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Abstract. In this paper, we use the Chaundy-Bullard combinatorial identity to prove some identi-
ties involving the Pochhammer k—symbol. In fact, these contributions generalize the results given
in the paper [O. Kouba, A Chaundy-Bullard type identity involving the Pochhammer symbol,
Indagationes Mathematicae, 34 (1), 186-198, 2023. We also present some Chaundy—Bullard type
identities satisfied by the generalized hypergeometric series.
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1. Introduction

Diaz and Pariguan introduced the Pochhammer k-symbol [1, p. 180], by

n—1

@i = [[ (@ +5k), nk>o0.
7=0

When k = 1, the quantity (z),1 = (x)y is also called the n-th rising factorial of x.
The g-analogues of the Pochhammer k-symbol (z),  are given by (see [2])

n—1

[x]q;n,k’ = H[.ﬁlf +jk]q> n, k > Oa (1)
7=0
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where .
ol = 7= @€C )
and
;i_)H% Tlg=1x (3)
In particular if £ = 1, we obtain
[@lgma = [2]gn = m’ (4)

where the symbol (x;q), is the quantum factorial symbol defined by (see [3, 4])

n—1

(;q)o=1 and (w;q)n = [J(1—2q"), (5)
k=0

for n > 1. It is easy to see that

ég%[x]q;mk = (Z)nr and (}i_%[x]q;n = (T)n-

Forx =neN={1,2,...} in (2), we have

The g-analogue of the factorial n! is defined by (see [5])

[n],! = [l n>1,

j=1
1, n = 0.

Moreover, the relation between the Pochhammer symbol (z), and the classical Euler
gamma function I'(2) is

where

The beta function defined by
txfl

1 0o
B(:c,y):/0 t”’—l(l—t)y—ldtz/o Wdt, (6)

for z,y > 0.
It is clear that
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In [6], Jackson defined the g-analogue of the gamma function I'(z) as

O -z U 1z (2)
T,(z) = 1- 1, o e 2 1,
q(x) (qw7Q)oo( q) ’ |QI < ’ (qix;qil)oo (q ) q ’ ‘Q| >
where -
(#:9)00 = [ (1 — 24").
k=0

Also, Jackson defined the g-analogue of the beta function defined by

1
Bywy) = [ 71 0- atyy gty >0, (®)
0
the relation between the g-analogue of the gamma function and the g-analogue of the beta

function is:
()T (y)
Ly(x + )

The g-binomial coeflicients or the Gaussian polynomials are given by

By(z,y) = (9)

m N Cc) O (111
kly (@@ @)n-r  [Klgln —klg!

for 0 <k <nand |g| < 1. It is not difficult to prove that

m 2] =)

For n and m nonnegative integers, the Chaundy—Bullard identity [7—9] defined by

(1— X)"Hkizo <" Z k)Xk + Xm“kz; (ml": k) (1-X)F=1. (10)

The g-analogue of Chaundy-Bullard identity (10) defined in [10] by the equality:

m

n n k—1
> ["Zﬂ X[ -X¢7) + > [mz k] FxmI[(-X¢) =1 (1)
¢ j=0 k=0 q

k=0 7=0

2. New results for the Chaundy—Bullard type identity involving the
Pochhammer p—symbol

Theorem 1. For n,m nonnegative integers and p € N*, then

™4k (X)k,p " (m+k (Y)k,P —
(Y)nﬂ,pkzzo < " ) X Vs (X)m+1,pk§0 < k ) X+ Vrrrry
(12)
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Proof. By the identity (10), we have
m

n+1z(”+k’>Xk+Xm+1Z(m;k>(1_X)’“:1

k=0
then for a;, 8 > 0 and p € N*, we obtain

i k - . B " k o B o B_
Z(n—;— )Xerk 1(1_X)p+n+z<ml—€|— )Xp+m(1_X)p+k 1_ x5 1(1—X)P 1
k=0

k=0

Integrating on [0, 1] we conclude that for o, 5 > 0 and p € N*, we have

ﬁé<nZk>BG?+h§+mﬁi>+§i<m2%>3(§+ké?+m+l):B(Zé?)

