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Abstract. This paper introduces new concepts of continuous multifunctions defined between a
generalized topological space and a bitopological space, namely upper almost (o1, 02)-continuous
multifunctions and lower almost p(o1,02)-continuous multifunctions. Moreover, several charac-
terizations and some properties concerning upper almost p(o1, o2)-continuous multifunctions and
lower almost (o1, 02)-continuous multifunctions are investigated. Furthermore, the relationships
between (o1, 02)-continuity and almost p(oq, o3)-continuity are considered.
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1. Introduction

The concept of almost continuous functions was introduced by Singal and Singal [1].
Munshi and Bassan [2] studied the notion of almost semi-continuous functions. Noiri
[3] introduced and investigated the concept of almost a-continuous functions. Nasef and
Noiri [4] introduced two classes of functions, namely almost precontinuous functions and
almost [-continuous functions. The class of almost precontinuity is a generalization of
almost a-continuity. The class of almost -continuity is a generalization of almost semi-
continuity. The concepts of generalized topological spaces and generalized neighborhood
systems were introduced by Csaszar [5]. The classes of topological spaces and neighbor-
hood systems are contained in the classes of generalized topological spaces and generalized
neighborhood systems, respectively. Moreover, Csaszar [5] introduced two kinds of gen-
eralized continuous functions by utilizing the concepts of generalized topological spaces
and generalized neighborhood systems. Kanibir and Reilly [6] extended the concept of
generalized continuous functions to multifunctions and introduced generalized continuous
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multifunctions between generalized topological spaces. On the other hand, the present au-
thors introduced and investigated four classes of multifunctions defined from a generalized
topological space into a generalized topological space, namely upper almost 5(ux, py)-
continuous multifunctions [7], lower almost 3(ux, pty )-continuous multifunctions [7], upper
a(px, py )-continuous multifunctions [8] and lower a(ux, py )-continuous multifunctions
[8]. Pue-on et al. [9] introduced and studied the concepts of upper (71, 72)-continuous
multifunctions and lower (71, 72)-continuous multifunctions. Klanarong et al. [10] intro-
duced and investigated the notions of upper almost (71, 72)-continuous multifunctions and
lower almost (71, 72)-continuous multifunctions. Quite recently, Viriyapong et al. [11] pre-
sented new classes of continuous multifunctions between an ideal topological space and a
bitopological space, namely upper almost 7*(o7, 02)-continuous multifunctions and lower
almost 7*(o1, 02)-continuous multifunctions. Furthermore, several characterizations and
some properties of upper almost 7*(o1, o2)-continuous multifunctions and lower almost
7*(01, 02)-continuous multifunctions were discussed in [11]. In this paper, we introduce
new classes of multifunctions between a generalized topological space and a bitopolog-
ical space, namely upper almost (o1, 02)-continuous multifunctions and lower almost
(o1, 02)-continuous multifunctions. We also investigate several characterizations of upper
almost (o1, 02)-continuous multifunctions and lower almost u(oq,02)-continuous multi-
functions.

2. Preliminaries

Throughout the present paper, spaces (X, 71,72) and (Y,01,02) (or simply X and
Y') always mean bitopological spaces on which no separation axioms are assumed unless
explicitly stated. Let A be a subset of a bitopological space (X, 71, 72). The closure of A
and the interior of A with respect to 7; are denoted by 7;-Cl(A) and 7;-Int(A), respectively,
for i = 1,2. A subset A of a bitopological space (X,71,72) is called 7 72-closed [12]
if A = 11-Cl(72-Cl(A)). The complement of a 737o-closed set is called 71 7m5-open. The
intersection of all 717mo-closed sets of X containing A is called the 7 72-closure [12] of A
and is denoted by 7179-Cl(A). The union of all 73 79-open sets of X contained in A is called
the Ti7o-interior [12] of A and is denoted by 7 72-Int(A).

