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1. Introduction

Ran [4] applied the concept of partial order to obtain a new generalization of BCP [5].
The appearance of this idea set a new direction in metric fixed point theory, and many
authors contributed with remarkable research articles ( see [6, 7] ). Popa [1] introduced the
concept of an implicit relation to present generalization of BCP. Beg et al. [8, 9], Berinde
et al. [10, 11] and Sedghi et al. [12] contributed with several new fixed point results of self-
operators satisfying implicit relations. Altun and Simsek applied the concept of implicit
relation ( see[13] ), and obtained a generalization of [4, 14]. Fixed point theory deals with
metric structures and their generalizations. Recently, Jachymski [15] generalized the BCP
subject to a graphic metric space, Nadler [16] used Hausdorff metric space to manifest
the fixed point results for multivalued mappings. Rashem at al. [17] presented some
fixed point outcomes in a modular like metric structure with graph. Hammad at al. [18],
contributed some tripled fixed point techniques in partially ordered metric spaces( see
[19, 20] ). Huang and Zhang [21] proposed the idea of cone metric, and hence proved the
BCP and Kannan fixed point theorem in this setting. They used the idea of normal cones
in their work (see [21]), later on, Rezapour et al. [22] improved these results. Motivated
by b-metric space [23], Hussain and Shah [24] inaugurated the theory of cone b-metric
structure. Huang and Xu [25] presented some fixed point results in the cone b-metric
space. Recently, Anam et al. investigated some necessary conditions for the convergence
of a sequence generated by implicit contraction in cone b-metric space [26]. For more
information on this direction, we suggest reading of ([23, 27-35] ). George [2] defined the
rectangular cone b-metric space that universalizes the idea of [36], and established some
well-known consequences in this setting.

e The fixed point theorem and the variational iteration method (VIM) are related
being fundamental tools for resolving a variety of mathematical issues, including
differential and integral equations.

(a) Iterative procedures are the foundation of both VIM and the fixed point the-
orem. Similar to finding a fixed point, the correction process in VIM can be
thought of as a mapping that seeks to move successive approximations closer
to the genuine solution.

(b) It is feasible to understand the convergence of the VIM iterations as the discov-
ery of a fixed point in the space of potential solutions. In particular, if VIM’s
iterative process is successful, it indicates that, much like when a fixed point is
found, the series of approximations converges to a point (the solution) where
the correction functional no longer changes.

(¢) Insome VIM analysis, by proving that the iterative process is, in fact, a contrac-
tion mapping, the fixed point theorem (more precisely, Banach’s Fixed Point
Theorem) can be used to establish the existence and uniqueness of the solution
to the problem.
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We observe that the implicit relation defined by Popa, can be generalized to vector spaces
([37, 38]). In this research paper, motivated by Beg et al. [8, 9], Berinde et al. [10, 11] and
Sedghi [12], we define an ordered implicit relation in a rectangular cone b-metric space.
We contribute with a fixed point problem subject to monotone mappings, satisfying an
implicit contraction. We aslo solve a homotopy problem and show existence of solution
to a Urysohn Integral Equation as applications of the obtained fixed point theorems. The
obtained fixed point theorems are independent of the observations presented by Ercan [3].
Ercan worked on linear contractions only, while in this paper, we considered nonlinear
contractions. So, the obtained results are real generalizations and could not be followed
from known ones in literature.

This paper has been organized in eight sections. Section 1, contains the introduction
of the topic and motivation for this research work. Section 2, consists of related basic
notions and results. Section 3, shed light on the notion of ordered implicit relation and its
associated properties. Section 4, explains the methodology for the existence of fixed points
of the self mapping satisfying an implicit contractive condition under ordered implicit
relation. Section 5, contains the examples that explain the hypotheses of the fixed point
theorems stated in Section 4. It also contains the corollaries of the main theorem. Section
6, consists of a homotopy result as an application of the main theorem and a result about
human aging process that uses homotopy result. Section 7, shed light on the process of
application of main theorem to show the existence of solution to Urysohn integral equation.
Section 8, contains the conclusion of the research work done in this paper.

2. Preliminaries

This section consists of some basic notions and related axioms of cone, cone metric
space, cone b-metric space, rectangular cone metric space and rectangular cone b-metric
space. Throughout in this article, we will take £ as a real Banach space.

Definition 1. [21] Let C C &, then C is said to be a cone if it admits the following axioms:

(1) C is non empty and closed set, and C # {0};

(2) px+qy €C,V z,y € C where p,q € R and a,b > 0;

(3) Cn(=C) ={0}.
For C C &, the partial order < in C s taken as:

3y y—xeCforallr,yef.
The expression x < y shows that y — x € C°(the interior of C).
The cone C C £ is called normal, if there exists K > 0 such that
02z =y =zl <Kyl

Let R denotes the partial order in an ordinary set X and < be a partial order in the cone
CC&. For X C &, R and < assumed to be same.
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Definition 2. [21] Let X # () and d. : X x X — & satisfies the following axioms:

(d1) d.(¢,r) =0,V l,re X and d.({,r) =0 <= L =r;

(d2) do(t,r) = do(r, );

(d3) d.(¢,r1) < de(l,r) + de(ryry), ¥V, € X.

Then d. is called cone metric and the pair (X, d.) represents a cone metric space.

Example 1. [36] Consider X = R, & = R? with cone C = {({,y) € € : £,y > 0}. Take
d.: X x X = &, in a way

here 6 > 0 (scalar). Subsequently d. represents a cone metric, and (X, d;) a cone metric

space.

Proposition 3. [36] Let C be a cone with cone metric space (X,d.). Then for xz,¢,p € E,
we have

(1) If v < ax and o € [0,1), then x = 0.
(2) If 0 R x < £ for each 0 < ¢, then x = 0.
(8) If 2 < £ and ¢ < o, then © < o.

Definition 4. [3] Let dy, : X x X — & fulfills the following axioms:
(db1) 0 = dy(p,y) along with dy(p,y) =0 < p=y;

(db2) dy(p,y) = do(y,p);

(db3) dy(p,r) = aldp(p, x) + dp(z,7)] for some a« > 1,V p,z,r € X.

Then dy is called a cone b-metric, and (X,dp) represents a cone b-metric space. It is
observed that every d. is a d, metric space, but converse may not be true.

Example 2. [36] Let £ = R%, C = {({,r) € £ : £,r > 0} C R%, and X = {1,2,3,4}.
Define

o=y ety
db(“)_{ 0 ift=r.

Here (X, dp) represents a cone b-metric space for s = g, and since dp(1,2) = dp(1,4) +
dy(4,2), dy is not a cone metric.

