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Abstract. This paper introduces new subclasses of bi-univalent functions of complex order
linked with shell-like domains, formulated via the subordination principle and the ¢ analog of
Fibonacci numbers. Motivated by recent advances in g-calculus and its applications in geometric
function theory, we construct and examine two distinct families of analytic bi-univalent functions.
For these subclasses, coefficient estimates are derived for the initial Taylor—Maclaurin coefficients,
together with sharp bounds for the Fekete—Szego functional expressed in terms of the parameters
involved. The results of this study extend and unify earlier results in the theory of bi-univalent
functions, while providing new insights into the interaction between the theory of bi-univalent
functions, the ¢-Fibonacci framework, and shell-like geometries. Furthermore, the subclasses
established here may serve as a foundation for future studies on analytic function spaces, special
functions, and their operator-theoretic connections.
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1. Introduction and Preliminaries
Let o7 denote the class of analytic functions in the open unit disk

O={z=a+ibeC:a,beR, |z <1},
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the interior of the unit circle centered at the origin. Every member f € & is assumed
to satisfy the standard normalization

f0)=0,  f(0)=1,

so that translation and dilation effects at the origin are eliminated.
Each function in &7 can be represented by a Maclaurin series of the form

f(z)zz+i65z5, z €0, (1)
s=2

where the coefficients ds encode its higher-order analytic structure. In particular, nor-
malization ensures that the leading term is exactly z.

A function f is called a Schwarz function if it is analytic in &, vanishes at the origin
and satisfies |f(z)| < 1 throughout &. Such functions are central to geometric function
theory because of their role in univalent and conformal mapping problems.

For two analytic functions fi, fo € &, we write fi < fo whenever there exists a
Schwarz function n with

fi(z) = faln(z)), z€0.
This concept of subordination provides a powerful framework for analyzing inclusion,

growth, and distortion properties.

Let S C &« denote the class of univalent functions in &. If f € S, then f admits an
analytic inverse f~! defined in a disk of radius at least 1/4, with series expansion

FTUE) = € — 5262 + (203 — 63)€3 — (503 + 64 — 5O2d3)E + -+ - . 2)

A function is termed bi-univalent if both f and f~! are univalent in ¢. The set of such
functions is denoted by .

Another class of interest is P, which consists of analytic functions in & with a positive
real part. Each ¢ € P admits the series

oo
P(z) =1+ p2®,  z€0, (3)
s=1
where the sharp estimate
sl <2, s>1, (4)

follows from Carathéodory’s lemma [1]. Moreover, it is well known that ¢ € P if and
only if

142

1—2’

P(z) < z2€0.

The class of starlike functions, denoted S*, admits elegant formulations in terms of
subordination. Ma and Minda [2] introduced the generalized family

2f'(2)
f(2)

S*(@):{feg/: < ®(z2), <I>6P},
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where ® is analytic in ¢ and satisfies Re (®(z)) > 0.
Prominent subclasses of S* emerge from specific selections of ®(z). For example,

Janowski [3, 4] employed ®(z) = 12£. Robertson [5] examined the choice ®(z) =
w, where 0 < ¥ < 1. Sokdl [6] studied ®(z) = % with ¥ = 172\/5,

and later introduced the case ®(z) = m for ¥ € (—3,1] [7]. These examples

underscore the diversity of subclasses obtained from suitable choices of the function ®.

Quantum calculus (or g-calculus) generalizes classical calculus by introducing a pa-
rameter ¢ € (0,1), providing a natural deformation with deep links to physics, quantum
mechanics, and geometric function theory. A fundamental tool is the g¢-difference op-
erator 04. Seminal references include the monograph by Gasper and Rahman [8] and
analytic function applications studied by Seoudy and Aouf [9]. Further developments
appear in [10-31]. Thus, polynomials bridge the gap between abstract complex analysis
and computational modeling, allowing deeper exploration of geometric mappings and
their analytic behavior [32-36].

Definition 1 ([17]). The g-bracket is defined by

(1_ )\
q, 0<g<l1, AeC*,
1—gq
1, qg— 0T,
(K], =

! A, qg— 17,
v—1
> ¢, 0<g<l1l, A=vy€eN.
s=0

Definition 2 ([17]). The g-derivative (or q-difference operator) of f is

f(z) — flaz)

ﬁ, 0< q < 1, z # O,
9(f(2)) = { f/(0), z=0,

f'(2), qg— 1.

