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Abstract. In this paper, we introduce the concept of anti-fuzzy soft Boolean rings (AFSBRs),
which serve as a complementary extension to fuzzy soft Boolean rings. While fuzzy soft structures
have proven effective in modeling uncertainty through degrees of membership, they often overlook
the critical role of non-membership or rejection—an essential aspect in contexts involving con-
tradictions, conflict resolution, or decision-making under opposition. Motivated by this gap, the
anti-fuzzy soft approach emphasizes the non-membership aspects of elements under uncertainty,
offering a dual and more balanced perspective. We formally define the structure of AFSBRs,
present basic operations, and explore their fundamental properties through illustrative examples
and closure theorems. This study not only deepens the understanding of fuzzy algebraic systems
but also provides a robust algebraic framework for modeling negative information in areas such as
computational logic, artificial intelligence, and soft computing.
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1. Introduction

Zadeh [1] created fuzzy set theory in 1965 as a mathematical approach for simulating
uncertainty and ambiguity. Molodtsov [2] later introduced the concept of soft sets as a
general framework for handling parameterised uncertainties that are difficult to handle
with conventional techniques. These two ideas were combined to generate FSSs, which
have been the focus of a lot of research due to their many applications in information
systems, decision-making, and algebraic structures.

Soft set theory, introduced by Maji et al. [3, 4], established a flexible parameterized
framework for modeling uncertainty, later expanded through fuzzy soft sets that integrate
the vagueness of fuzzy sets with the structural adaptability of soft sets. Earlier algebraic
generalizations, such as fuzzy rings, provided a foundation for embedding fuzziness into
ring theory [5]. Subsequent works deepened these connections, with Ahmat and Kharal
[6] formalizing fuzzy soft sets and Acar et al. [7] introducing soft rings as a bridge to
algebraic applications. Despite these advances, most studies focus on membership-oriented
information, leaving limited attention to the complementary notion of non-membership
or opposition—an essential perspective for modeling contradictions. This gap motivates
the study of anti-fuzzy soft Boolean rings as a natural extension of fuzzy soft algebraic
Systems.

Additional developments include the study of anti-fuzzy h-ideals in hemirings by
Akram and Dar [8], the study of anti-fuzzy ideals of BCK-algebras by Hong and Jun
[9], and other extensions of fuzzy ideals and anti-fuzzy ideals in ordered semigroups, I'-
semirings, and related algebraic structures. These works illustrate the growing importance
of anti-fuzzy ideas, which provide an opposite perspective by representing non-membership
or opposing information. Soft set theory has also been successfully applied to a variety of
uncertainty models, such as intuitionistic fuzzy sets, neutrosophic sets, and bipolar fuzzy
sets, leading to the development of intuitionistic fuzzy soft sets, neutrosophic soft sets, and
bipolar fuzzy soft sets, respectively. These hybrid models have improved the theoretical
and practical aspects of uncertainty modeling. However, the related notion of fuzziness in
the soft set framework, anti-fuzzy soft sets, has not received much attention.

Rao et al. have made more contributions in this field by analysing soft Boolean near-
rings [10], introducing fuzzy soft Boolean rings [11], and investigating the structure of soft
intersection Boolean near-rings [12]. As an extension of fuzzy soft algebraic structures,
they introduced (€, € Vgi)-fuzzy soft Boolean near-rings [13] and developed fuzzy soft
Boolean near-rings [14] with their idealistic versions to improve the algebraic basis for
soft computing. Additionally, Rao et al. [15] presented (€, € Vg )-intuitionistic fuzzy soft
Boolean near-rings, which combine generalised membership ideas with intuitionistic fuzzy
logic. Further developments extended these ideas to intuitionistic fuzzy soft Boolean rings
[16], which incorporate intuitionistic fuzzy sets into the soft Boolean framework, thereby
enriching the treatment of dual membership and non-membership information. More re-
cently, algebraic aspects of bipolar fuzzy soft Boolean rings [17] have been studied, captur-
ing both positive and negative degrees of membership simultaneously and offering a richer
perspective for uncertainty representation. Further developments on classical Boolean
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rings have also contributed to the field: Hamsa et al. [18] investigated central Boolean
rings and introduced Boolean-type fuzzy ideals, enhancing the interplay between fuzzy
algebra and classical Boolean logic. Chalapathi and Madhavi [19] proposed neutrosophic
Boolean rings, integrating indeterminacy as a formal element into the Boolean structure.
Similarly, Ameri et al. [20] formulated Boolean rings based on multirings, extending the
classical ring framework to encompass multivalued logic and offering new interpretations
for algebraic reasoning. Collectively, these contributions demonstrate a progressive effort
to expand the algebraic foundations of fuzzy soft systems and to address increasingly
complex forms of uncertainty in mathematical structures.