Definition 5. [34] Let d, : X x X — &£,V f1, fa, f3, fa € X, satisfies the following axioms:
(dR1) 0 =2 d,(f1, f2) and dr(f2, f1) = O if and only if f1 = f2;
(dR2) di(f1, f2) = dv(fa, f1);
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(dR3) dr(f1, fa) = dr(f1, f2) + dr(f2, f3) + dr(f3, f4) for all distinct f3, fs € X\ {f1, fo}.

Then d, is known as rectangular cone metric and the pair (X, d,) represents a rectangular
cone metric space.

Remark 6. A cone metric space always represents a rectangular cone metric space, but
converse may not hold.

Definition 7. [3/] Let R: X x X — &,V L, y,x,v € X, satisfies the following axioms:
(dRb1) 0 < R(¢,y) and R({,y) =0 & L =y;
(dRb2) R(¢,y) = R(y,!);
(dRb3) R({,v) < s[R(¢{,y)+ R(y, z) + R(z,v)] for all distinct y,z € X \ {¢,v}, where s > 1.

Then R stands for rectangular cone b-metric, and (X, R) represents a rectangular cone

b-metric space (RCBMS).

Example 3. [36] Consider X = [0,2] and € = Cg2(X). For z = ({,y) and p = (u,v) in
€, we define 2.9 = (Cu,yo) and |jal| = max(|£], Iyll), where lpl| = supyey | p(z) |. Then
€ is a Banach algebra with unit element e = (1,1) and zero element w = (0,0). Suppose
that C = {(l,y) € £ : U(x),y(x) > 0,2 € X} C Cr2(X), clearly C represents a cone in E.
Define R: X x X — &, such that

(a + bz, c+ dz?) if 6,y €0,3)
R(4,y)(z) = and a,b,c,d are some fixed real numbers.
(atbe ctds?) ift=21n>2)€[0,3) andy e {1,2}

(|£n— ylP(a+bx), |0 —y|*(c+dz?) if L,y € [0,3) otherwise.

Here (X, R) represents rectangular cone b-metric space with s = 2 over &, but is not cone
b-metric space.

Remark 8. A cone b-metric space always represents a rectangular cone b-metric space,
converse may not hold, as illustrated in the above mentioned examples.

Definition 9. [36] Let £ be a real Banach space, (X, R) is taken as a rectangular cone
b-metric space and € € € with 0 < e(arbitrary).

(1) Any sequence {£,} is referred as a Cauchy sequence (CS), whenever we get K € N
with R(Uy, b)) < ¢V ny,m > K.

(2) Any sequence {{,} is referred to as convergent if we have an K € N with R(¢,,,¢) < €
Vn>Kandl € X.

(3) Any (RCBMS) referred as complete, whenever every (C'S) has a convergent point in
X.
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The main theorem of Simsek [13] paper is as follows:

Theorem 10. [13] Let (Y,d, =) be a partially ordered metric space, and L : ¥ — Y
satisfies the following inequality:

T (d(La, Ly), d(x, y), d(z, Lz), d(y, Ly), d(z, Ly), d(y, L)) < 0, (1)

V z,y €Y with x <y, where T : [0,00)% — (—00,00). Then L admits a fixed point in Y
provided L is continuous or (Y, d, <) is as a regular space.

A number of contractive conditions were obtained by using (1), for instance, define

T :[0,00)% — (—00, 00) such that

1
T(f1: fos f3, fas f5s f6) = f1 =¥ (maX {f27f3,f47 S5+ f6)}> :
which leads to main theorems proved in [14]. Equivalently by choosing

T(f17f27f37f45f5)f6) = fl - kf?a k S [07 1))

in (1), we get results proved in [4]. So, we get different contractive conditions for different
definitions of 7 : [0,00)% — (—00, ).

Note: Throughout in this article we will take (&, ||.||) as a real Banach space and
B(&, &) taken as collection of all bounded linear mappings.

3. Ordered Implicit Relations

Motivated by [8-11, 39, 40], we construct an ordered implicit relation as follows:

Definition 11. Assume (&, ||.||) is taken as a real Banach space, along with B(E,E) (the
collection of all bounded linear operators T), T : € — & where ||T||; < 1 for s > 1, we
take |||, as the usual norm. The mapping J : €5 — & will define an ordered implicit
relation, if J taken as continuous on £ and also it satisfy the given conditions:

(J1) r1 2 v, rs 2 us and 16 < U
= j(Ul,TQ,T37T4,U57U6) j j(Tl,TQ,Tg,T4,T5,T6).

(\72) Zf ‘7(7’177’2,7'2,7”'1,06[7’1 +T2 +7"3],7"1) j 05
or

if J(r1,re,m1,7r2, 11, fr1 + 19 + 1r3]) < O0g, then 3T € B(E,E) so that r1 = éT(rg)
and r3 = éT(T‘l) (V ri,r9 € E) for some R> a > 1.

(J3) J(ar,0g,0¢,7,ar,0g) = 0g whenever ||| >0 and o > 1.

Let F ={J :&% = £|J owns J1, Jo, T3}
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Example 4. Consider the partial order < in a cone C. For all r; € E( for alli =1 to 6)
and for some o < 1, define J : E® — & such that

J(r1,r2,73,74,75,76) =15 — a{ri +ro} — 1.

Then the operator J € F. Indeed
(J). Letr1 <1, 15 =5 and r¢ = v6, then y1 — 11 € C, 75 — 15 € C and v¢ — r¢ € C.
Now we show that J(r1,r2,73,74,75,76) — J (V1,72,73,74,75,7%6) € C. Consider,

J(r1,72,73,74,75,76) — T (V1,72,73, T4, V5, V6)
r5s —afry +ra} —r1 — (95 — af{y +r2} + 1)
= —(y5—15) +a(n —r)eC.

Thus, J(71,72,73,74,75,76) = J(11,72,73,74,75,76)-

(J2). Let r1,79,13 € € be such that 0¢ = 11, 0¢ = 19, O0¢ X 3. If J(r1,7r2,71,72,8[r1 +
ro 4+ r3],r1) = Og then by definition of J, we have —s[ry + ro + 3] + a(ry +r2) + 71 € C.
So we get two equations,

ary —(s—a—1)r €C, (2)
(e +1—s8)r; —srs €C. (3)

For (2) if r1 = Og, then ary € C. So, we get a T : £ — & such that T (r2) = ary (a < 1 is
fized) and || T ||= o < 1. If 11 # Og, then, (2) implies r1 = ﬁm. Sod, T:&E—=E
such that T (r2) = yra (y = ﬁ is a scalar) such that ry <X T (r2), for a < 1.

For (3) if r3 = Og, then (o« + 1 —s)r; € C. So, we have T : £ — & taken as T (r1) = yr1
(where y = (a« + 1 —8) is a scalar with o <1 < s impliesa —s <0 anda—s+1< 1)
such that r3 X T(r1). Now if r3 # Og, then, r3 < @rl. So, we get T : &€ — & taken
as T(re) =yry (y = @ is fized) with rg < (r1), for a < 1.