Remark 1. If f has the form (1), then
0q(f(2)) =1+ Z[sjq 5o 251
s=2

while for its inverse f~1 given by (2),
0g(f (&) = 1= [2],02€ + [3],(205 — 03)&% — [4],, (505 + 64 — 5203)&> + - - - .

Alsoboh et al. [37] introduced the g-starlike class

204(f(2))

<TG} (5)
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where
1+ qU2z? 11— Ag+1

Tz Q)_l—'ﬁ 0z — qU22% Vg = 2q

; (6)

with 9, representing the ¢ analog of the Fibonacci numbers.
Moreover, they established connections between 9, and the ¢g-Fibonacci polynomials
vs(q), with the recurrence

'19 S = 17

. 2q +1 s=2,

5y = 20+ D%, ™)
(3q+1)9 s=3,
(ps+1(q) +aps-1(9))05, s> 4.

The initial terms of the g-Fibonacci sequence are listed in Table 1, reducing to the
classical Fibonacci numbers as ¢ — 17.

Table 1: Classical Fibonacci numbers and their g-analogues.

Classical Fibonacci g-Fibonacci
o =10 wo(q) =0
p1 =1 pi(q) =1
p2 =1 pa(q) =1
3 =2 p3(q) =1+¢
p1=3 pa(q) =1+2¢

In the limit ¢ — 17, the class SL; recovers the classical starlike family associated
with the Fibonacci generating function:

_ 26) _ Lo
sL={res: G <10} T =
where ¢ = %
Furthermore, Alsoboh et al. [17] defined the g-convex class KSL, via
205(/(2))
14+ —2—— < T(z9), z€O0. 8
5,07 T )

This generalization involves a higher-order ¢-difference operator, capturing refined geo-
metric structures.
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2. Definition and Examples

Motivated by the theory of g-Fibonacci numbers, we introduce a new subclass of
bi-univalent functions associated with shell-like curves.

Definition 3. Let § € [0,1] and p € C\ {0}. A bi-univalent function f of the form (1)
is said to belong to the class SLMx (B, p; q) if and only if

Uy 200G 00N ] oy
v -G e s | < v, seo @
and simultaneously
1F o 080,x(€) | ,04(§04(x(£))) ,
t [(1 e TP g (x(€)) 1] <T&e, o D

where x = f~1 is given by (2), and the functions Y(z;q) and ¥, are defined in (6).

Changing the parameters p € C*, 8 € [0,1], and ¢ € (0,1), a family of subclasses of
> is generated, exhibiting diverse geometric characteristics.

Example 1. If p =1, the class reduces to SLMx(B; q), where each f € ¥ satisfies

20¢(f(2)) | 504(204(f(2)))

TG T ey < TE
and
_ £04(x(§)) 0q(£04(x(£))) .
e T ey Y
where x = f~ L.

Example 2. If 5 =0 and p = 1, we obtain SLx(Y(2;q)), consisting of f € ¥ such that

Example 3. If 6 =1 and p =1, the class reduces to KLy (Y (z;q)), consisting of f € &
such that 52 52
LEBUE) L ER)

04(f(2)) 94(x(£))

Example 4. If ¢ — 1~ and p = 1, we recover the classical class SLMx(8), where f € ¥
satisfies

2f'(2)
f(z)

2f"(2)
f'(2)

EX'(€)
x(§)

X" ()

S X'(§)

+ 6

<T(z), (1-5) +p =< T(8),

with ¥ = 1_2\/5.
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Example 5. If ¢ — 17, 8 =0, and p = 1, we obtain SLx(Y(z)), where f € ¥ satisfies

2f'(2) EX'(6)
f(z) x(§)

Example 6. If ¢ — 17, =1, and p = 1, the class reduces to KLy (Y (2)), consisting
of f € X such that

T(2),

< Y().

< T(&).

3. Main Results

In this section, we establish coefficient bounds for the initial Taylor coefficients |d2|
and |d3| of functions belonging to the class SLMx (8, p; ¢), as introduced in Definition 3.

Firstly, let us
P(2) =1+ Prz+ Pz + P32 + -+, P(z) < Y(z;q).
Then there exists a Schwarz function ¢ € P, with [¢/(z)| < 1 for all z € €, such that
P(z) =T(W(2);9)-
In this setting, we may define the following.