Lemma 1. [12] Let A and B be subsets of a bitopological space (X, T1,72). For the
T1T9-closure, the following properties hold:

(1) A C 1175-Cl(A) and 1175-Cl(im5-Cl(A)) = 1175-CI(A).
(2) If AC B, then 12-Cl(A) C 1172-CI(B).

(3) T172-Cl(A) is Ty7a-closed.

(4) A is rima-closed if and only if A = T115-Cl(A).

(5) T1m2-CUX — A) = X — 1imo-Int(A).
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A subset A of a bitopological space (X, 71,72) is said to be (71, 72)r-open [13] (resp.
(11, m2)s-open [14], (11, 72)p-open [14], (11, T2)B-open [14]) if A = 71 72-Int(7172-C1(A)) (resp.
A C mma-Cl(mim2-Int(A)), A C mimo-Int(1172-Cl(A)), A C 7172-Cl(1172-Int(1172-C1(4)))).
The complement of a (71, 72)r-open (resp. (71, 72)s-open, (71, 72)p-open, (71, T2)B-open)
set is said to be (71, 72)r-closed (resp. (71,72)s-closed, (11, 72)p-closed, (11, 72)B-closed).
A subset A of a bitopological space (X, 71, 72) is said to be a(r,72)-open [15] if A C
T172-Int (71 72-Cl(7172-Int(A))). The complement of an «a(r,m)-open set is said to be
a(11,79)-closed. Let A be a subset of a bitopological space (X, 71,72). The intersection
of all (71, m9)p-closed (resp. (71,72)s-closed, (71, 72)-closed) sets of X containing A is
called the (71, 72)p-closure [16] (resp. (71,72)s-closure [14], a(11,72)-closure [17]) of A
and is denoted by (71, 72)-pCIl(A) (resp. (71,72)-sCl(A), a(ri,72)-Cl(A)). The union of
all (71, 72)p-open (resp. (71,72)s-open, (71, T2)-open) sets of X contained in A is called
the (71, 72)p-interior [16] (resp. (71, 72)s-interior [14], a(11, m2)-interior [17]) of A and is
denoted by (71, 72)-pInt(A) (resp. (71, 72)-sInt(A), (11, 72)-Int(A)).

Lemma 2. [10] Let A be a subset of a bitopological space (X, 1,72). If A is TiT2-0pen in
X, then (Tl,TQ)—SCl(A) = T1T2—[7Lt(T17‘2—Cl(A)).

A subset A of a bitopological space (X, 71,72) is said to be 7179-d-open [18] if A is
the union of (71, 72)r-open sets of X. The complement of a 717-0-open set is called
T1T2-0-closed [18]. The union of all 7379-d-open sets of X contained in A is called the
T172-0-interior [18] of A and is denoted by 7179-d-Int(A). The intersection of all 717o-
d-closed sets of X containing A is called the 7 75-0-closure [18] of A and is denoted by
T172-0-C1(A). Let A be a subset of a bitopological space (X, 71,72). A point z € X is
called a (11, 72)0-cluster point [13] of A if 7y7o-CL({U) N A # () for every Timo-open set U
containing x. The set of all (71, 72)6-cluster points of A is called the (71, 72)0-closure [13]
of A and is denoted by (71, 72)0-Cl(A). A subset A of a bitopological space (X, 71, 72) is
said to be (11, 12)0-closed [13] if (71, 72)0-Cl(A) = A. The complement of a (11, 72)6-closed
set is said to be (71, 72)0-open. The union of all (71, 72)#-open sets of X contained in A is
called the (11, 72)0-interior [13] of A and is denoted by (71, 72)6-Int(A).

Lemma 3. [13] For a subset A of a bitopological space (X, T1,72), the following properties
hold:

(1) If A is Tim2-open in X, then T172-Cl(A) = (11, 72)0-CI(A).
(2) (11,72)0-CIl(A) is T1m2-closed in X.