(J3). Take r € € and ||r|| > 0 with, 0¢ < J(sr,0¢,0¢,r,sr,0g) then (s —as — 1)r € C,
which is true for ||r| > 0.

Example 5. Similarly, the operator J : £S5 — & defined by
(i). Ji(r1,r2,73,74,75,76) =11+ 15 — (e +14); 00 < 3.
(ii). T3 (r1,r2,m3,74,75,76) = (1 — B)rs — B(rs +14) — 135 8 € (—00, 7).
(111). Js(r1,72,73,74,75,76) = Yr1 — 12;7y > L.
(iv). Ti(r1,m9,73,74,75,76) =11+ 15 — 0{ra +14}; 0 < 3.
Then J;* € F for each i =1,2,3,4.

We will apply this implicit relation along with some additional conditions to construct
a sequence, and to solve the following problem fixed-point problem:
“find z* € (X,R) along f(z*) = 2*”, when T € B(E,E), I : & — & considered as
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an identity operator, J € F and [ : X — X admits (4), for each pair of comparable
elements r,x € X when s > 1.

(I = T)*(I +T)(R(r, F (1)) =< sR(r,z) further implies
F(R(F(r), F (x)), R(r,z), R(r, (1)), R(z, I (2)), R(r, (), R(z, F (r))) = 0c. (4)

Remark 12. For H € B(E,&), [+ H+ H?>+ -+ H" + --- converges for |[H||, < 1,
otherwise diverge. In addition if |[H|; < 1, then we get a y > 0, so that |[H||; <y <1
along with ||H™|; < y™ < 1.

4. Results on Ordered Implicit Contractions

Popal[l] considered a self-mapping satisfying an implicit contractive conditions and estab-
lished well-known fixed point results. Ran et al. [4] used monotone functions to gener-
alize the famous Banach fixed point theorem in partially ordered metric space. Haung
et al.[21] introduced cone metric space, Hussain and Shah [24] introduced cone b-metric
space, Huang and Xu [25] practiced with cone b-metric structure to establish new fixed
point results. Azam et al. [34] introduced the concept of rectangular cone metric space
and generalized BCP. Anam et al.[26] investigated necessary convergence axioms for an
implicit contraction in a cone b-metric space. Motivated by [34, 36], George [2] defined
the rectangular cone b-metric space, that generalizes the rectangular b-metric space and
established some well-known theorems in this setting. In this section, we utilize the ideas
of Popa[l] and George [2] to develop the notion of ordered implicit relation, and prove
some fixed point results in rectangular cone b-metric spaces.

Theorem 13. Let (W, R) be a complete rectangular cone b-metric space along with a cone
CCE&andh:W — W. Let T € B(E,€) such that |T||; < (s >1),I:& — & and
J € F such that, for each pair of comparable elements f,x € W and for some s > 1, the
following holds

(I = T)*(I + T)(R(f,h(f))) < sR(f, ) implies
J (R(A(f), h(x)), R(f, ), R(f, h(f)), R(z, h(z)), R(f, B*(2)), R(z, h*(f))) = Og,  (5)

and
(1) there exists fo € W satisfying folRh(fo);
(2) for every pair f,x € W, fRx = h(f)Rh(x);

(3) for any sequence {fn} such that f,Rfn+1 and f, — 2*, we have f,Rz* ¥V n € N and
R(z*, h(z*)) = R(z*, h?(2")).

Then, there exists z* € W such that z* = h(z*).
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Proof. Let fo € W satistying (1), define {f,} by A(fn—1) = fn, then foRfi. By
assumption (2), we get fiRfe, foRfs, -+, fu—1Rfn. In (5), put f = fo and x = fi,

(I = T)*(I + T)(R(fo, h(f0))) = (I = T)*(I + T)(R(fo, f1)) = sR(fo, f1) implies

I (R((fo), B(f1)), R(fo, f1), R(fo, A(f0)), R(f1, i(f1)), R(fo, h*(f1)), R(f1, *(f0))) = O¢,
that is,

J (R(f1, f2), R(fo, f1), R(fo, f1), R(f1, f2), R(fo, f3), R(f1, f2)) = O¢. (6)
By (dR3), we have
R(fo, f3) 2 s[R(fo, f1) + R(f1, f2) + R(f2, f3)]-
By (J3), and rewriting (6) we get:

J (R(f1, f2), R(fo, f1), R(fo, f1), R(f1, f2), s[R(fo, f1) + R(f1, f2) + R(f2, f3)], R(f1, f2)) = O¢.
By (J2), there exists T € B(E,€) along with || 7|, <1, s > 1, so that

R(fi, f2) = ST(RUfos £1)) 5 T(R(fo, /1)) and R(fo, fy) = ST(RUf1, £2) < T(R(, f2).
Now put f = f; and x = f2 in (5) to have
(I = T)( + T)R(f1, h(f1)) = (I = T)*(L + T)(R(f1, f2)) = sR(f1, f2) implies

J (R(h(f1), h(f2)), R(f1, f2), R(f1, B(f1)), R(f2, h(f2)), R(f1, h(f3)), R(f2, h(f2))) = O¢,
that is,

J (R(f2, f3), R(f1, f2), R(f1, f2), R(f2, f3), R(f1, f1), R(f2, f3)) = O¢.
By (dRb3), we get

R(f1, fa) = s[R(f1, f2) + R(f2, f3) + R(fs, fa)],
(J1) implies
J (R(f2, f3), R(f1, f2), R(f1, f2), R(f2, f3), s[R(f1, f2) + R(f2, f3) + R(f3, f1)], R(f2, f3)) =< O¢.

Now (J2) guarantees the existence of 7 € B(£,€) along with ||T||; < 1 so that

R(fs, 1) < ~T(R(fo. J5)) = TR J5)) < 5 T*(R(fo, 1)) 2 T*(Rfo, )
Continuing, we construct a sequence {f,} so that f,Rf,+1 with fn,11 = h(f,), hence for

(I - T)2(I + T)(R<fn—17h(fn—1))) = - T)z(I + T)(R(fn—lafn)) = 3R<fn—17fn)7
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we get

1
2

R(fnafn+1) = ET(R(fnflafn)) = s T2(R(fn727fn71)) == S%TR(R(]COMJCI)) = Tn(R(anfl))

Assume two situations for R(f, fntp), for if p is odd, that is p = 2m + 1 and R}, =
R(fnvfn+1)

R(fn, fn+2m+1)

s[R), + R:Hrl + R(fn+27 fn+2m+1)]

R,

R, + Ry ]+ s*[Rhyo + Riy s + R(fats, faroms))]

Ry, + R;H] +s [R;H + Ry 3]+ 4+ 8" R(fatom, faroms1)
TR + TR + s [T 2Ry + TRy 4 - - + s T 2R,