In this study, we introduce the concepts of AFSBRs and AFSIs within the framework
of Boolean rings (BRs), and establish their fundamental algebraic properties. By extend-
ing the scope of fuzzy soft structures to incorporate non-membership information, this
work contributes to strengthening the theoretical foundations of soft algebraic systems.
Moreover, the results are intended to provide a clear and accessible framework that can
support further exploration by students and young researchers in the field of algebraic
approaches to uncertainty.

2. Preliminaries
To begin, we will present basic definitions.

Definition 1. For a set X, when two binary operations are available, namely addition +
and multiplication -, if any of the following characteristics apply, it is considered to be a
Ting:

(i) W is a group under +,

(ii) N is a semigroup under -,

(7ii) (g + s)t = gv + st and g(s +t) = gs + gr, Vg,s,t € N,

Definition 2. If1? = 1,Vr € X, then a ring X is a Boolean ring (BR).

Definition 3. Let A symbolise a starting universe, E& symbolise a set of parameters, and
I symbolise the closed unit interval, or I = [0,1]. P(A) denotes the power set of A. A
function with a set value is 1: E — I, where I indicates the total number of all the
fuzzy sets on A.

Definition 4. A pair of FSSs, (3,4) and (Z,9), with 4N $H # O, are considered. If
S =UNH and Q = I, NE;, Vi € U, the FSS (Q,8) is generated by the intersection of
(3, 4) and (2,9). The formula (3,84) N (Z,9) = (2, S) can be represented.

Definition 5. A pair of F'SSs, ) and (Z,9). The union of (1,4) and (Z,$) forms
I if red—9H

the F'SS (2,8), where & =4 U$H and O = =, if reH—-uU, Vre6.
LVE if redns

Next, we will write (3,44) U (2,
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Definition 6. Consider (1,44) and (Z,9) to be two FSSs. Then, (3,4) AND (Z,9) are
symbolised by (3,40) A (E,9), and it is suggested by (2,4 x ), where Q) = I A Ey for
each (r,n) € U x $.

=,9) are

Definition 7. Consider (3,41) and (Z,9) to be two FSSs. Then, (3,4) OR (
) =3I VE for

symbolised by (3,4) V (E,9), and it is suggested by (Q, 4 X $), where Q(xr, v
each (r,n) € L x 9.

Definition 8. Let (J,4) be an FSS. A known support of the FSS (1,4) is the set
Supp(3, ) = {r e &: I(x) = I # 0}.
An FSS (3,41) is said to be non-null if its support is non-empty, i.e.,
Supp(3, ) # 0.

Definition 9. Let (1,4) be an FSS that is non-null. If I(a) = 1, is an F-sub-BR of X for
each a € U, then (3,4) is an FSBR of X, i.e.,

(i) Ja(x = 9) > Ja(x) A Ja(),

(i) da(x9) = da(x) A da(y), VE, 9 € R.

