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Abstract. In connection with the non-uniqueness of the Stieltjes moment problem on (0, 00),
Stieltjes constructed the nontrivial function f(x) = e~ sin(x1/4) satisfying fooo 2" f(z)dx =0
for all integers n > 0. We extend this by considering

I(k) = / e/ sin(m1/4) zF da
0

for real k > 0, evaluating I(k) explicitly and proving I(k) = 0 if and only if k¥ € Z>,. More
generally, for parameters m > 0, @ > 0, 8 € R, ¢,k € R we analyze

o0
I gk, o, B) = / e—aet/™ sin(ﬂxl/m) xk(xl/m)q dzx,

0
derive a closed form, and give necessary and sufficient conditions for its vanishing. We also establish
cosine analogues, both for the Stieltjes example and for the generalized integral mentioned above.
As a consequence, we obtain integral representations of I'(A4) for suitable A > 0, as well as integral
formulas for several classical constants arising from gamma function. To understand the importance
of integrals that vanish for every value of a continuous parameter, we will also discuss Salem’s
equivalence of the Riemann hypothesis, which is formulated in terms of such a parameter-dependent
integral.
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1. Introduction

Definite integrals are widely used in both pure and applied mathematics. While many
can be solved with basic methods like substitution or integration by parts, numerous in-
tegrals are non-elementary and cannot be expressed using standard functions. Evaluating
these requires advanced techniques, such as transformations (Laplace, Mellin), complex
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analysis (contour integration, residues), and special functions (Gamma, Beta, hypergeo-
metric). Exact solutions are valuable for precise predictions, deeper theoretical insight, and
verifying numerical methods. Consequently, research on advanced methods for definite
integrals remains active, with comprehensive compilations and recent studies highlighting
ongoing developments and continued interest in the field. For the extensive list of definite
integrals and some recent recsults, one may look for the references [1-10]. This paper deals
with the evaluation of an integral related to the Steiltjes moment problem. We recall few
definitions from the moment problem.

The classical moment problem asks [11]: given a sequence of real numbers

{mn}’?zo:Oa

does there exist a positive Borel measure y on some subset of R such that

mn:/m”du(x), n=20,1,2,...7
Depending on the support allowed for u, one obtains three classical versions as stated

below.

Definition 1 (Hamburger moment problem). This problem seeks the measure p on the
entire real line (—oo,00). That is, given {my,}, does there exist a positive measure p with

oo
mn:/ " du(z), n=0,1,2,...7
—00

This is the most general form of the problem.

Definition 2 (Stieltjes moment problem). This problem seeks the measure p on the half-
line [0,00). That is, one asks whether there exists p with

(o]
mn:/ " du(z), n=0,1,2,...7
0

Such sequences {my} are called Stieltjes moment sequences. This version is closely con-
nected to continued fractions and orthogonal polynomials on [0, 00).

Definition 3 (Hausdorff moment problem). Here the measure p is confined to the compact
interval [0,1]. That is, does there exist p with

1
mn:/ " du(z), n=0,1,2,...7
0

In every version of the moment problem, the issue of uniqueness is crucial. For the
Stieltjes and Hamburger cases, whenever a solution exists it need not be unique, there
may be infinitely many measures producing the same moment sequence (the indeterminate
case). By contrast, the Hausdorff moment problem, when solvable, always yields a single
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measure, making it determinate. Thus, in the indeterminate situations, one encounters
infinitely many distinct measures that share the same prescribed moments. The non-
uniqueness of moments is classically studied through Carleman’s condition and Krein’s
condition. Related to Hausdorff moment problem, we have the classical result proved
through Weierstrass approximation theorem,

Proposition 1. [12] Let f € C([0,1]). If

1
/ 2" f(x)de =0 foralln=0,1,2,...,
0

then f =0 on [0, 1].
About the infinite case, we may pose a similar question:

Question 1. Suppose f € C([0,00)) and

o0
/ 2" f(z)dz =0 foralln=0,1,2,....
0

Does it follow that f =0 on [0,00)?