[
s
s
s
sfrnu + T2+ 82T+ )Ry + sT" I + sT2+ (sT?)* + -+ )R
sT"(I —sT*) 'R+ sT" (I — sT%) 'Ry

= sTY(I —sT*) 'Ri(I + T).( By Remark 12)

A LA TA TA A

For if p is even, that is p = 2m and R}, = R(fn, fnt+1)-

R(fna fn+2m) S[R* + R*—i-l + R(fn+27 fn+2m>]

s[Ry, + Ry 1] + 5°[Ry o + Ry + R(fats, faromt)]

s[Ry, + Ry 1] + s° (R + Ri sl + - + 5™ [R5,y + RS, ]

s 1R(fn+2m72, fri2m)

s[T"R§ + TR + s*[T" PR + TRy + - - - + s™ 1722 Rg
(sT" +sT" (I +sT? + 8> T + - )Rg + 8™ T2 2Ry

(sT" +sT" (I = sT?) 'Ry + s 1 T2 TRy

1
T+ ST = T Ry 4+ 8 T TR,

AT+ A TATA

Here || T||; < %, which further implies that lim,,_,o 7™ = 0. Hence, lim,,_,oc R(fn, frntp) =
O¢ and {f,} is a Cauchy sequence in W. Now (W, R) is a complete rectangular cone b-
metric space, so f,, — z* for some z* € W if n being very large. So

R(fn,2") < eforalln > Ny € N and 0 < e.

Let
(I —T)2I + T)(R(fn, h(fn))) = sR(fn,2*) and
(I —T)2(I 4+ T)(R(fasas B fns2))) = sR(frio, z*) for some n € N and s > 1.
Using (5) and (dRb3), implies

R(fuh(J)) = $[R(2) + RE", fuea) + R(fsa frrn)]
< S =TPU A+ T)RUm W) + (L = TP+ T)R gz, h(fur2)))
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S TR, ()
< (I =T)*(I+ T)R(fn, h(fn))) + (I = T)*(I + T)T*R(fn, b(fn)))
+ T(R(fn, h(fn)))
(I = T)R(fns B(fn)) = (I = T)*(I + T)(I + T?)R(fn, B f2))). Thus
THR(fn, 1(fn))) < O,
that steers to contradiction. Thus, for every n > 1 and for some s > 1
(I =T)*(I + T)(R(fn, h(fn))) = sR(fn,2").
This implies that (due to (5))
R(h(fn), h(2")), R(fn, 2"), R(fn, h(fn)), R(2", I(z7)),
7 (e ) RS A LS

Now, we claim that ||R(z*, A(z*))|| = 0, on contrary suppose that |[R(z*, h(z*))|| > 0, as a
result we get

R(A(fn), M(z")) = s[R(R(fn), M fn41)) + R(A(fus1), 27)) + R(z", h(z"))]
limp oo R((fn), H(2")) 2 sR(2", h(2"))
R(fn-1,h*(2)) 2 s[R(fa-1, fn) + R(fn, 2%) + R(z*, h*(2"))]
limnsooR(fao1,12(2")) 2 sR(2", B ("))
Taking n — oo, and in view of assumption (3) and (7) , we get
J (SR(z*’ h(Z*))’ 057 057 R(Z*> h(Z*))a SR(Z*a hQ(Z*))a 05) = 08-
By (J1) and condition (3), we have
J (sR(z*,h(2%)),0¢,0g, R(2", h(z¥)), sR(z*, A(z¥)),0¢) = Og¢.

This contradicts (J3). Thus, ||[R(z*, h(z*))|| = 0. Hence, R(z*, h(z*)) = 0g and by (dRb1),
we get z* = h(z").

In next theorem, we present a result for non-increasing self-operators.

Theorem 14. Let (W, R) be a complete rectangular cone b-metric space along with a cone
CC&andleth: W — W. Consider T € B(E,E) with |T|, <1(s>1),T:&— € and
J € F such that, for each pair of comparable elements f,x € W with s > 1, following
holds

(I = TY*(L + T)(R(f, h(f))) = sR(f,x) implies
J (R(R(f), h(x)), R(f, ), R(f, h(f)), R(z, h(x)), R(f, *(x)), R(z, k*(f))) = 0g  (8)

and
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(1) there exists fo € W satisfying h( fo)Rfo;
(2) for every pair of f,x € W, fRx = h(x)RA(f);

(3) for a sequence {fn} satisfying fnRfn+1 and fn, — 2%, we get f,Rz* ¥V n € N. More-
over, R(z*,h(z*)) = R(z*, h*(z")).

Then, h admits a fixed point z* € W.

Proof. Let fy € W satisfies assumtion (1). Construct the sequence { f,,} such that f,, =
h(fn—1) Vn € N. Since fi = h(fo)Rfo and by using condition (2), f1 = h(fo)RA(f1) = fo,
and assumption (2) further implies f,, = f,—1. Letting f = f1 and = = fy in (8), we get

(I =TI+ T)(R(R(fo), fo) = (I = TY*(L + T)(R(f1, fo)) < sR(f1, fo) implies

T (R(A(f1), h(f0)), R(f1, fo), R(f1, A(f1)), R(fo, B(fo)), R(f1. h*(fo)), R(fo, R*(f1))) =< O¢

)
j(R(f17f2)7R<f07f1) ( 17f) (.anfl) (f17f2)7R(f07f3))jOS-
By (dR3), we have

R(fo, f3) = s[R(fo, f1) + R(f1, f2) + R(f2, f3)]

and then using 1, we obtain

j(R(flvf2)7R(f07fl)vR(f17f2)aR(f07fl)?R(fhf2)’3[R(f07f1)+R(f17f2)+R(f27f3>D = O¢.
By (J2), there exists T € B(E,€) with ||T]|; <1 and

R(fi, f2) = ST(RUo, £1)) 5 T(R(fo, f2)) and R(fo, fy) = ST(RUf1, £2) % TR(, f2).
By (2), h(fo)RR(f1), letting f = f1 and x = fo in (8) we get
(T = TP+ TR () = (= TP+ TYR, f2) < RO, f2) implies

J (R(h(f1), h(f2)), R(f1, f2), R(f1, B(f1)), R(f2, h(f2)), R(f1, B*(f2)), R(f2, h*(f1))) = O¢
J (R(f2, f3), R(f1, f2), R(f1, f2), R(fa, f3), R(f1, f1), R(f2, f3)) = O¢.
By (dR3), (J1) and (J2), we get

R(fs, 1) < ST(R(fa, f5)) = TR 12)) < 5T (R, 1)) < T*(RUfo, )

Following this pattern, we get a sequence { f,} that satisfies

R(fus fust) 5 ~T(RGucr £)) < 5 TR, fa1)) <+ 3 T (RUfo, fr).