Definition 10. An FSBR of Y is assumed to be (J,4). If the following criteria are

met, an FSS (Z,9) will be referred to as a fuzzy soft ideal (FSI) of (3,4), symbolised by

(5,9) < (3,4, ie.,

(i) $H C 4,

(ii) for each a € Supp(Z,9), the fuzzy set Zq is a fuzzy ideal (FI) of the fuzzy Boolean

ring Jq, i.e.,

(i) Za(r — 1) > Zalr) A Zaly),

(i) Za(ty) = Ea

(1) Za(r) < Jal
3. Anti-Fuzzy Soft Boolean Rings

The concept of FSBRs was proposed by Rao et al. [11]. In this section, we define
AFSBRs and discuss some of their fundamental properties. X denotes a BR from now on,
and all FSSs are preferred over RN.

Definition 11. An FSS (1,4) over X is called an anti-fuzzy soft Boolean ring (AFSBR)
of N if

(i) Ja(x +19) < Ja(x) V da(n),

(%) Ja(xy) < Ja(x) V da(b), Ve, n € X,

Example 1. Let X = {0, a*, ¢*,n*} be a non-empty set with two binary operations + and
- defined as follows:
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+ 0 |a*|c*|n* 0| a*|c* *
0 0 |a*|c*|n* 0 0] 0] 0

a* |a*| 0 | n*|c¢ a* | 0] a*|n*| ¢
¢ | n*] 0 |a ¢ 10| n" || a*
nwont ¢ a*| 0 n 0| ¢ |a*|n

Let = {u1,13,13} be the set of parameters and now define a FSS (3,4) over R as follows:

(L%) {(0,0.9), (a*,0.6), (¢*,0.4), (n*,0.6)}
1(:d) = {(0,0.8), (a*,0.5), (¢*,0.5), (n*,0.5)}
( 5 =1{(0,0.7), (a*,0.3), (¢*,0.3), (n*,0.1)}

Hence, (3,4) an AFSBR of X.

Theorem 1. Let (3,4) and (Z,9) be two AFSBRs. If (1,40) A (Z, $) is non-null, then it’s
an AFSBR.

Proof. Let us take (I, 4) A (Z, H) = (2, &) respectively, where & = U x $ and Q(a, b) =
J(a) AZE(b), Y(a,b) € &. Since (J,4) and (Z,9) are AFSBRs of X, we have Vr,y € N,

Qapy(x+v) = L@+®AEM@+®

< (Ja@) Vv ( N A (Ze(r) V Ee(v))
(Ja(®) AZ6(x)) V (Ta() A Ze(v))
= Q(ab)()vgab)(‘))a
Qapy(xn) = Ja(zn) A Ze(x)
< (ll(?) \ ja(‘))) A (Eb(?) \ EB(U))
= (da(®r) AZ6(x)) V (da(9) A Zs(n))
= Qa,0) (1) V Q) (0)

Hence, (3,4) A (E,9) is an AFSBR of X.

Theorem 2. Let (3,4) and (Z,9) be two AFSBRs. If (1,4) V (E,9) is non-null, then it’s
an AFSBR.

(Q, ©) respectively, where & = U x $ and Q(a,b) =

H) =
,4) and (=, $) are AFSBRs of N, we have Vr,p € N,

Proof. Let us take (3, 4)V (2,
J(a) V E(b), VY(a,b) € &. Since (J

Qapy(x+v) = 3(X+U) Ep(r+1)

< (Ja(®) VIa(v) V (Be(r) V En(y))
= (Ja(®) VEs()) V Ja(v) V Ee(v))
= Q) (F) V Qa,p) (1),
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Qo)) = Ja(xy) V Ee(a)
< (Ja(®) VIa(n) V (Ze(r) V Ee(v))
= (Ja(®) VEs(®)) V [a(v) V Es(v))
= Qo) @) V Qap (1)

Hence, (1,4) V (£, $) is an AFSBR of .

Theorem 3. Let (1,4) and (Z,9) be two AFSBRs. If (3,4)N(Z,9) is non-null, then it’s
an AFSBR.