In relation to the non-uniqueness of the moment problem, Stieltjes showed [13](see
p.506) that function f in Question 1 may be non-zero by giving the following example:

Example 1. The integral

I(n):/ z"f(z)de =0 (n=0,1,2,...), (1)
0
for the non-trivial function,

f(z) = e~ sin (x1/4), x> 0. (2)

This paper studies the following questions related to Stieltjes Example 1:

Question 2. The integral I(n) = [~ 2™ f(x)dz = 0 for f(z) = e=='"" sin (1:1/4),33 >0 for

alln =0,1,2,.... What if non-negative integer n is replaced by non-negative real number

k, that is, for what real numbers k > 0, we have that I(k) = OOO zFe="" gin ($1/4) dz = 0.
The second question deals with the following generalization of the Steiltjes integral.

Question 3. FEuvaluate the following generalized integral explicitly (for appropriate param-
eters) and determine the necessary and sufficient conditions on the parameters so that the
integral vanishes,

Ig(k) = / g0z sin(ﬁwl/m) 2P (2™ d, (3)
0

where k > 0 is a real number.
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We will solve the integrals I(k) and I, 4(k) given in Questions 2 and 3 explicitly, and
establish the necessary and sufficient conditions for the vanishing of these of integrals. This
question is interesting as there exist integrals which vanish for all values of the continuous
parameter (not only on discrete subsets of reals as in the case of Example 1 with parameter
For instance,

Example 2.
I(a) = /oo sin(az) — sin((a + 1)z) dr =0, 0> 0
0 x
This follows from the Dirichlet integral / sin(a) dr = 5 sgn(a), and since a > 0 and
0 X
a+1>0,
T T
I(a)=-——=-=0.
(a)=5-5=0
Thus

I(a) =0 fora>0.

Another motivating example for studying Question 1 and Question 2, and more broadly,
integrals that vanish for every value of a continuous parameter, is Salem’s equivalence of
the Riemann Hypothesis. This equivalence is expressed through an integral involving a
continuous parameter, as stated below:

Theorem 1. [1/] The Riemann hypothesis is true if and only if the integral equation

oo l‘r_lf(.%’)
/0 Wd:c:(), fOTGJ”t>O,

admits only the trivial bounded measurable solution f(x) = 0, for a fized parameter r
satisfying % <r<l1.
Equivalently, we we may write Theorem 1 as following:

Theorem 2. The Riemann hypothesis is false if and only if there exists a montrivial
bounded measurable function f(x) # 0 satisfying the integral equation

2" f(z)

o0
/ Wdaj:(), fOTGJ”t>O,
0

1
Jor fized parameter r such that 5 <r <1.

Salem’s criterion has been the subject of recent investigations by several authors ([15—
18]) using a variety of integral transform techniques. In particular, the following result
was obtained in [17] (see Corollary 3.3):

Theorem 3. Let f(x) be a bounded measurable function on Ry such that f(z) = O(z'/?)
as x — 0F. If f(x) satisfies the integral equation given in Theorem 1 for given k with
% < k <1 and for allt > 0, then f(x) vanishes almost everywhere on R.
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It is important to note that if there exists a nontrivial bounded measurable function
f(x) satisfying the integral equation presented in Theorem 2 for all continuous parameters
t > 0, then such an f(x) would constitute a counterexample to Salem’s equivalence of the
Riemann Hypothesis. Emphasis should be placed on the fact that this nontrivial bounded
function must cause the integral on the left-hand side of Theorem 2 to vanish for all £ > 0.
Consequently, the study of such parameter-dependent improper integrals that vanish for
every value of a continuous parameter becomes particularly interesting depending upon
the context. This paper examines a parameter-dependent improper integral, inspired by
the Stieltjes moment problem, which vanishes for all continuous parameter values.

2. Main Results

We begin with the explicit evaluation of Steiltjes integral.