1+Y(2)
1—1(z)
which belongs to the class P.

Consequently, since 1(z) is analytic in ¢ and subordinate to Y(z;¢q), it admits the
Taylor expansion

h(z) = =14 lz4 022+, z€0, (11)

W(z) = %H;(z—ﬁ)zué(@—zl@—@)zum, (12)
and
T((2); )—1+%[£1;+<£2—£§)‘Z;+<eg—elez—tf>2+--l
+ P {&;+<£2—€;)2+<£3—61@—®2+ --r
+%[£j <@—§)f+<&—%—f)f+ ]3+ (13)

2 1 2\ — 2 —
=1+ ;12+2|:<€2— 1)@1+21<@2:|22
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Similarly, one can find an analytic function v in @, with |v(§)| < 1, such that Z2(§) =
Y (v(€);q). Accordingly, we may express the associated function

K(€) = A+ v(E)1—v(€) =1+ nE+ g+ €P. (14)
As a result, the Taylor expansion of v(§) takes the form:
2\ ¢2 3\ 3
wo—“+( g§+@—mrq)§+m, (15)

and, accordingly, the composition Y (v(§); q) expands as:
2
i

2

\]

2/\
T((€)iq) =1+ %“& [( P+ Tl%] ¢

1 (16)
—|—2[(73—717'2+ )@1+71 <TQ—)<@ + — 323]53

Having established the necessary groundwork and auxiliary results, we are now pre-
pared to derive coefficient bounds for functions belonging to the newly introduced class
SLMx:(B, p; q). These estimates provide valuable insights into the geometric behavior of
such bi-univalent functions and, moreover, emphasize the role of the deformation pa-
rameter ¢ and the weighting parameter 5 in shaping the coefficient structure. The next
theorem provides sharp bounds for the initial coefficients |ag| and |ag].

Theorem 1. For p € C* and 3 € [0,1], let f € SLMs~ (8, p;q). Then

IEA
joaf = ' (17)
\/’pﬂq(K X))+ (1-(20+ 1)@)0‘
oy < [l19q| {| (K = X) p9 + (1 = (2g + 1)) C| + |pl[Vq| K } as)
3= K|(K — X)piq + (1 — (2q+ 1)0,4)C] ’
where
K =q[2],(1+4q[2],B), (19)
X:q[1+/5(mj—1)], (20)
C=q(1+qB) (21)
Proof. Let f € SLy~(T(z)) and £ = f~!. Taking into account (9) and (10), we have
1 5 204f(2)) | ;04 (204(f(2)) .\ _ ). ;
1o (-2l E g2l 1) g, ceo) @
and
1 _ §04(x(€)) g (£0¢(x(£))) . — Y((£):
o (0= SO RS 1) _vog, ceo. @



A. Alsoboh et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 7065 8 of 16

Since
Ll i) | 00 G0E) )y, aitad)
(Pl g 1) < €,

Qn — 2 _ a2

+(qm"(1+qm"5) i pQ(1+5([2Jq 1)> 2) 24+ 0 (2P (24)
_ 1., 90+4B) . (Kaz—Xa3) , 3
1+ 822 2+<¢)> L0,

and

1 (- 580X©) | 50,(0,(x(8)) |\ _,_ all+db)

(- S s2e g 1) =1 2 g

2q[2], (1 2].8)—q(1 212 -1
+(quq< +al2],8) pq + (12’ >)ag af2), (1J;qH5)a3)£2+0(§3)

=1- Q(lj;qﬁ)agﬁ + <2Kp_ Xa% - fa;;) &+0(&%).
(25)

Compared with (22) and (24), along (13), yields

_Xa2 P, 2
Q(l—ZQﬂ)agz—l—(Kang%) 22+0(Z3):<@1€1 1K52_€>@1+ 1@2]2 +0 ().