Let X be a nonempty set, and denote P(X) the power set of X. We call a class
u C P(X) a generalized topology (briefly, GT) if @ € p, and an arbitrary union of elements
of u belongs to u [5]. A set X with a GT p on it is said to be a generalized topological space
(briefly, GTS) and is denoted by (X, u). For a GTS (X, i), the elements of u are called
u-open sets and the complements of p-open sets are called p-closed sets. For A C X, we
denote by ¢, (A) the intersection of all y-closed sets containing A and by i, (A) the union
of all pi-open sets contained in A. Then, we have i,(i,(A)) = i,(A), cu(cu(A)) = cu(A),
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and i,(A) = X — ¢, (X — A). According to [19], for A C X and = € X, we have x € ¢,(A)
if and only if x € M € p implies M N A # ().

By a multifunction F' : X — Y, we mean a point-to-set correspondence from X into
Y, and we always assume that F(z) # () for all z € X. For a multifunction F': X — Y, we
shall denote the upper and lower inverse of a set B of Y by F'(B) and F'~(B), respectively,
that is, F*(B) = {# € X | F(z) C B} and F-(B) ={z € X | F(x)NB # 0}. In
particular, F~(y) = {x € X | y € F(z)} for each point y € Y. For each A C X,
F(A) = UgeaF(z).

3. Upper and lower almost yu(oy, 0y)-continuous multifunctions

In this section, we introduce the concepts of upper almost p(oy,o2)-continuous mul-
tifunctions and lower almost pu(oq,09)-continuous multifunctions. Furthermore, several
characterizations of upper almost p(oy,02)-continuous multifunctions and lower almost
(o1, 02)-continuous multifunctions are discussed.

Definition 1. A multifunction F : (X, u) — (Y, 01, 02) is said to be upper almost u(o1, 02)-
continuous at a point x € X if for each o109-open set V of Y such that F(x) C V', there
exists a p-open set U of X containing x such that F(U) C oi02-Int(c102-Cl(V)). A
multifunction F : (X, p) — (Y, 01,02) is said to be upper almost (o1, 02)-continuous if F
is upper almost p(oy,o9)-continuous at each point x of X.

Theorem 1. For a multifunction F : (X,u) — (Y,01,02), the following properties are
equivalent:

(1) F is upper almost p(oy,09)-continuous at x € X;

(2) x € iy(FT(0102-Int(o102-Cl(V)))) for every oi1o2-open set V of Y containing F(x);
(3) x € iy(FT((01,02)-sCUV))) for every oro9-open set V of Y containing F(x);

(4) x € i (FT(V)) for every (o1,02)r-open set V of Y containing F(x);

(5) for each (o1,09)r-open set V. of Y containing F(x), there exists a p-open set U of
X containing x such that F(U) C V.

Proof. (1) = (2): Let V be any op09-open set of Y containing F(z). Thus by (1)
there exists a p-open set U of X containing z such that F(U) C o109-Int(c102-CL(V))
Therefore, z € U C FT(0109-Int(0102-CL(V))) and so z € i, (F* (0102-Int(c102-CL(V))))

(2) = (3): This follows from Lemma 2.

(3) = (4): Let V be any oj09-open set of Y containing F'(x). It follows from Lemma
2 that V = 0’10’2—Int<010'2—01(v>) = (01,02)—SCI(V).

(4) = (5): Let V be any (o1,092)r-open set of Y containing F'(z). Then by (4),
we have = € i,(FT(V)) and there exists a py-open set U of X containing x such that
x €U C FT(V); hence F(U) C V.

9



P. Pue-on, A. Sama-Ae, C. Boonpok / Eur. J. Pure Appl. Math, 18 (4) (2025), 7052 5 of 14

(5) = (1): Let V be any op09-open set of Y containing F'(x). Since o102-Int(o109-C1(V))
is (01, 09)r-open, there exists a p-open set U of X containing = such that

F(U) g UlUQ-Int(O'IO'Q—Cl(V)).