Theorem 4. For a real number k > —1 define
_ g 1/4\ k
I(k) = e sin(z'/*) 2" dx. (4)
0

Then I(k) is absolutely convergent for k > —1 and,
I(k) =272 T(4k + 4) sin((k + 1)7), (5)
and, in particular, I(k) =0 if and only if k € {0,1,2,...}.

Proof. Absolute convergence of (4) holds for k > —1 because on [0, 1],
1
}67;;:1/4 sin(a'/4) k| < aM/igh = GFHA < o, / dr = 1 <o
0

T

and on [1, 00) we have |sin(z'/4)| < 1 and the factor e~ " decays super-polynomially, so

floo e~ 2% dz < co. We make the substitution,

u = x1/4, z = ut, de = 4u® du, (6)
to obtain
I(k) = / e %sin(u) (uh)F (4u?) du = 4/ e sin(u) w3 du. (7)
0 0

We denote real and imaginary parts by R and 3, and write sinu = $(e™*), we have

oo )
e Usinu = S(efuew) — %(ef(lfz)u)7 = / u4k+367’u sinudu = %/ u4k+367(172)u du.
0 0

(8)
Combining (7) and (8) yields the identity,

I(k) =49 / W8 = (=0 gy, (9)
0
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Now we set,
a=4k+4>0, A=1—i (RA=1>0). (10)

By the Gamma function ( with the substitution ¢ = \u), we obtain

I o rtye-l _ dt ca a1 — I'(a)
a—1_—Au v t a a—1_—t
/0 u' e du—/o (/\) e = /0 t et dt = N (11)

we have, with a = 4k + 4,

o : ['(4k +4)
4k+3 1—i)u
/0 u e U=Du gy = TEDEGES (12)

Next we compute the complex power explicitly using the polar form 1 — i = /2 e~#7/4;

(1— i)—(4k+4) _ (\/5671‘71'/4)—(4%—4) — 9= (2k+2) pi(4k+)m/4 _ 9—(2k+2) Li(k+1)m (13)
Substituting (12) and (13) into (9) and taking imaginary parts gives,

1(k) = 43(T(ak + 4) (1 = i) ~4++4)
= 4T (4k + 4) 2~ R+ g (k+Dm)
=972k I'(4k + 4) sin((k + 1)7T), (14)

which proves (5). Since 272% > 0 and I'(4k +4) > 0 for k > —1, the equality I(k) = 0
holds if and only if sin((k + 1)7) = 0, i.e.,

(k+1)m =mm for some meZ <<= k=m-—1L.

Under the constraint k > —1, this forces m > 1, so precisely k € {0,1,2,...} yield
I(k) = 0, and conversely any such k makes sin((k + 1)m) = 0, establishing the stated
equivalence.

Now we have the following generalization of Theorem 4.

Remark 1. The above theorem provides an explicit closed-form evaluation of the integral
I(k) in terms of the Gamma function and the sine function. It demonstrates that the
vanishing of 1(k) occurs only for nonnegative integer values of k.

Theorem 5. Let m >0, a >0, B € R, ¢ € R, and k € R. Define
* _aalm Um\ (1)
I gk, o, B) :/ e sm(ﬁ:z: m) " (x4 dx, (15)
0

and set
A=mk+q+m. (16)
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Then the integral in (15) converges for every A > —1. Moreover, if A > 0 (which we
assume for the evaluation below), one has the closed form

Imq(k,a, B) = mT(A) (a? 4 52)~4/2 sin(A arctang). (17)
Consequently, if B # 0 then Ip, 4(k, o, B) = 0 if and only if

A ar(:tané € Z; (18)
o'

if B=0 then Ip, 4(k,c,0) =0 for all admissible parameters.