2 2
(26)
Besied that by comparing (23) and (25), along (16), yields
1+ 2K — X K
(AU ( @—%>€+ow)
p p
2 1 —
to= ;ﬁ&+§ Km—) P+ %] &+
(27)

Equating the pertinent coefficient in (26) and (27), using (19) and (20), we obtain

g(1+q8) Pl
Qg =

p 5 (28)

q(1+qpB) P

_ - 2
PR 5 (29)
M — 1 [(52 — €> P+ 1(@2} (30)
P 2
2K — X K 1 2 T

P Qo — ?ag = 5 |:(7'2 21> y + € (@2] (31)
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From (28) and (29), we have

51:—7'1 < E%:le, (32)
and 22 ) )
2_ PV 2, 2 2, o 8¢°(1+4B)”
Qg = 8q2(1 i qﬁ)g (El + Tl) <~ gl + T = pQﬁg 5. (33)
Now, by summing (30) and (31), we obtain
2(K - X 1 — B4 B4
7( )agz[(€2+72)<@1— 1+Tlgz1+ 1+Tl<@2:|
P 2 2 2
(34)
1 — B+~ =
=3 [(52 + 1) P+ S (P — %)} :
Since from the expansion of Y(z;¢) we have
D=9y,  Py=(2q+ 1),
we can express o
Py — P =04(2q+ 1), — 1).
Substituting these into (34) yields
2(K — X v 2¢+1)92 ¥
UK = X) p )a§:§(£2+m)+ g+ 1)d 1 ) q—z‘] (0 + 7). (35)

Now, substituting (33) into (35), we obtain

AK —X) o, 9 2+ 1)07 9, | (8*(1+qB)* ,
i AR R e o
(36)
v 2¢°(1 4 ¢p)° LY 4
:§(£2+72)+T (QQ+1)_E Q5.
Rearranging terms, we get
2(K —X) 2¢*(1+ ¢B)? 1 V
( P ) 2X QqIB) ((26}4_1)—19)} a%:?q(@-i-ﬁ)- (37)
q

Finally, defining C' = ¢%(1 + ¢8)?, we can rewrite (37) as

, (b + ) P20 (38)
T A[K = X)pty + (1- Qo+ 1)0,)CT




A. Alsoboh et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 7065 10 of 16

Since for functions ¥, v € &, we have |ls|, |T2| < 2, it follows that |fo+72| < 4. Therefore,
we obtain the bound

ol19 |
\/\ (K — X)piy + (1 — (2g+ 1)0,)C|

lag| <

Now, to find the bound of |as|, subtract (31) from (30). On the left-hand side we get

Kaz—Xa2 (2K —X)a3 — Kaz 2K (a3 — a2)
_ =2 (a3 — a?).
p p p 2

On the right-hand side,

; [(52 - é)@ + = a7 :@2} -2 |:<7'2 - 7—212)/?714- Tj%] = % [(fz - 7'2)/351+ - (92 - 91)
Using (28)—(29) we have ¢; = —7i, and hence £2 = 72 and the last term vanishes.
Therefore,
25(043 — a%) = % (b — 7'2)/3771.
Recalling /971 = 14, we obtain the identity
a5 = 02 + 2% (4, _ 7). (39)

4K

Taking absolute values and using the Carathéodory bounds |la|, |72| < 2 (that is,
|ty — 2| < 4), we get

¥
ag] < aof? + 2110 (40)
Finally, substituting the estimate for |as| from (39) (or (38)) yields
< [Fal{ | 94K = X) + (1= 20+ 1)9,)C| + ol [9,] K }
az| >
K | pdg(K — X) + (1 — (2 + 1)94)C |
Theorem 2. For p € C* and B € [0,1], let f € SLMs~(8,p;q). Then
Iol[9g] p0q(K—X)+(1—(29+1)94)C
) E |t ul < b P |
az — pag| <
1= ullp|210, 2 |p9a(K—X)+(1-(24+1)9,)C]|
g 1 —pf> EICAES
| (K —X)p9q+(1—(24+1)9,)C]| Pllvq
(41)

where K, X,C are given by (19), (20) and (21), respectively.
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Proof. Let f € SLMs~(8, p; q), from (36) and (39) we have

as — paj = (= Wy (b2 + ) + piq(ﬂz )
1((K = X)piy + (1= 2a+ 1)d,)C) " (42)
94
e )5
where
H () = 0= ey (43)

4((K = X)pvy + (1= 20+ 1)8,)C)
Then, taking the modulus of (42), we conclude that

9, 0
{ oll2e] 0 < [ ()| < 2t

Al W], | ()| = 12

If p = 1, we obtain the following results for the class SLMs~(5;¢) defined in Exam-
ple (1)