This shows that F' is upper almost p(o1, 02)-continuous at = € X.

Definition 2. A multifunction F : (X, u) — (Y,01,02) is called lower almost (o1, 09)-
continuous at a point x € X if for each oi09-open set V. of Y such that V N F(x) # 0,
there exists a p-open set U of X containing x such that o102-Int(c109-CU(V)) N F(z) #
for every z € U. A multifunction F : (X, ) = (Y, 01, 02) is called lower almost u(o1,02)-
continuous if F is lower almost (o1, 02)-continuous at each point x of X.

Theorem 2. For a multifunction F : (X,u) — (Y,01,02), the following properties are
equivalent:

(1) F is lower almost u(o1, o2)-continuous at x € X ;
(2) x € iy,(F~ (o102-Int(c102-CUV')))) for every o1o9-open set V of Y such that

VN F(z) #0;

(3) x € iy (F~((01,02)-sCUV))) for every o109-open set V of Y such that VN F(z) # 0;
(4) x € i (F~(V)) for every (o1,02)r-open set V of Y such that V N F(x) # 0;

(5) for each (o1,09)r-open set V of Y such that V N F(x) # 0, there exists a p-open set
U of X containing x such that U C F~ (V).

Proof. The proof is similar to that of Theorem 1.

Theorem 3. For a multifunction F : (X,u) — (Y,01,02), the following properties are
equivalent:

(1) F is upper almost p(o1, o2)-continuous;

(2) FH(V) Ciy(FT(o102-Int(o102-CI(V)))) for every oioz-open set V of Y ;

(3) cu(F~(0102-Cl(o102-Int(K)))) C F~(K) for every o102-closed set K of Y;

(4) cu(F~(0102-Cl(o102-Int(0102-CUB))))) € F~(0102-CIB)) for every subset B of Y;

(5) Ft(o102-Int(B)) C i, (EF T (0102-Int(c102-Cl(o102-Int(B))))) for every subset B of
Y

(6) F*(V) is p-open in X for every (o1,02)r-open set V of Y;

(7) F~(K) is p-closed in X for every (o1,09)r-closed set K of Y.
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Proof. (1) = (2): Let V be any o102-open set of Y and x € F(V). Then, F(x) C V.
Thus by Theorem 1, we have x € i,(FT(0109-Int(0102-C1(V)))) and hence

FH(V) Ci,(Ft(o102-Int(0102-CL(V)))).

(2) = (3): Let K be any o109-closed set of Y. Then, Y — K is o0109-open in Y and by
(2),
X —F (K)=FYY - K) Ci,(F'(o102-Int(0102-CL(Y — K))))
= iu(X — F~ (0102-Cl(o102-Int(K))))
=X — ¢y (F~ (0102-Cl(o102-Int(K)))).
Thus, ¢, (F~ (0102-Cl(0102-Int(K)))) € F~ (K).
(3) = (4): Let B be any subset of Y. Then, 0102-Cl(B) is a oj02-closed set of Y and
by (3), cu(F~(0102-Cl(o102-Int(0102-Cl(B))))) € F~(0102-Cl(B)).
(4) = (5): Let B be any subset of Y. Then, we have
FT(0109-Int(B)) = X — F~(0102-CI(Y — B))
C X — cu(F ™ (0102-Cl(0102-Int(0102-CL(Y — B)))))
=X — cu(F (Y — g109-Int(0102-Cl(0102-Int(B)))))
= z'u(F+ (o109-Int(0102-Cl(o102-Int(B))))).
(5) = (6): Let V be any (o1, 02)r-open set of Y. By (5), we have F*(V) C i, (F*(V))
and hence F (V) is y-open in X.
(6) = (7): The proof is obvious.
(7) = (1): Let x € X and V be any (o1, 02)r-open set of Y containing F'(x). Since
Y — V is (01,092)r-closed and by (7), X — F*(V) = F~ (Y — V) is p-closed in X. Thus,
F*(V) is p-open and hence z € i,(F*(V)). Then, there exists a p-open set U of X

containing x such that F(U) C V. It follows from Theorem 1 that F is upper almost
(o1, 02)-continuous.