Proof. Write the integrand as e—oat/™ sin(ﬁml/m) zFT4/™  For convergence near = = 0,

use |sint| < min{1,|t[}. As z | 0, we have t = z'/™ | 0, thus |sin(Bz'/™)| < |8 z*/™,
which gives
‘e_‘”l/m sin(ﬁxl/m) mk+q/m| < ghta/mt1/m (x4 0). (19)

Hence fol |6_O‘I1/m sin(Bzt/™) 2FT9/™| dx < oo provided k + g/m +1/m > —1, i.e.
mk+q+m>-1 — A>-1. (20)

As x — 00 we have |sin(fz/™)| < 1 and the factor e—oat/™ decays faster than any power,
S

/ ‘e azt/m sin( Bwl/m) xk+q/m‘ dr < oo for every k,q when o > 0. (21)

Therefore (15) converges for all A > —1.
For evaluation assume A > 0. We make the substitution

uw=at/m, z=u", dz = mu™ " du, (22)
and note 2 (z!/")? = w4, Then
O T ——

—m/ U sin(Bu) w1 du. (23)

Using sin(fu) = I(e’#*) and the absolute integrability guaranteed by A > —1 and o > 0,
we may pass the imaginary part inside the integral:

e “sin(fu) = S(ef(afw)”) = Inq(k,a,p)= m%/ uA™t e (@=iB)u gy, (24)
0

Put
A=a—if (RA=a>0). (25)



1. Ayoob / Eur. J. Pure Appl. Math, 18 (4) (2025), 7023

For A > 0 the Gamma gamma function (by the substitution ¢ = \u) gives,

1 - Crt\A-L _ dt A a1 - I'(A)
A—-1_—Au v t A A-1_—t
/0 U e du—/o ()\) e —)\—)\ /0 t e dt—i)\A.

Applying (26) with (25) in (24) yields

Itk 8) =m0 ).

(o —iB)"

We write a — i in polar form, with

r— \/m7 Hzarctang € (—%%%

0 and hence

we have a — i =re”
(0 —if)~A = r—Aeidf,
Substituting (29) into (27) and using I(e*1?) = sin(Af) gives
Img(k,a, B) = mT(A) S(r~e™?) = mI'(A)r~ sin(A9)

=mT(A4) (a? 4 §2)~4/2 Sin(A arctané>,

«

which is (17).

8 of 16

(26)

(27)

(28)

(29)

(30)

Since m > 0, T'(A) > 0 for A > 0, and (a? + 2)~4/2 > 0, the vanishing I,,, ,(k, , ) = 0
(when § # 0) is equivalent to sin(A4) = 0, i.e. (18). If 8 = 0 then sin(fz'/™) = 0 and

(15) gives I ¢(k, a,0) = 0.
The following corollary recovers Theorem 4 from Theorem 5.

Corollary 1. Let m =4, a=1, =1, q=0. For k> —1,

Iio(k,1,1) = / e/ sin(m1/4) a* dr = 272K D (4k + 4) sin((k + 1)7).
0

Proof. Here A = mk+q+m =4k +4, r = \/a? + 2 = /2, and 0 = arctan(1) = 7/4.

Substituting these into (17) gives

Lio(k,1,1) = 4T (4k + 4) (V2) "W+ sin((4k + 4)T) = 272 D(4k + 4) sin((k + 1)7).

We also have the following special cases.

Corollary 2 (Equal parameters o = 5 > 0). For any m > 0 and any k,q with A > 0,

I q(k, o, ) = mI'(A) 9742 oA sin(A%).

In particular, Iy, ¢(k, o, ) = 0 if and only if A € 4Z.
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Proof. When o = 3, we have 7 = /2« and § = 7/4, so (17) reduces to the displayed
formula. The zero condition follows from sin(Aw/4) = 0.

Corollary 3 (¢4 =0). If¢g=0 and k > —1, then A=m(k + 1) and
_ 2 a2\ —m(kt1)/2 B
Imo(k,a, B) = mD(m(k + 1)) (& + 5?) sin(m(k + 1) arctana :

Proof. Put ¢ =0 in (17).

Next, we give the cosine variant of Theorem 4. The proof is similar as in Theorem 5
but for the completeness, we write it here.