Corollary 1. For p € C* and B € [0,1], let f € SLMs~(8,p;q). Then
|9q]

\/(ﬁq(K ~X)+ (1- (20 + 1)19(,)0‘

9q] {| (K — X)0g+ (1 = (2q + 1)94)C| + |94 K }

s] <

<
Jas| < K|(K - X)dg+ (1— (29 + 1)9,)C| ’
and
Bg(K—X)+(1—(24+1)04)C
%7 ‘1_“‘3“ |19q|Kq <]

2
ag — paj| <
| 1= pl| 9
| (K~ X)94+(1—(2g+1)94)C|

Dq(K—X)+(1—(2q+1)94)C
‘1_“‘2“ |19q|Kq 2c]

where K, X, C is given by (19), (20), and (21), respectively.

If 3= 0and p = 1, we obtain the following results for the class SLy~(T(2;¢q)) defined
in Example (2)

Corollary 2. [19] Let f given by (1) be in the class SLy~(T(2);q). Then

|94

ool < A=

(44)
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[94](q — (1 + g+ 2¢)9y)

< 45

o] < (1 + q) (1 — 2q9,) ()
A q(1-2q9,)

2| q(T+q)° [1—nl < (1+q)\19:\ (46)
ag — paj| < 192 -y > q(1-2q9,)
2 (1-249,) Hl = TFamgl

If 3=1and p = 1, we obtain the following results for the class KLs~(T(2;q)) defined
in Example (3)

Corollary 3. Let f given by (1) be in the class KLs~(Y(2);q). Then

|94

L (12, = (131, + 24)0,)
|94] (12], — 2([3), + 0)9q)
12,73, (121, = (13, +24) ¥,)

os] <

‘03‘ <

and
18] r2),— (73], +24) 9
‘ , 2], 3, - £ < =
ag — Lag| < 11— £]92 [2),—(I3]4+24)9
: ;- > ((:),Jq|39q| o)

2, ([2Jq—((3Jq+2q)ﬁq)

If ¢ = 17 and p = 1, we obtain the following results for the class SLMs~(3) defined
in Example (4)

Corollary 4. For g 17 and p=1, let f € SLMs~(8). Then
9]
\/)19(1{ —X)+(1- 319)0\
9 {|(K — X)9+ (1 -39)C| + [9|K}

os] <

o] < K[(K-X)0+(1-39)C]
and
191 s [9(5—X)+(1-39)C]
K = [9[K
‘043 - MOC§| < B B
11— |92 14| > ok X\z9|+f(<1 30)C|

(X )y9+(1-39)0]

where K, X, C are given by (19), (20) and (21), respectively.
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If g 17, 8 =0and p = 1, we obtain the following results for the class SLs~(Y(z))
defined in Example (5)

Corollary 5. [38] Let f given by (1) be in class SLs~(Y(2)). Then

IR (e

2 > s 043’ S .
1—20 2(1 —20)

and " 5

T 1= p| < 7

‘ag _Ma%’ = (1—p)¥? 1-29

1—20 1 - pf > M

If g— 17, B =1and p = 1, we obtain the following results for the class KLs~(1(z))
defined in Example (6)

Corollary 6. [38] Let f given by (1) be in the class KLy~ (T (2)). Then

’OQ’ Sﬁ, ‘a?)‘ SM-
V4 —109 3(1-29)
and
P N
asz — £as| < 1 £]0? g
2(2-50) 1= 4]z %

4. Conclusion

In this paper, we study new subclasses of complex order bi-univalent functions that
are associated with shell-like curves through the subordination principle and the use
of the ¢g-analogue of Fibonacci numbers. Motivated by recent developments in the ¢-
calculus and its fruitful applications in geometric function theory, we construct and
analyze two distinct families of analytic and bi-univalent functions. For these families,
we establish coefficient estimates for the initial Taylor—-Maclaurin terms and we derive
sharp bounds for the Fekete—Szegd functional in terms of the relevant parameters. The
results obtained in this investigation not only extend and generalize several previous
contributions in the theory of bi-univalent functions, but also provide new insights into
the interplay between bi-univalent function theory, the g-Fibonacci numbers and the
shell-like geometries. Furthermore, the subclasses introduced here may serve as a useful
platform for future research in analytic function spaces, special functions, and their
associated operator-theoretic properties.
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