Theorem 4. For a multifunction F : (X,u) — (Y,01,02), the following properties are
equivalent:

(1) F is lower almost u(o1, o2)-continuous;

(2) F~(V) Ciu(F~ (o102-Int(0102-CUV')))) for every o109-open set V of Y ;

(3) cu(FT(o102-Cl(o102-Int(K)))) C FT(K) for every oioz-closed set K of Y ;

(4) cu(F*(o102-Cl(o109-Int(0102-Cl(B))))) C F+(c102-CUB)) for every subset B of Y ;

(5) F~(0102-Int(B)) C i,(F~ (o102-Int(0102-Cl(o102-Int(B))))) for every subset B of
Y,

(6) F—(V) is p-open in X for every (o1,09)r-open set V of Y;
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(7) F*(K) is p-closed in X for every (o1,09)r-closed set K of Y.

Proof. The proof is similar to that of Theorem 3.

Theorem 5. For a multifunction F : (X,u) — (Y,01,02), the following properties are
equivalent:

(1) F is upper almost p(oy, o2)-continuous;
(2) c (F~(V)) C F~(0102-Cl(V)) for every (o1,02)5-open set V of Y;
(3) cy(F~(V)) C F~(0102-Cl(V)) for every (o1,02)s-open set V of Y.

Proof. (1) = (2): Let V be any (o1,02)8-open set of Y. Then, g102-CI(V) is a
(01,092)r-closed set of Y. Since F' is upper almost u(o1,02)-continuous and by Theorem
3, F~(0102-Cl(V)) is p-closed in X. Thus, ¢, (F~(V)) C F~(0102-CL(V)).

(2) = (3): The proof is obvious.

(3) = (1): Let K be any (o1, 02)r-closed set of Y. Then, K is (o1,02)s-open in Y.
Then by (3), cu(F~(K)) € F~(0102-Cl(K)) = F~(K) and hence F'~(K) is p-closed in
X. By Theorem 3, F' is upper almost p(o1, o2)-continuous.

Theorem 6. For a multifunction F : (X,u) — (Y,01,02), the following properties are
equivalent:

(1) F is lower almost (o1, 02)-continuous;
(2) c, (FT(V)) C Ft(o102-CUV)) for every (o1,02)5-0pen set V of Y;
(3) ey (FT(V)) C Ft(o102-CUV)) for every (o1,02)s-open set V of Y.

Proof. The proof is similar to that of Theorem 5.

Lemma 4. [20] For a bitopological space (X, T1,T2), the following properties hold:
(1) a(11,72)-Cl(V') = 11712-CUV) for every (71, 72)B-open set V of X;
(2) (11,72)-pClV) = 1112-CUV) for every (71, 72)s-open set V of X.

Corollary 1. For a multifunction F : (X,pu) — (Y,01,09), the following properties are
equivalent:

(1) F is upper almost p(o1, o2)-continuous;
(2) c,(F~(V)) C F~(a(o1,02)-CUV)) for every (o1,02)B-0open set V of Y;
(3) cy(F~(V)) C F~((01,02)-pCUV)) for every (o1,02)s-open set V of Y.

Corollary 2. For a multifunction F : (X, ) — (Y,01,02), the following properties are
equivalent:
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(1) F is lower almost u(o1,02)-continuous;
(2) c, (FH(V)) C F(a(o1,02)-CUV)) for every (o1,02)B-open set V of Y ;
(3) ey (FT(V)) C F((01,02)-pCUV)) for every (o1,02)s-open set V of Y.