Theorem 6. Let m >0, a >0, B € R, ¢ € R, and k € R. Define
Im.q(k, o, B) = / e—oat/™ cos(ﬁxl/m) zF (xl/m)q dz, (31)
0

and set
A=mk+q+m. (32)

Then the integral in (31) converges for every A > —1. Moreover, if A > 0 (which we
assume for the evaluation below), one has the closed form

Jimq(ky o, B) = mT(A) (o2 + 52)~4/2 cos (A arctané). (33)

Consequently, if B # 0 then Jp, 4(k, o, B) = 0 if and only if
A arctané el s (34)
a 2

if 6 =0 then
Jmq(kya,0) =mT(A) o= (35)

Proof. We write the integrand as e—<"/" cos(Bazt/™) zF+a/™  For z | 0 we use | cost| <
1 to obtain )
lemo® o cos(Ba/™) a:k+q/m‘ < aghtam (x]0), (36)

SO fol le=0e"™ cos(Bxl/™) 2k +a/m| dy < oo provided k + q/m > —1, i.e.
mk+qg>-1 <= A-m>-1 < A>-1. (37)

As & — 0o we have |cos(8z"/™)] < 1 and the factor e~ vields super-polynomial
decay, hence

o
/ }e_axl/m cos(Bz'/™) :UH‘]/W‘ dxr < oo for every k,q when a > 0. (38)
1

Therefore (31) converges for all A > —1.
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Assume A > 0 for evaluation. We make the substitution

u=z/m x=u", dx =mu™ ! du, (39)

and note 2¥(2!/™)4 = 4k +4_ to obtain
Jm,q(haaﬁ) / e cos(ﬁu) mk+q (mum—l) du

—m/ U cos(Bu) ut 1t du. (40)

Using cos(fu) = S?(ew“) and absolute integrability for A > —1, we may pass the real part
inside the integral:

e cos(fu) = %(e_(a_iﬁ)“) = Jmgq(k,a,B) = m%/ uAt e (@B gy, (41)
0

Let
A=a—if (RA=a>0). (42)
For A > 0, the Gamma function, obtained by the substitution ¢ = Au, gives
a4l — X tNA-L L dt 1 [ 44 _ I'(A)
A-1_—)u _ - 2 = A-1 -t =g s
/0 u’ e du-/o ()\) ¢ Y =3a ; et dt A (43)
Applying (43) in (41) yields
I'(4)
Jm ka 9 - % T AN A . 44
ka8 = m( ) (a4)

We write a — i in polar form. With

r=+a?+ 2, 0 = arctang € (—g, %), (45)
we have a — i3 = r e~ hence
(a— i) =i, (46)
Substituting (46) into (44) and using %(eiA‘g) = cos(A0) gives
Imq(k,a, B) = 8?(7“ ZA‘g) =mT(A)r~* cos(Af)
— mT(A) (a2 + 5242 cos (A arctang), (47)

which proves (33).

The zero condition (34) follows since m > 0, I'(A) > 0 for A > 0, and (a2 + ,6’2)_’4/2 > 0,
80 Jinq(k, o, 3) = 0 if and only if cos(A#) = 0, i.e. A0 € § + 7Z. When 8 = 0, we have
6 = 0 and cos(Af) = cos0 = 1, and (47) reduces to (35).

We have the following cosine analog of the Steiltjes example.
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Corollary 4. Let m =4, a=1, =1, q=0. Fork > —1,
G(k) = / e cos(x/4Y) 2 dw = 27 T'(4k + 4) cos((k + 1)7).
0

Furthermore, G(k) = 0 if and only if k =n— 3, n€{0,1,2,3..}.
Proof. Here A = 4k + 4, r = +/2, and 0 = arctan(1) = 7/4. Substituting into (33),
Juo(k,1,1) = AT(4k + 4) (V2) "W cos((4k +4)T) = 272 T(4k + 4) cos((k + 1)7).
Note that in Corollary 4, for the vanishing of G(k), the values of k are not non-negative
fractions, whereas the Steiltjes type moment problem requires k& to be non-negative in-

tegers. To have k non-negative integers and a cosine variant of Steiltjes , we have the
following result.