k=0

k=0
(2+K)T(E+n+1) r(e+5) r(2
L($) &) rE+L4n+k+1)r(2+5)
<m+]{;>F(ﬁ+k)F(g+m+1) INCIEEEY I(
k (%) LG TE+Z4m4k+1) I

k>ma+mr@+n+n INCIEES

o By I+ R\TEFRTE+n+1) I m+ b\ TG +ET(E +m+ 1)
B(p’p)_kzzj()( k )F(p+p+n+k+1)+z< k )F(g+§+m+k+1)
(")

p ' p a p
L) r(8) F(g+§+n+k+1)B(p’p>
m+R\LE+RT(E+m+1)  T(§+7) a B
< k > IZ‘)(B) pF(%) r(g+ﬁimik+ )B( »)
n—,:k ((Z;) g)n+1B(a é)—l— <m;—k) ((a) k(5 )m+1B(a é)

b
%ﬂ)m—l-k—i-l b p

k) pk(g)kpmﬂ( Jm+1

pmtktl (QTTB)erkH

n
k
) (B)k,p(@)m+1,p B(g @)

(4 B)mskt1p PP

+

(@rpBnt1p pra B "<m k
(04—1—5)”4,_].34_171,3(]9’ p> 0

k=

n _]L_ k> ((Ot)k,p (@i - <ml—: k) (B)kp -1

o+ B)ntktip o (@ + B)mtk+1,p

The required proof is complete.

B<—

a B
p'p

»)
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Example 1. For n and m nonnegative integers and p = 1 in (12), we find the known
results [11]

n+k (X)k =~ (m+k (Y, _
Vs Z < k ) (X +Y)ntkt1 + (Xmi kgo < k > (X + =1 (13)

k=0 Y)m+k+1

Example 2. For n and m nonnegative integers and X =6, Y =4 and p =2 in (12), we
obtain

(14)

i”: (n+2)(n+1)(k+2)(k+1) +z": (m+3)(m+2)(m+1)(k+1) 1

(n—l—kr+1)5 (m+k—|—1)5 12°

k=0 k=0

Example 3. For n and m nonnegative integers and X =Y =p € N* in (12), we have

n

Ui n-+1 m—+1
+ =1. 15
Z;)n+k:+2 Y(n+k+1) kzz()(m+k+2)(m+k+1) (15)

Remark 1. For (X,Y) = (AX,A\(1 — X)) in (12) and then taking the limit as A tends to
infinity we obtain the original Chaundy—Bullard identity (10).

3. Identity of Chaundy—Bullard type involving generalized
hypergeometric series

The generalized hypergeometric series [12], defined for complex numbers a; € C and
b € C\ {0,—1,-2,...}, for positive integers r,s € N by

o] = S G (6

The generalized basic hypergeometric series

A1y ...,y Qp > (alv" ar;Q)n _1\n (g) Its—r n
r0s |:bla...,b +0: ]_nzo( )(bl,...,bs;q)n[( DR (17)

is defined in [12, p. 125] for by, ....,bs # ¢~ ™, m € N,
where

(ar,a2,. .., am; @)n = (a1;O)n(a2; )n - - (am; @)n- (18)

The generalized basic hypergeometric series ¢; is a g-analogues of the generalized hyper-
geometric series (16).

For finite sums of generalized hypergeometric series and generalized basic hypergeometric
series, we will use the following symbols

at,..yap 1 @)k (an)y 2
TFS|:b1,..-,b3 ’Z]n_z .. :
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and

a1,...,Qr41 = (al,.. ar+1;Q)n n
r T 4,2 = z". 19
+1¢ [ bi,... b L ;)( DnOrr - b D) 19)

Theorem 2. For n,m nonnegative integers and p € N*, we obtain the following equality:

n+1 m—+ 1

(1-X)""" R [ ;X] + X™ Ry [ 1 — X] =1. (20)

n

Proof. For n, m nonnegative integers, we have

1= (l—X)”“i (”Zk>x’f+xm+1zn: <mzk>(1—X)k

kO k=0

n+1 (k+1) m+1) (k+1)
— X)k
_ +1 +1 -~ 7
= (1-x) Z nt gy + X7 Z i
:(1—X)”+11F0[n+1;X] +Xm+11F0[m+1;1—X]
m n
The required proof is complete.
Theorem 3. For n, m nonnegative integers, we have
n . n+1 m+l
[T -x4) 1¢o[q ;q,X] +X’"+12¢1[q 0 ;q,q] = 1. (21)
=0 m n