Theorem 7. For a multifunction F : (X,u) — (Y,01,02), the following properties are
equivalent:

(1) F is upper almost p(o1, o2)-continuous;

(2) cu(F~(0102-Cl(o102-Int(c102-CUV))))) € F~(0102-CI(V')) for every (o1, 02)p-open
set V oof Y;

(3) cu(F~(0102-Cl(o10o2-Int(V)))) C F~(0102-CUV')) for every (o1,02)p-open set V of
Y;

(4) FH(V) Ciu(FT(o102-Int(o102-Cl(V)))) for every (o1,02)p-open set V of Y.

Proof. (1) = (2): Let V be any (01,02)p-open set of Y. Then, o109-CI(V) is o109-
closed in Y and by Theorem 3, we have

cu(F~ (0102-Cl(o102-Int(0102-C1(V))))) € F~ (0102-C1(V)).
(2) = (3): Let V be any (o1, 02)p-open set of Y. By (2),

cu(F~ (0102-Cl(o102-Int(V)))) C cu(F~ (0102-Cl(o102-Int(0102-CL(V)))))
C F™ (0102-CL(V)).

(3) = (4): Let V be any (o1, 02)p-open set of Y. Thus by (3), we have

X — iy (FH (o100t (0105-CL(V)))) = eu(X = F T (0109-Int(0105-C1(V))))
F~(Y — o109-Int(0102-CL(V))))
F~(0109-Cl(Y — 0102-C1(V))))

o
o
=

o
=
~—~ o~~~

and hence F'*(V) C i, (FT(0102-Int(0102-C1(V)))).

(4) = (1): Let V be any (o1, 02)r-open set of Y. Then, V is (o1, 02)p-open in Y and
by (4), FH(V) C i, (FT(o109-Int(0102-CL(V)))) = i, (FT(V)). Thus, F* (V) is y-open in
X. It follows from Theorem 3 that F' is upper almost (o1, 09)-continuous.
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Theorem 8. For a multifunction F : (X,u) — (Y,01,02), the following properties are
equivalent:

(1) F is lower almost u(o1, 02)-continuous;

(2) cu(F*(o102-Cl(o102-Int(o102-Cl(V))))) C FH(0102-CUV)) for every (o1, 02)p-open
set V of Y;

(3) cu(FT(o109-Cl(oyo2-Int(V)))) C F(0102-CU(V)) for every (o1,02)p-open set V of
Y;

(4) F~(V) Ciy(F~ (o102-Int(c102-CUV')))) for every (o1, 02)p-open set V of Y.

Proof. The proof is similar to that of Theorem 7.

Lemma 5. [21] Let A be a subset of a bitopological space (X, 11, 72). Then, the following
properties hold:

(1) If A is Tima-open in X, then 172-Cl(A) = 11712-0-Cl(A).
(2) T112-6-Cl(A) is TiT2-closed.

Theorem 9. For a multifunction F : (X,u) — (Y,01,02), the following properties are
equivalent:

(1) F is upper almost p(o1, o2)-continuous;

(2) ¢ (F~(0102-Cl(o102-Int(0102-0-CU(B))))) € F~(0102-6-Cl(B)) for every subset B
of Y;

(3) cu(F~(0102-Cl(o102-Int(0102-CUB))))) € F~(0102-6-Cl(B)) for every subset B of
Y.

Proof. (1) = (2): Let B be any subset of Y. By Lemma 5, 0109-0-Cl(B) is o102-closed
in Y and by Theorem 3, c,(F~(0102-Cl(o102-Int(0102-0-Cl(B))))) € F~(0102-6-C1(B)).

(2) = (3): This is obvious since o102-Cl(B) C 0102-6-Cl(B).

(3) = (1): Let K be any (o1, 092)r-closed set of Y. Then by (3), we have

cu(F~(K)) = cu(F (0102-Cl(01092-Int(K))))
= cu(F~ (0102-Cl(0102-Int(0102-CI(K)))))
- F7(0'10'2—(5—CI(K))
=F (K)

and hence F'~ (K) is u-closed in X. By Theorem 3, F'is upper almost p(o1, 02)-continuous.