Corollary 5. Let m > 2 and o > 0, and set

T T m
Gfg, Bfatanﬁfatan(a), ¢=-% (48)
For k € R define
Imq(k, o, B) = / eoz!/™ cos(ﬁxl/m) oF (2™ de., (49)
0
Then Jp q(k, o, B) converges for k > —% and
Img(k,a, B) = mD(m(k + 3)) (o + ﬁQ)*m(k;m) cos (77(1{7 + %)) (50)
In particular,
Imgk,0, ) =0 <= ke Zso. (51)

Proof. By Theorem 6, for A = mk + ¢+ m and 6 = arctan(8/«a) € (=5, 5) one has
Tng(k, o, B) = mT(A) (o® + %) /2 cos(Af), (52)

whenever A > 0 (and convergence holds for A > —1). With the parameter choice (48) we
have 0 = 7/m € (0,5), A=mk+q+m = m(k‘ + %), and hence

Asz(k—i—%)-%zw(lﬂ—i—%). (53)

Substituting (53) and A = m(k + 3) into (52) yields (50). Since A > 0 is equivalent to

k> —%, convergence and evaluation hold precisely on k > —%. In (50) the prefactor

mT(m(k+ 3)) (@® + f2)~m*+1/2)/2 i5 strictly positive for k > —1, so
Imq(k.a,8) =0 <<= cos(m(k+3))=0 <= k+3€Z <= kel

Intersecting with k > —1% gives k € {0,1,2,...}, which is (51).

Corollary 5 gives the following explicit examples,
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Example 3. Set
= —2,

and define,
filz) = 6—:01/4 coS($1/4) ($1/4)—2 _ 6_351/4 cos(ﬂfl/4) 212

Then for k > —%,
Ji_o(k,1,1) = / fi(z)a® de = 4T (4k + 2) 27D cos(n(k + 1)),
0

and therefore
J47_2(/€, 1, 1) =0 <<= ke ZZO'

Example 4. Choose

o 3

and define
folz) =€ 321/6 C08(1,1/6) (xl/ﬁ)—:s = e~ 321/6 COS(l'l/G) 212
Then for k > —%,

J6’,3(k, V3, 1) = / fo(x) 2* do = 6 T(6k + 3) 9~ (6k+3) COS(ﬂ'(l{? + %)),
0

which gives

Jo—3(k,V3,1) =0 <= k€ Zso.

We also have the following integral representations of the important constants,

Corollary 6. In Theorem 5, choose

12 of 16

Then A =mk+q+m =2 and § = arctan(8/«a) = arctan(1) (so sin(20) = 1), which gives

o
/ e/’ sin(ml/Q) de = 1 (converges since A =2 > 0).
0

(54)

Proof. By (17), I = mI'(2)r~'sin(20) with m = 2, r = a?> + 2 = 2. Thus I =

2.1-(1/2)-1=1.

The following theorem gives integral representation of specific values of the gamma

function.
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Theorem 7. Let A >0, m >0, and choose any angle 6 € (0, g) Define

[

r = (msin(A9))4, a = +/r cosf >0, B =+/r siné, (55)

and set

Then A = mk + q + m and, with
I gk, o, B) = / g—ozt/™ Sin(ﬁwl/m) 2 (2™ da, (57)
0

we have A > —1 (indeed A > 0) so the integral converges, and moreover
Im,q(kaa7ﬁ) = F(A) (58)

Proof. By (56), A =mk+q+m =0+ (A—m)+m = A, so the parameter A in
Theorem 5 agrees with the present A. Using § = arctan(f/a) € (0,%) and r = a? + 52
from (55), Theorem 5 gives (for A > 0)

Imq(k,a, B) = mT(A) r=4/2 sin(A9). (59)
By construction, r4/2 = (msin(A6)), hence

—A/2 _ sin(A@) :l
r sin(Af) sn(Af) ~ m’ (60)

Substituting (60) into (59) yields I, , = I'(A), i.e. (58). Convergence is ensured because
A > 0 implies the hypothesis A > —1 in Theorem 5.