Following the pattern for the proof of Theorem 13, there exists a convergence point z*
satisfying z* = h(z").

The next result summarizes the results of Theorem 13 and Theorem 14.
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Theorem 15. Let (W, R) be a complete rectangular cone b-metric space with C C € as a
cone and h: W — W. If T € B(E,€) with |T||; <1(s>1),T:&— & and J € F. Also
let, for each pair of comparable elements o,z € W and for some s > 1, the following holds

(I —T)*(I+ T)(R(f,A(f))) 2 sR(f,x) implies
J (R(h(f), i(x)), R(f,x), R(f, B(f)), R(z, h(x)), R(f, B*(x)), R(k,h*(f))) = Og,  (9)
and
(1) 3 fo € W with foRh(fo) or h(fo)Rfo;

(2) for a sequence {fn} satisfying fpRfn+1 and fr, — 2%, we get f,Rz* V n € N and let
R(z*, (")) = R(z*, h2(2*)).

Then, h admits a fixed point z* € W.

Proof. Let fy € W and define the sequence {f,} by fn, = h(fn-1) V n € N. By
assumption (1), we get foRA(fo) = f1. Also foRfi(as f is order reversing). By (9), we
obtain

(I = T)*(I + T)(R(fo, h(f0))) = (I = T)*(I + T)(R(fo, f1)) = sR(fo, f1) implies

R(h(fo), h(f1)), R(fo, f1), R(fo, Al fo)),
j< R(f1,h(f1)), R(fo, A(f2)), R(f1, h(f1)) )5067

that is,
R(f1, f2), R(fo, f1), R(fo, f1), R(f1, f2),
j( R(f07f3)7R(f17f2) ) = Og. (10)

By (dR3) and (J1),

j(R(fl,f2)7R(f0,fl),R(f(),fl),R(fl,f2),3[R(f0,f1)+R(f1,f2)+R(f2,f3)],R(f2,f1) = 0¢.
By (J2), 3T € B(E,€) so that ||T]|; <1 with

R(fi, f2) = ~T(R(fo, £1) = T(R (o, f2),

and

R(f2, f5) % “T(R(f1, f2)) < T(R(f1, )

using assumption (2), we get foRf1(f being order preserving), hence using (9)
(I =T)’(I+ T)R((f1), /1) = (I = T)*(I + T)R(f2, /1) = sR(f2, 1) implies

R(h(fZ),h(fl)) R( Q,fl) (f2ah(f2)),R(f1, h(fl)a
j( R(fa2, B*(f1)), R(f1, R*(f2)) ) = O¢.
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By (dR3), (J1) and (J2), we get

R(fs f3) % ST(R(f, J5)) % 5 T*(BUA ) = T (RUo, f1)) < T (R(o, o).

This pattern enable us to construct a sequence {f,} so that

1 1 1
R(fnafn+1) = ET(R(fnflafn)) = ?TZ(R(fanafnfl)) == sinTn(R(fO,fl))
By following same pattern as for the proof of Theorem 13, we will obtain z* = h(z*).

Remark 16. We get different ordered contractive conditions for different definitions of
J. Also, Theorem 15 generalizes the results in [8-11, 37, 38].

Remark 17. In a non-normal cone, by taking an “ upper bound or lower bound” for every
pair o,w € W, one may find a unique fixed point in Theorem 15.

5. Examples and consequences

In this section, we give some examples for the explanation of hypotheses of main
theorem.

Example 6. Let £ = (R3,|| - ||), then it is a real Banach space. Define a cone C € &
such that C = {(9,z,v) € R® : 9,x,v > 0} and ||9|| = max {(|91], 2], |93])}. Consider

X ={(0,0,0),(5,0,0), (§,5.0), (3. 5. 1)} CE with h: X — X defined as

1 11 1 111 11
1 (0,0,0) —h<4,0,0> =(0,0,0), h<4,4,0> = (4,0,0), h<4,4,4> = <4,4,0>.

Define R: X x X = &,

(O’O)O) Zfﬁl :192
3,2.3)  if 91,92 € {(0,0,0),(5,5.0)}
R”lg,"ﬁ _ (47474) Zf 1, V2 » Uy sy \47 4>
R N IO (ER N CE X0)
(O, %, %) otherwise.

Define T : £ — & by
Y
T(¥) = 5 clearly || T, < 1.
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_ (133
o \4'474)°
Note that R is RCBM but not RBM, for s = 3. Consider 9 = (0,0,0) andw = (%, 0,0).
Then R(9) = (0,0,0) = A(w) = h%(w)

R, h(9)) = R(®, B2(w)) = (0,0,0), R(9,w) = (041131) ,
(I —T)2(I+T)R(®,K®)) = (0,0,0).

Take ¥ = (%,0,0) and w = (3, £,0). Then h(¥) = (0,0,0) = h?(w) and h(w) = (3,0,0).

R(9, h(9)) = R, F2(w)) = R(9,w) = (0, i 1) ,

R(h(9), h(w)) = R(0, h(d)) = (9, h(w)) = (o i) R(0,w) (i ! i)
(I —T)*(I+ T)R(®®,H®)) = <0332;’2>

R(h(9), h(w)) = R(Y,w) = <O, T 1) and R(9, h*(w)) = (0,0,0),

(I —T)*(I+T)R(,h(¥)) = (0,0,0).
Take ¥ = (0,0,0) and w = (1,1, %). Then h(¥) = (0,0,0) = h*(w) and h(w) = (1, 1,0).

11

R(h(9), h(w)) = R(Y,w) = <O, 71

) and R(0, 1% (w)) = (0,0,0),

(I —T)*(I+T)R®W,K¥)) = (0,0,0).
Take ¥ = (i,0,0) and w = (%, i, %) Then h(9) = (0,0,0) = h?(w) and h(w) = (%, %,O).
333

R(A(9), h(w)) = R(Y,w) = <4, T 4) and R(0, h*(w)) = (0,0,0),
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(I — TY2(I + T)R(W, h(9)) = <0, 33 > .
Define for a € [1,00), and J € F

R( ( )7h(w))> ( )R(’ﬁ,h(ﬂ)) — 2 w)) — o w w
7 (RN R 1. R gy ) = RO ~ R0 ) + R0

Thus, (I —T)2(I + T)R(YI, (D)) = R(I,w) implies

R(A(9), h(w)), R(9,w), R(Y, h(¥)), R(w, h(w)),
j( R(¥, h*(w)), R(w, h%(09)) > < 0.

So all assumptions of Theorem 15 are justified and h(0,0,0) = (0,0,0).
Example 7. Let £ = (R, || - ||), then it is a real Banach space and C = {9 € R : ¥ > 0}

is a cone in £. Let X = {1,2,3,4} and define h : X — X by k(1) = h(2) = 1 and
h(4) = h(3) = 2. Define R by

t
& if v, € {1,2}
R(0y,09) =4 7 Youvzell
( 1 2) e2i Zf (1917’192) S {3;4}
et otherwise .
Note that ol
¢ = R(2,4) > R(2.1) + R(L3) + RB,4) = °-.