Theorem 10. For a multifunction F : (X, ) — (Y, 01,02), the following properties are
equivalent:
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(1) F is lower almost u(o1,02)-continuous;

(2) c (F*(o102-Cl(c109-Int(0102-6-CI(B))))) C F*(0102-6-CI(B)) for every subset B
of Y;

(3) cu(FT(o102-Cl(o102-Int(o102-Cl(B))))) C F(0102-6-CI(B)) for every subset B of
Y.

Proof. The proof is similar to that of Theorem 9.

Lemma 6. If F: (X, u) — (Y, 01,02) is lower almost u(o1,02)-continuous, then for each
x € X and each subset B of Y with o102-0-Int(B) N F(x) # 0, there exists a p-open set U
of X containing x such that U C F~(B).

Proof. Let x € X and B be a subset of Y with o102-0-Int(B) N F(x) # (. Since
o109-0-Int(B) N F(x) # 0, there exists a nonempty (o1,02)r-open set V of Y such that
V C Band VN F(x) # 0. Since F is lower almost (o1, 02)-continuous, there exists a
p-open set U of X containing = such that VN F(z) # ) for each z € U; hence U C F~(B).

Theorem 11. For a multifunction F : (X, ) — (Y, 01,02), the following properties are
equivalent:

(1) F is lower almost u(o1, o2)-continuous;

(2) cu(FT(B)) C Ft(0102-6-CI(B)) for every subset B of Y';
(3) F(cu(A)) C 0102-0-CUF(A)) for every subset A of X ;

(4) FT(K) is u-closed in X for every o109-6-closed set K of Y;
(5) F~(V) is p-open in X for every oro2-d-open set V of Y ;
(6) F~(o102-6-Int(B)) C i, (F~(B)) for every subset B of Y.

Proof. (1) = (2): Let B be any subset of Y. Suppose that z &€ F*(0102-6-C1(B)).
Then, we have © € F~(Y —0102-6-Cl(B)) = F~ (0102-6-Int(Y — B)). There exists a p-open
set U of X containing x such that U C F~ (Y — B) = X — F™(B). Thus, UNF*(B) =0
and hence z € X — ¢, (F"(B)). This shows that ¢,(F*(B)) C F*(0102-6-Cl(B)).

(2) = (3): Let A be any subset of X. By (2), we have

cu(A) C cu(FT(F(A))) C F*(0102-6-CI(F(A)))

and hence F(c,(A)) C 0102-0-CI(F(A)).
(3) = (1): Let B be any subset of Y. Then, by the hypothesis and Lemma 5,

F(cu(F*(0109-Cl(0109-Int(0109-C1(B))))))
C 7172-0-Cl(F (F* (0109-Cl(0102-Int(102-C1(B))))))
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C 0102-Cl(o102-Int(0102-Cl(B))) C 0102-Cl(B)

and hence ¢, (F T (0102-Cl(0102-Int(0102-C1(B))))) C F*(0102-Cl(B)). By Theorem 4, F
is lower almost u(o1, o2)-continuous.

(2) = (4): Let K be any o109-9-closed set of Y. Then, 0,02-0-Cl(K) = K. By (2),
we have ¢, (FT(K)) C F*(0102-6-Cl(K)) = F"(K) and so F*(K) is p-closed in X.

(4) = (5): The proof is obvious.

(5) = (6): Let B be any subset of Y. Then by (5), we have

F~(0109-0-Int(B)) = i, (F~ (0102-0-Int(B))) C i (F~(B)).

(6) = (1): Let V be any (o1,02)r-open set of Y. Then, we have V' is o109--open and
o102-6-Int(V)) = V. Thus by (6), F~ (V) C i,(F~(V)) and hence F~(V) is p-open in X.
By Theorem 4, F' is lower almost (o1, 02)-continuous.