Remark 2. The choice of 0 € (0,%) guarantees o > 0 and is compatible with 0 =
arctan(f/a). The representation (58) uses only the freely chosen numerical parameters
(m, @) and the target parameter A, the constants o, B are then determined by (55) and do
not involve T'(A).

Corollary 7 (Integer case A =n € N with m = 1). Let n € N and m = 1. Choose any
0 € (0,%) and define

a= (Sin(nH))g/n cosd, 8= (sin(n@))2/n sin 6, k=0, g=n-1. (61)
Then -
/ e sin(Bx) 2" tdr =T(n) = (n — 1)\ (62)
0

Proof. This is Theorem 7 with A = n and m = 1, note r = (sin(nf))*" so that
7"/? = sin(n#) and (60) holds.
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Corollary 8 (Half-integer case A = ¢ + %) Let £ >0 and A ={+ %, m = 1. Choosing
any 0 € (0,5) and

a= (Sin(AH))Q/A cos b, 8= (sin(AH))Q/A sin 6, k=0, g=A-1, (63)
one obtains

. ) 20)
/0 e~ sin(fBr) A N dy = F(ﬁ + %) = (4@2! Vro (e %N) (64)

Proof. Immediate from Theorem 7 with m =1, A =¢+ %

Corollary 9. Let A>1 and 6 = % € (0,%). For anym >0, set

a = m'4 cos (2l>, B =m'/4sin <%>, k=0, g=A-—m. (65)

Then sin(Af) = 1 and r = o® + 2 = m*4, so
/ et/ Sin(ﬁxl/m) am L dy = I'(A). (66)
0

Proof. Here r4/2 = m and sin(A0) = 1, (59) yields I,,, = mT(A)m™' -1 =T(A).

3. Conclusion

Motivated by Stieltjes’ classical counterexample in the (indeterminate) Stieltjes mo-
ment problem, we revisited the kernel

flx) = e/ sin(w1/4)
and evaluated its moments against continuous powers. Theorem 4 gives the exact formula
© _pl/4 . 1/4 k —2k :
I(k‘):/ e sin(2'*) 2" dz = 272" (4k + 4) sin((k + 1)),
0
from which it follows that I(k) = 0 if and only if k € Z>(. This settles, in the affirmative
and with a complete characterization, the question of which non-negative real exponents

yield vanishing moments for the Stieltjes kernel.
We then proved a generalization (Theorem 5) to the family

I g(k,a, ) = / e—oa!/™m Sin(ﬁxl/m) xk(:cl/m)q dz, A=mk+q+m,
0

establishing: (i) sharp convergence for A > —1, (ii) the closed form I, , = mT'(A) (a? +
B%)~4/2sin(A arctan(3/a)); and (iii) a necessary and sufficient vanishing criterion A arctan(3/a) €
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7Z. A parallel cosine variant (Theorem 6) yields J, , = mT'(A) (a®+32)~4/% cos (Aarctan(B/a))
with the expected zero set cos (A arctan((3/ a)) = 0. A particularly effective parameteri-
zation (Corollary 5), taking 6 = w/m, f = atan6, and ¢ = —m/2, forces Jp, 4(k, o, B) =
0 <= k € Z>o, thus providing a cosine analogue that vanishes exactly at the non-
negative integers.

Beyond vanishing criteria, we showed that this framework generates Gamma values.
Theorem 7 prescribes (a, 3) via r = (msin(A40))*4 to give the exact representation.

/ 6—ag;1/m Sin(ﬁfl/m) $A/m—1 dr = F(A),
0

from which the integer and half-integer cases follow transparently, recovering factorials
and /7 factors in a unified way. This paper also includes a brief discussion of Salem’s
equivalence of the Riemann hypothesis, which is based on the vanishing of an integral
dependent on a continuous parameter.
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