For s = g, R represents RCBM but not RCM. Define T : £ — £ by

0
T(0) = 3 clearly ||T|; < 1.

Take ¥ =1 and w = 2, then

R(w, h(®)) = R(d,w) = R(w, F(9)) = S, R(,h(9)) = R(h(V), h(w)) = 0.

Take ¥ = 2 and w = 3, then

R(W,w) = R, K(¥)) = R(w, B2(¥)) = R(w, h(w)) = <.

(I+T)(I —T)2RW, ) = (I —T)(I—T?*R(, h(®)).
We get
176t

(I =TI —-THRW,KD)) = ST
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Take ¥ = 3 and w = 4, then
R(w, h(w)) = Rlw, 13(9)) = ', RO,K@) = 5, R(,w) = 5.

17¢et

(I =TI = TR, h(¥)) = =

For J € F, define

h(9), h(w)), R(Y, w), R(9, h(9))

) ) = R(w, k> - w, h(w
j ( ,R(w, h(w)),R(ﬁ, h2 )),R(w, hQ(’ﬂ)) > - R( 7h (19)) [R(797 h(ﬁ)) + R( 7h( ))] .

Thus, (I —T)*(I

+
R
7( %

Note that h(1) =

T)R(Y, h(9)) = R(Y,w) implies

(h(9), h(w)), R(9, w), R(9, 5(0)), R(w, h(w)),
(0, 1(w)), R(w, I2(9)) >50

5.1. Consequences of the main theorem.

In this subsection, we state some corollaries that can be deduced directly from the
main theorem.

Corollary 18. Let (X, R) be a complete rectangular cone b-metric space along with self
mapping h: X — X and a cone C. Let T € B(E,€) and I : £ — £ an identity operator,
s > 1. If there exists J € F satisfying, for each pair of comparable elements ¥,w € X,

(I —T)2(I + T)(R(W, i(9))) = sR(V,w) implies

R(H(9), h(w)) < ~T(R(,)), (11)
and
(1) 39 € X so that 9oRE(o) or h(do)Rdo;
(2) V9,0 € X, 9Rw = hO)RAW) or K(w)RAW);

(3) for a sequence {0} such that 9,RIp+1 and ¥, — z*, we get ¥, Rz* ¥V n € N and let
R(2*,h(z*)) < R(z*, 1*(2%)).

Then there exists z* € X so that z* = h(z*).

Proof. Define J as in Example 5 (iv), and 7 : € — £ by T(¥) = po V 9 € &,
0 < B <1 Clealy ||T]; < 1, we get T € B(£,€), and the proof is obvious as an
application of Theorem 15.
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Corollary 19. Let (X, R) be a complete rectangular cone b-metric space, h: X — X, C
be a cone, T : & = € such that |T|, <L, I:&— € ba an identity operator and s > 1. If
there exists J € F, for each pair of comparable elements ¥,w € X, satisfying

(I —T)2(I+T)(R(W,H(V))) = sR(V,w) implies

T

S

R(A(9), h(w)) = —(R(¥,w))
and
(1) there exists ¥y € X satisfying YoRA(Ig) or A(Ig)Ry;
(2) ¥V 9,we X, Rw = h(V)RA(w) or A(w)RA(D);

(3) for a sequence {9,} such that 9,R0n1+1 and 9, — z*, we get ¥, Rz* for alln € N
and let R(z*, h(2*)) = R(z*, h?(2*)).

Then there exists z* € X satisfying z* = h(z*).

Proof. Define T : &€ — €& by T(9) = 9 V ¥ € £ Then the proof is obvious from
Corollary 18 .

Example 8. Let £ = (R, || - ||), then it is real Banach space. The set C = {¥ € R: 9 > 0}
is a cone. Let W ={0,1,2,3}, define h: W — W by h(0) = h(2) =0, h(1) =2, h(3) =1
and R: W xW — & by

0 if 41 = g

3 Z'f’l91,192 S {1,2}
R(91,19) = 10 if ¥1,99 € {0,1}

22 if 91,99 € {2,3}

0.5 otherwise .

22 = R(2,3) > R(2,0) + R(0,1) + R(1,3) = 0.5+ 10+ 0.5 = 11.

We notice that for s =2, R is a rectangular cone b-metric space, but not cone rectangular
metric space. Define T : & — & by

0,
T(0) = 3 clearly ||T|, < 1.
Forif v =0, w=1, then

R(9,w) = 10, R(h(9), h(w)) = 0.5, R(Y,h(9)) = 0.

TR, w) = % =5

Forifv =1, w=2, then

R(d,w) = R0, h(9)) = 3, R(h(D), h(w)) = 1.125.



A. Arif et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 7033 19 of 29

TR, w) = g — 15, (I—T)X(I +T)R(, h(8)) = 0.25.
For if 9 =2, w =23, then
R(0,w) = 22, R(W(®), h(w)) = 10, R(9,h(9)) = 0.5.

TR(Y,w) = 023 =0.25, (I —T)*(I+T)R(,h(¥)) = 0.1875.

Hence for all 9,w € W,
(I —T)*(I+T)R(W,h(9)) =< sR(V,w)

implies
R(h(0), h(w)) < TR(,w).
Corollary 18 leads us to have a point 0 satisfying h(0) = 0.

Example 9. Let £ = CL[1,2], and ||9|| = |9l + [9]loe, € = {9(s) € E:V(s) >0,s €
[1,2]}. Forq>1, let 9 = x and w = 2%*. By definition ||9| = 2 and |w|| = 2k + 1 also
¥ < w, with q||Y]| < ||wl||. So C represents a non normal cone. Define T : € — & by

(TO)(t) = % /0 I(1)ds.

(T(9 +w)(t) = ;/O (9 + w)(t)ds = ;/0 ﬁ(t)ds+;/0 w(t)ds.

1913 = 5

(T™9)(t) <

- HﬁH% for eacht € [1,2] and n > 1.
n!

So )
[(T"9) ()00 = m\lﬁH?-

’ 1 1
I(T"9) () [loo = |9]|7 forn > 2.

T/ (n—=1)!

MWWUWZMWWWWM+WTWWij]NWﬁ+v@iﬂwWWﬁwnzz

n
I(T"9)(t)|| = 0 when n > ny for n; € N.