Proof. For n, m nonnegative integers, we have

(@; Qntm = (a5 0)n(aq"; @)m

then, by (11) we obtain

=3[ T 3 [] aae TT - )
k=0 =0 q =0

_ f[ (1 qu i aq n+k Xk +Xm+1z Qa m-Hc(X Q) qk
0 el GO CRE = (G DGk

3

B (G D@ Dk o | vmrt = (G Dm (@™ Qe (X5 Ok
(1=Xe) (@ Dn(a: O xR Z (q,q)m(q;q)k 1

I
s 1

k=0 k=0

<.
Il
o
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=[]0 -X¢) D> (5 + XN (@ k(X5 )k
jHO ( ) kzo (¢ Ok kzo (¢ Ok
- N X (@ k(X )k dF
—_ 1— qu (anrl’q) + m+1
j[[o ( ) kzo (a3 9)x kzo (05) (43 0k
n . n+1 m—+1 X
=10 -x¢) 1¢o[q_ ;q,X} +Xm“2¢1[q 0 ;q,q} :
0 m n

<.
Il

We find the result.

Now, we are interested in relations between the identity of Chaundy—Bullard involving
the Pochhammer p—symbol and hypergeometric series asserted in the following Theorem.

Theorem 4. For n,m nonnegative integers and p € N*, we obtain the following equality:

(X>m+1,P

%, m+1
(X + Y)m—I—LP

ol |
Xy

(Y)n-‘rl,p F .
2 L;Y +n+1"

F
(X +Y)ni1yp 2

=1.

n

(22)

Proof. For n, m nonnegative integers and p € N*, we have

" nﬂ,pzc;;k) s

P +Y)ntk+1p
B Z n+/€+ 1) pk(%)k
= +17
Jnt1,p I'(k+1) "+k+1(X;Y)n+k+1
= Z( ) T(n+k+1) P(+) L(E-+n+1)
Vnt1 L(n+ Dk + 1) pr i D(32Y 44k + 1) T(3EY 4 n 4 1)
- i( ) T(n+1+k) TEEE+n+1) (&) 1
Vnt1p ETn+1) TS £ 14 k) p T (Y 4 1) T+ 1)
v i (X) (n+ 1)k 1
= n+1,p X+Y 1(X+Y
= G At DT (E S ) DR+ 1)
= (Y)n+1,p i (F)k(n+1)k 1
(X 4+ Y)nt1p = (5P +n+ 1) K!
Dy p | L
X+ V)i1p | X rnr1
m
Then
n+/~c> (X)kp (Y)n+1p Sontl
i = : F R )
( n+1,pkzo< k (X+Y)n+k+1,p (X+Y)n+1,p 201 %4—714—1 "
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Consequently, we have the equality

" (m+k Yk (X)m1p
X)m ’ - oy 2
(X) +ka2:0 ( k > X+ Vmtirry XA V)mrrp

%,m—kl .

n

We using (12), we obtain the result.

Corollary 1. For n,m nonnegative integers, we have

(Y)n+1 X,n+1 . n (X)m+1 Y,m+1 ‘ _1
X+Y) 2 X+Y4n+177 ) T (X4 O [ XY +m+ 1 '
(23)
Proof. For n, m nonnegative integers and p = 1 in (22), we obtain the result.
Example 4. If X =Y, m =n in (22) we have
X
=.n+1 2X
SN I ST ;(X;nﬂ’p' 29
D n n+1,p
Example 5. If X =Y, m=n and p =1 in (22) we obtain
X n —+ 1 (2X)n_|_1
F ’ 1| = >~ 25
21[2X—|—n+1’} 2(X)nt1 (25)

4. Conclusion and Perspectives

In this paper, we have established a generalization of the classical Chaundy—Bullard
identity together with its g-analogue. Our approach, based on combinatorial manipulations
of generalized factorials and hypergeometric-type series, highlights the structural links
between binomial identities, g-series, and special functions. Several illustrative examples
were provided, showing how known formulas (such as the Beta integral and its g-extension)
can be recovered as particular cases of our results.

Beyond the intrinsic combinatorial interest of such identities, these results open several
directions for future research:

e exploring further extensions involving multiple parameters, higher-order factorials
or multivariate generalizations;

e investigating connections with orthogonal polynomials, especially those arising in
the Askey scheme and their g-analogues;

o applying these identities to the study of partition functions, g-series transformations,
and related problems in analytic number theory;
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e examining possible applications in approximation theory, where Beta-type integrals
and their discrete versions naturally arise.

We believe that the framework introduced here provides a unifying point of view for
various classical and modern identities, and may stimulate further developments at the
intersection of combinatorics, special functions and g¢-series.
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