Proof. Let us take (3, 4)N(Z, H) = (2, S) respectively, where & = 4N and Q(a, b) =
J(a) NE(b), V(a,b) € &. Since (J,4) and (Z,9) are AFSBRs of X, we have Vr,y € N,

Qapy(x+v) = Ja(x+9)NEp(r+1v)

< (Ja(®) V() N (Ze(r) V Ee(v))
= (Ja(r) NZ6(x)) V (Ta() N Zp(v))
= Qe (@) V Qe (1),
Q) (rn) = Ja(xy) N Ep(ry)
< (Ja(®) VIa(n) N (Ze(r) V Ee(v))
= (Ja(®) NZp(x)) V (Fa(n) N Zp(v))
= Qo) @)V Qap) ()

Hence, (3,4) N (Z,H) is an AFSBR of N.

Theorem 4. Let (3,4) and (Z,9) be two AFSBRs. If (3,40) U(Z, $) is non-null, then it’s
an AFSBR.

Proof. For any e € U $), and r,n € N, we consider the subsequent scenarios.
Case I: If e € L — §), then

Qe(F + U) = Je

Qe(ry) = IJe(wy)
< Je(x) Ve(y)
= Qe(r) V Qe(n).

Case II: If e € $ — 4L, then

Qe(x+1) = Ze(r+mn)
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Case III: If e € 44N H, then

Qe(r + 1)

Qe(xy)

Qe(ry) =

IN

| VAN

Hence, (3,4) U (E,9) is an AFSBR of N.

4. Anti-Fuzzy Soft Ideals over Boolean Rings

< C < C
&

2D (1

Ee(x) V Ee(v)
Qe(r) V Qe(n),

2w
Ty
—_ —
< <
2 [
55

~
—_—
~
— ~—
. ~—

7of 11

In this section, we define AFSIs and discuss some of their fundamental properties.

Definition 12. An FSS (3,4) over X is called an anti-fuzzy soft ideal (AFSI) of X if

(1) Ja(x +9) < da(2) V da(v),

(i) da(x9) = da(x) Ada(v), Ve, 9 €.

Example 2. Let X = {0, a*, ¢*,n*} be a non-empty set with two binary operations + and

- defined as follows:

*

*

*

*

*

+ O |a*|c¢"|n Oja*"|c"|n
0 O |a* | ¢ |n* 0 0010

a* |a*| 0 | ¢ |n* a* |0|a* |0 |a*
c* ¢t | 0| a* ¢ {0] 0 |c¢"]c*
nolnt i nt|a*| 0 n |0 |a*|c|n

Let = {u1,13,13} be the set of parameters and now define a FSS (3,4) over R as follows:
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(e}
(e
(e

) (0,0.9), (a*,0.7), (¢*,0.8), (n*,0.7)}

)

)
Hence, (3,41) is an AFSI of X

d

{
{(0,0.8), (a*,0.5), (¢*, 0.5), (n*,0.8)}
{(0,0.4), (a*,0.4), (¢*,0.6), (n*, 0.8)}

Theorem 5. Let (1,41) an
an AFSI.

(E,9) be two AFSIs. If (3,4) A (E,9) is non-null, then it’s

Proof. Let us take (I, ) A (E, H) = (2, &) respectively, where S = Ux $ and Q(a, b) =
J(a) AE(b), Y(a,b) € . Since (J,44) and (=, H) are AFSIs of R, we have Vr,py € R,

Qapy(r+v) = Ja(x+9) AZp(r+1v)
< (Ja(®) VIa(9) A (Zo(r) V ZEe(v))
= (Ja(®) AZ6(x)) V (Ta() A Ze(v))
= Qo) @)V Qap (),
Qe () = Ja(n) A Zs(zn)

> (Ja(x) Ada(n)) A (Ze(r) A Ze(v))

= (Ja(®) AZp(x)) A (Ta(n) A Ze(v))

= Q) () V Qap(n)

Hence, (3,4) A (Z,$) is an AFST of X.

Theorem 6. Let (1,4) and (E,9) be two AFSIs. If (3,4) V (E,9) is non-null, then it’s
an AFSI.