So T € B(E,E). Take X = {%—t,%t,et,%t} and h: X — X, such that h(%t) = h(ez—t) = %t

h(et) = 2¢t and h(2e!) = %t Define R: X x X — & by

2

0 if U1 = V2
(
R(W1,92) = G  if (U1,02) = (
{

5 otherwise .
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t £t ¢ t ¢ ¢
e e e e 3e e 29%e
10" =R —.,e' ) >R =, = |+ R =.,2¢' )| + R(2€",€") = — + — + 6" = ——.
‘ (36>— <3 2>+ (26 TR ) =g 6 =
One can easily check that (db3) holds for s = 3, so R represents rectangular cone b-metric
t t
space, but not rectangular cone metric space. For if 9 = S and w = 5, then

R(9, h(9)) = R(W(9), h(w)) = 0, R(J,w) = ?’Zet
(I = T)*(I + T)R(W, h(9)) = 0.

For if ¥ = %t and w = €t then

R(Y,w) = 6¢', R(h(9),h(w)) = R, h(0)) = 3% TR, w)(1) = e.

S

(I =T)*(I+T)RW,h(¥)) = -
For if ¥ = et and w = 2¢?, then

R(,w) = 6e!, R(h(9), h(w)) = ?’;t R, K(V)) = ¢t %-R(ﬁ,w)(t) = ¢,

(I —T)*(I+T)R(W,h()) = —.
Now ift € [1,2], and s = 3, then
(I —T)2(I +T)R(Y, h(¥)) < sR(9,w)
implies
R(H(9), h(w)) < ~TR(,w).

t

By Corollary 19, we get h(%) = £.

6. A homotopy result

In this section, we apply Corollary 19 to obtain the following homotopy result.

Theorem 20. Let (&, ]|.||) be a real Banach space and C C € be a cone. Let (X, R) be a
complete rectangular cone b-metric space. Assume an open set V C X. Let T € B(E,€)
with | T|; <1 and T(C) CC and g: V x[0,1] — X be a monotonic mapping, and satisfies
the axioms of Corollary 19 in the first variable and

(1) 9 # g(¥,p) for each ¥ € OV (OV stands for the boundary of V in X );

(2) we have M > 0 with
||R(g(197 p)a g(ﬁv O-))” < M‘p - 0|’

for some ¥ €V and o, p € [0,1];
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(3) for any ¥ € V there is w € X so that |R(9,w)|| < r, then YRw, r is the radius of V.
If g(-,0) admits a fixed point in V, then g(-,1) also admits a fixed point in V.

Proof. Let
C={pe[0,1]]| =gV, p); forJ €V}

Define the partial order <in £ by p X h< ||p|| < ||h]| ¥V p, h € €. It is obvious that 0 € C,
because g(., 0) possesses a fixed point in V. Hence C # ¢. Defining R(¥, g(¢, p)) = R(9,w),
(I —T)2(I+T)(R(®,g(¥,p))) = sR(I,w) ¥V IRw, then by using Corollary 19, we get

R(8(0, 0). 8w, 9)) = T(R,))

Firstly, we need to show that C is closed in [0,1]. Take {p,}52; C C along with
limy, 00 o — © € [0,1]. To show C'is closed, we need to show that p € C. As p, € CV
n € N, so we have ¥,, € V so that 9, = g(J,, pn). Because, g(¥,-) is monotone, we get
YRd,, ¥V n,m € N. Also for s > 1,

(I - T>2(I + T)(R(ﬁmg(ﬁm? pm))) = (I - 7-)2([ + T)(R(ﬁnaﬂm» = SR(ﬁnv ﬁm)v
we have 1
R(8(Vn: om), 8(0m, pm)) = T (R(Inlm)),
and
R(ﬁm ﬁm-ﬁ-l) = R(g(’ﬂm pn)v g(ﬁm-i-lv pm—i—l))

= S[R(8(In, 9n); 8(On, pm)) + R(8(In, om), 8(Vn, Pm+1))]
+  sR(g(Vn; om+1), 80m+1, Pmt1))
<

1
S M’@n - @m’ + M’@m - pm—f—l’ + HST(R(ﬁnvﬁm))H]

sM
Rﬁnyﬁm S PR = n - ¥m m ~ ¥m .
[IR( )l I_HTHHBO Pm| + [om — Pmt1]

1RO Iom) |

Since {¥,,}22, is a Cauchy sequence in [0, 1], so

lim  R(Vyn, V) = Of.

n,Mm—00

This shows that {¥,} represents a Cauchy sequence in X. Since X is a complete RCBM
space, hence lim,,_, R(¥,, 1) < ¢ for some ¥ € U. As a result ¥,,%9 V n € N. By (dRb3)

R(9, 8(9, p)) S[R(Y, Un) + R(In, 8(Un, 0)) + R(8(0n, ), 8(V, 0))]
S[R(ﬂaﬂn)JrR(g(ﬁmm) 8(0n, ) + R(g(0n, 9), 8(V, )]

IR, 500, 0)]| < st,ﬁan[Mm p+‘ <<19n,19>>]

I TA
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Hence, R(¥, g(Y, p)) = 0¢. So p € C, hence C'is closed in [0,1]. Now we show that C is
open in [0, 1]. Take o9 € C with g(p2,J2) = Y2 for ¥3 € V. Now V is open, so we can find
some r > 0 with C(d2,r) C V. Assume

l= R(’l92, 8V) = inf{R(192, .%') T e 8V}
We get r =1 > 0. Given ¢ > 0 taking € < % Take p € (p1 — €, p1 + €) with
p1 € (p2 — €, p2 + €). Subsequently

v € C(¥2,r) ={¥ € X : |R(Y,92)| <r}, as IRYa.
Consider

R(g(ﬁv p)? 192)

R(g(?, p), g(V2, p2)

s[R(g(¥, p), g9, p1) + R(g(V, p1), &(9, p2) + R(g(V, p2), g(V2, p2))]
sM|p1 — p| + sM|p2 — p1| + || T (R(92,9))]

sMe+ sMe+ ||T||l=2sMe+ ||T| 1l <L

IR((9, 9), V)|

ININ TA

Thus for each p € (p2 — €, 2 +¢€), g(-, p) : C(V, 1) — C(I, 1) has a fixed point in V as an
implementation of Corollary 19. So g € C, for every p € (p2 — €, p2 + €) and hence C is
open in [0, 1]. Using connectedness, C = [0,1]. So g(-,1) has a fixed point in V.

