - k‘(T + g) + |Igp(q) — IO’((])P\S

. k(t+¢) S
T k(T 4+ &) + Elp(g) —o(g)?
(1+¢) 5
(T +&) +lplg) —a(g)?
= E(v(q),0(q),e)

_ Zp(q) — Zo(g)|? N
G(Zy(q),Zo(q), ke) = PEEan ‘ISO( ) TS
_ (1 - (7 +5 > 3
(T+€)+ 1Zo(q) q)l?
T+E 3

&

5<1‘<r+@+m¢§—a P)
o)

_ <1 kE(r+¢
k(T +&) + klp(q) — o(q)?
_ le(@) —a(a)l? 5

T+ &+ |plg) — a(g)]?
=G(p(q),0(q),e),

and

?«z¢mxzamka>:'Iwwz‘Zb“DQg

= H(p(q),0(q),e).

35 of 38

(r,o(r))dr|?

Consequently, every condition listed in Theorem 1 is satisfied, suggesting that there is only

one solution to the equation (15) exists in the set C([0,1],R).
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7. Conclusion

In this paper, we introduced the concept of CVNMSs as a generalization of CVFMSs,
complex-valued IFMSs, and NMSs. Further, we proved the Banach contraction theo-
rem and common fixed point theorems in the setting of CVNMSs. We provide several
non-trivial examples to demonstrate how the new strategy outperforms literature-based
methods. Furthermore, we find the existence and uniqueness of the solution of the integral
equation by applying the main result. Our findings broaden the scope of previous research
beyond fuzzy metric, intuitionistic fuzzy metric, and NMSs. This work is extendable in
the context of complex-valued neutrosophic b-metric spaces, complex-valued neutrosophic
controlled metric spaces, complex-valued neutrosophic partial metric spaces, and many
other structures.
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