Proof. Let us take (1,4) V (2, $) = Q, &) respectively, where & = { x § and Q(a, b) =
J(a) V Z(b), Y(a,b) € &. Since (1,41) and (=, $) are AFSIs of X, we have Vr,py € R,

Qapy@+n) = Jat+9) VEs(+v)
< (Ja(®) VIa() V (Ze(r) V Ee(v))
= (Ja(®) VEs()) V (Ja(v) V Ee(v))
= Q@) V Qap (1),
Qapy)@) = Ja(xy) vV Ep(n)

> (Ja(x) Ada()) V (Ze(r) A Ze(v))

= (Ja(®) VEs () A (a(v) V Ee(v))

= Q) (&) A Qap)(n)

Hence, (3,4) V (E,9) is an AFST of X.
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Theorem 7. Let (3,80) and (Z,9) be two AFSIs. If (1,4) N (Z,9) is non-null, then it’s
an AFSI.

Proof. Let us take (3, 4)N(Z, H) = (2, S) respectively, where & = 4N and Q(a, b) =
J(a) NE(b), VY(a,b) € &. Since (J,4) and (Z,9) are AFSIs of X, we have Vr,n € N

Qapy@+n) = Ja(x+1) NEp(r+1)
< (Ja(®) VIa()) N (Ee(x) V Ee(n))
= (Ja(®) NZp(x)) V (a() N Ze(v))
= Q@) V Qap (1),
Qe (@) = Ja(xn) N Ee(xy)

2 (Ja(@®) Ada(n)) N (E6(x) A Ep(n))

= (da(®) N Ep(x)) A (da(n) N Ep(v))

= Qa,0)() A Qap)(n)-

Hence, (3,4) N (Z,$) is an AFSI of N.

Theorem 8. Let (3,4) and (Z,9) be two AFSIs. If (3,4) U (E,9) is non-null, then it’s
an AFSI.

Proof. For any ¢ € UU $H, and ¢,y € N, we consider the subsequent scenarios.
Case I: If e € L — §), then

Il
Ly
s

Qe(r+ 1)

A
DM
Z

<
=
S

v
ol =
—~ =
- =
\/>
>

Ly
~
—
pagnC )
\3\_/
=

Case II: If e € $H — 4, then

Qe(x+1n) = EZe(r+m)
< Ee(r) VEe(y)
- Qe(? \/QQ(U b
Qe(?‘)) = =Z t))

AV
I
>
In
S



D. Ramesh et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 7015 10 of 11

= Qe(?) A Qe(‘))-
Case III: If e € 4N H, then

Q(+y) = L@+v)UE(+y)
< (@) V() U Ee@) V Eeln)
= (Je(?:) U Ee(?)) \ (Je(‘) U Ee(U))
= Q(r) V Qe(n),
Qe(ry) = Ie(xy) UZc(an)

> (3e(x) Ade(9)) U (Ee(x) A Ee(n))

= (L(P) U Ee(?)) A (je(‘)) U Ee(U))

= Qe(r) A Qe(n).

Hence, (1,4) U (£, $) is an AFSI of .

5. Conclusion

In this work, we introduced and rigorously investigated the theory of anti-fuzzy soft
Boolean rings (AFSBRs) and anti-fuzzy soft ideals (AFSIs), defining their structure, al-
gebraic operations, and core properties. Motivated by the need to formally capture non-
membership and opposing information—often overlooked in classical fuzzy soft frame-
works—this study provides a dual extension that enriches the algebraic modeling of un-
certainty. Through precise definitions, illustrative examples, and closure theorems, we
established the internal consistency and structural robustness of AFSBRs under stan-
dard set-theoretic operations. These findings affirm the potential of anti-fuzzy soft alge-
braic systems as foundational tools for representing rejection, contradiction, and negative
knowledge in decision-making scenarios. Future work may expand on this foundation by
exploring morphisms, deeper characterizations, and algorithmic implementations, as well
as practical applications in non-classical logic, artificial intelligence, and soft computing
environments.
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