6.1. Application of homotopy to human aging process

This segment use homotopy to explain the procedure of aging of human body. We
assume aging process by taking appropriate values for the time parameters ¢ of the ho-
motopy 7(t,«). Here t and « control the procedure of aging. Human body will be con-
sidered as one year old, if we have a homotopy 7(t,a) : hi(a) — g(«) for t € [0, 1] along
1(0,a) = h(ew) and n(1, @) = g(). Human body will be considered as n years old, if we
have n(t,«) : h(a) = w(a) for t € [1,n], n > [ with n(l,a) = A(a) and n(n, a) = w(a).
Now the true age of human body is the least upper bound n(n, «) = y(«), where t € [I,n].
Topologically the toddler is the same as a fully grown person, because the toddler con-
stantly becomes an adult. We establish an algebraic method to relate homotopy with the
procedure of aging of human body. The cylinder X = S x I is to be considered topo-
logically equivalent to a compact connected human body, when S is taken as circle and
I = [0,3]. The infant is topologically taken as X = S x I. The family of continuous
functions 7n(t, @) on the interval I = [0, 5] is called homotopy. Consider X as human body,
then homotopy is an increasing sequence of the function 7n(t,«). We use homotopy to
relate topologically a toddler to topologically an adult. Consider X as a human body,
assume « € X define growth of the body and ¢ € I define age of the body. Because we
are not sure about the life duration of human body, consider ¢ = oo as the final age of
the body, where ¢ € [0, 00] represents the age interval from ¢t = 6 to t = oco. The aging
procedure is the sequence of the functions 7(¢, @) so that, V ¢ € [0, 00] (0, «) = h(«) and

77(007 a) = y(a)'
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Theorem 21. Consider X =S x I as a cylinder. Take a homotopy n(t, ), if we have a
fized point for n(0,ar), then n(co,«) also has fixed point.

Proof. Because of compactness and connectedness, human body is topologically equiv-
alent to a cylinder X = § x I. Since constant changing in the shape of cylinder has many
invariant points, which leads to proof.

7. The existence of a solution to Urysohn Integral Equation (UIE)

In this section, we will get a unique solution for an UIE as an application of Theorem 13:

(o) = (o) + / Ky (p, 5, @(s))ds. (12)
IR

Above mentioned equation is a summarization of Volterra Integral Equation (VIE) and
Fredholm Integral Equation (FIE). This integral equation is dependent on the range of
integration (IR). UIE will converted into VIE by fixing @ in IR = (a,z) and UIE will
become FIE by fixing a,b in IR = (a,b). Many authors have found a unique solution to
UIE (see [41-43]). Here we get a unique solution to UIE by using a fixed point way, which
further helps to find a convergence point to many mathematical structures.

Take IR as the set with finite measure along Jif;, = {@| [ig |@(s)|?ds < co}. Take the
norm ||.|| : Jk — [0, 00) such that

I, = / (o (s)[2ds, for all @, 7 € .
IR

Equivalently we define the norm in the following manner:

wlly, = \/sup{eyfIRa(s)ds /IR |ow(s)|2ds}, for all w € Jik,y > 1.

Then € = (J, [-l,,) represents a Banach space. Consider a cone D = {w € T
w(s) > 0 for almost every s}. The rectangular cone b-metric R, is taken as Ry(w,r) =
@ ||w — 7|3 , V@, 7 €D. Take =X as a partial order on D, so that

a=v < a(s)v(s) > v(s),Va,v € D.
Subsequently (€, <, R,) represents a complete RCBM space. Assume
(D1) The kernel K : IR x IR x R — R holding Carathéodory axioms along with

|K1(c,s,@(s))| < w(p,s)+e(p,s) |w(s); w,e € T*(IR x IR), e(p, s) > 0.

D2) Take ¢:IR — [1,00) as a continuous and bounded function over IR.
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(D3) 3 a scalar C' > 0 so that

sup /\Kl(p,sﬂds <C.
pGIRI

(D4) For every wy € Jk, 3 w1 = R(wy) so that @ =< wp or wy < w@.

(D4’) wp—1 =X w, and w, — p holds for any sequence {w,}, implies w, =< p, for each
natural number n.

(D5) We get a non-negative integrable and measurable operator ¢ : IR x IR — R over IR,
so that

1
a(9) = [ (po)ds < o wherey > 1
IR Y
and

[K1(p, s, (s)) — Ki(g, s,7(s))| < q(p, s)|[w(s) —r(s)]
for all p,s € IR and w,r € £ with w <.

Theorem 22. Assume ¢ and Ki satisfying all axioms (D1)-(D5), then we get a unique
solution for UIE.

Proof.
Take a function R : £ — &, along with the mentioned symbols, so that

(Rw) (p / K1(p, s, @(s))ds.

R is taken as X-preserving:
Consider w,r € &€ such that @ < r, then w(s)r(s) > r(s). Now, for almost every p € IR,

mm@hdmﬁ@&w@mmeL

implies that (Rw) (p) (Rr) (p) > (Rr) (p). So, (Rw) L (Rr).

Self-operator:

Using (D1) and (D3) we get R : D — D as continuous and compact function (see [41,
Lemma 3)).

Using (D4), assures the existence of w; = R(wp) so that w; < wy or wp =X wi,
for every wy € D and R is <-preserving, so we get w, = R"(wg) with w, = w,41 or
Wpt1 2wy V> 0.

Using (D5) and Holder inequality will lead us to the contractive condition of Theorem
13.

2

= |(R=)(9) — (Rr)(p /Klp,sw ds—/Klp,sr ) ds
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2

IA

® / K1 (5, @(5)) — Ki(, 5,7(s))] ds
R

2

PN

- / 4(p,8)|w(s) — r(s)| ds
R
< / Ppy5)ds - / () — (s)|? ds
IR IR
_ wa(p)/|w(3) r(s)ds.
IR

By integrating with respect to p, we get

PN

» / (Rw)(p) — (RO(@)P dp < / a(p) / w(s) — r(s)[2ds | dp
IR IR

IR
= w/ a(p)eyfIRo‘(s)ds-e_yfIRa(s)ds/\w(s)—r(s)]st de
IR IR

PN

@l =1l [ alp)erneot ap
IR

PN

1
w— ||w — rH%,y eV J (s)ds.
Hence, we get

- a(s)as 1
we Y fin a1 /I(RW)(@) — (Rr)(p)* dp = = lw — 73, -
IR

Which further implies that
2 1 2
@ |Rw — Rrl3, = = @ —rll3, -

So,
1
cy(Rw, Rr) X —cy(w,r) implies
Y
ycy(Rw, Rr) = cy(w, )

Define J : 6 — & by

j(p17p27p37p47p57p6) = kpl — D23 k > 17
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we have
J (¢(Rw, Rr), c(w,r), c(w, Rw), c(r, Rr), c(w, Rr), c(r, Rw)) < 0¢.

By using 13, we get a unique fixed point for R, which implies UIE (12) has a unique
solution.

8. Conclusion

Fixed point results show that rectangular cone b-metric space can be applied to obtain
the general existence results for implicit contractions subject to implicit ordered relation.
These results generalize many theorems in [1, 4, 34]. The obtained results can be applied
to obtain more general homotopy results and existence results for integral equations. This
idea can be further applied to obtain fixed point results in cone A-metric space. We refer
a cmparison between this paper and [44] for further studies.

We suggest the readers and interested researchers to compare the results presented in
this paper with the results appearing in [44] for further study.
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