Definition 3. [22] A multifunction F : (X, pu) — (Y, 01,02) is said to be upper u(o1,02)-
continuous at a point x € X if for each oio9-open set V of Y such that F(z) C V,
there exists a p-open set U of X containing x such that F(U) C V. A multifunction
F: (X,u) — (Y,01,02) is said to be upper u(o1,o2)-continuous if F is upper (o1, 02)-
continuous at each point x of X.

Definition 4. [22] A multifunction F : (X, u) — (Y, 01,09) is said to be lower u(oy,09)-
continuous at a point x € X if for each oio9-open set V. of Y such that F(x) NV # 0,
there exists a p-open set U of X containing x such that F(z) NV # (0 for every z € U.
A multifunction F : (X, u) — (Y,01,02) is said to be lower u(oy,02)-continuous if F is
lower p(o1,02)-continuous at each point x of X.

Remark 1. For a multifunction F : (X, u) — (Y, 01,02), the following implication holds:
upper p(o1, o9)-continuity = upper almost p(o1, og)-continuity.

The converse of the implication is not true in general. We give an example for the
implication as follows.

Example 1. Let X = {1,2,3} with a generalized topology n = {0,{1},{2},{1,2}, X }.
Let Y = {p,q,r} with topologies o1 = {0,{p},{p,q}, Y} and o2 = {0, {p}, {q¢},{p,q},Y}.
A multifunction F : (X, u) — (Y,01,02) is defined as follows: F(1) = {r} and F(2) =
F(3) ={p,q}. Then, F is upper almost u(o1,o2)-continuous but F is not upper (o1, 02)-
continuous.

Recall that a bitopological space (X, 71, m2) is said to be (71, 72)s-regular [23] if for each
(71, T2)s-closed set F' and each x & F, there exist disjoint (71, 72)s-open sets U and V' such
that t € U and FF C V.

Lemma 7. [23] Let (X, 11, 72) be a (11, 72)s-regular space. Then, the following properties
hold:
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(1) T17172-Cl(A) = 1172-0-Cl(A) for every subset A of X.
(2) Every TiTo-open set is T1To-d-open.

Lemma 8. [22] For a multifunction F : (X,u) — (Y,01,092), where (Y,01,02) is a
(01, 02)s-reqular space, the following properties are equivalent:

(1) F is lower p(o1,02)-continuous;

(2) Ft(0102-6-Cl(B)) is p-closed in X for every subset B of Y;
(3) FT(K) is p-closed in X for every o109-0-closed set K of Y;
(4) F~(V) is p-open in X for every oro2-6-open set V of Y.

Theorem 12. For a multifunction F' : (X, u) — (Y, 01,02), where (Y, 01,02) is a (01,02)s-
reqular space, the following properties are equivalent:

(1) F is lower u(oy,09)-continuous;

(2) Ft(0102-6-Cl(B)) is pu-closed in X for every subset B of Y ;
(3) FT(K) is u-closed in X for every o109-0-closed set K of Y;
(4) F~(V) is p-open in X for every o1o9-0-open set V of Y ;
(5) F is lower almost u(oy, o2)-continuous.

Proof. The proofs of the implications (1) = (2) = (3) = (4) are similar as in Lemma
8.

(4) = (5): Let V be any (o1,02)r-open set of Y. Then, V is oj02-open in Y and
by Lemma 7, V is o109-d-open in Y. By (4), we have F~ (V) is p-open in X. Thus by
Theorem 4, F' is lower almost p(o1, 02)-continuous.

(5) = (1): Let z € X and V be any o102-open set of Y such that VN F(x) # (). Since
(Y, 01,09) is (01, 092)s-regular, there exists a (o1, 02)r-open set W such that W N F(x) # ()
and W C V. Since F is lower almost p (o1, 02)-continuous, there exists a p-open set U of
X containing x such that W N F(z) # () for every z € U. Thus, F(2) NV # ) for every
z € U. This shows that F' is lower p(01, 02)-continuous.
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