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Abstract. This paper explores the structure of interval-valued intuitionistic fuzzy (IVIF) sub-
sets within the framework of Sheffer stroke Hilbert algebras (SSHAs). After establishing the
foundational definitions of interval-valued intuitionistic fuzzy Sheffer stroke subalgebras (IVIFSS-
subalgebras), we investigate their algebraic properties, closure under Sheffer stroke operations,
and stability under set-theoretic intersections and unions. A key result characterizes TVIFSS-
subalgebras through a pair of membership conditions, and it is further shown that the level sub-
sets corresponding to IVIF-degrees form classical subalgebras in the crisp setting. These findings
demonstrate that IVIF extensions preserve core algebraic behaviors while offering a robust model
for uncertainty. The results contribute to the ongoing generalization of fuzzy algebraic systems
and lay the groundwork for further developments involving fuzzy ideals and logical applications.
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1. Introduction

Sheffer stroke Hilbert algebras (SSHAs) are essential algebraic structures that play
a significant role in logical systems and Boolean algebras. They serve as a foundation
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for representing logical operations and have broad applications across fields like formal
logic, artificial intelligence, and quantum computing. The Sheffer stroke operation, typi-
cally defined by the NAND operation, is central to these algebras and is fundamental in
constructing more advanced logical systems.

The application of the Sheffer stroke in various algebraic structures has been thoroughly
explored, making significant contributions to multiple fields of study. Research has focused
on Sheffer stroke reducts within basic algebras [1, 2], Sheffer stroke MTL-algebras [3], and
ortholattices [4]. Additionally, the role of fuzzy sets in Sheffer stroke BE-algebras [5] has
been investigated, underscoring the far-reaching effects of the Sheffer stroke operation
across diverse algebraic systems.

The concept of fuzzy sets, proposed by Zadeh [6], revolutionized the study of un-
certainty and vagueness, providing a powerful tool for modeling imprecision. Fuzzy set
theory has since been applied in a variety of real-world contexts, sparking considerable
research into its expansion. Following the introduction of fuzzy sets, numerous studies
focused on generalizing the theory. One key direction has been the integration of fuzzy
sets with other uncertainty models, such as soft sets and rough sets, as explored in vari-
ous works [7-9]. Another significant extension of fuzzy sets is the notion of intuitionistic
fuzzy sets, introduced by Atanassov [10]. These sets enhance the applicability of fuzzy
sets by incorporating both membership and non-membership degrees, making them suit-
able for situations involving incomplete information or uncertainty. Intuitionistic fuzzy
sets have been widely applied in domains such as medical diagnostics, optimization, and
multi-criteria decision-making [11-13].

Hilbert algebras were initially introduced in the 1950s by Henkin [14] as a means
to investigate implications within intuitionistic and other non-classical logics. In the
1960s, scholars such as Horn and Diego further developed these algebras from an alge-
braic standpoint. Diego demonstrated that Hilbert algebras form a locally finite variety
[15]. Researchers such as Busneag [16, 17] and Jun [18] also contributed to the study of
Hilbert algebras, focusing on the role of their filters in forming deductive systems. In the
context of fuzzy logic, Dudek [19] explored the fuzzification of subalgebras and deductive
systems in Hilbert algebras, adding a new layer of complexity to these structures.

The algebraic framework of SSHAs has evolved considerably over the past few years,
establishing itself as a fertile ground for generalizations in fuzzy and soft logic. The foun-
dational connection between Sheffer stroke operations and Hilbert algebras was rigorously
explored by Oner et al. [20], leading to a formal algebraic structure that integrates logical
minimalism with algebraic expressiveness. This foundation has since been extended in
several directions. For instance, stabilization properties via ideals have been analyzed in
[21] to explore internal algebraic regularities. The incorporation of fuzzy logic began with
fuzzy filters [22], followed by the introduction of fuzzy ideals [23], and then generalized
fuzzy subalgebras [24]. Parallel developments include investigations into length-based and
mean-fuzzy structures [25, 26|, as well as soft set extensions using N-structures [27]. Col-
lectively, these contributions not only demonstrate the flexibility of the SSHA model but
also set the stage for more refined fuzzy generalizations, such as those based on intuition-
istic and interval-valued constructs.
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Despite the broad utilization of SSHAs, their connection with fuzzy logic and intu-
itionistic fuzzy set theory remains largely unexplored. The introduction of interval-valued
intuitionistic fuzzy sets (IVIFSs) offers a novel approach to representing uncertainty and
partial membership in algebraic structures. By replacing fixed values with intervals to
denote membership and non-membership degrees, IVIFS provide a more flexible approach
to dealing with vagueness and uncertainty.

The paper introduces the concept of fuzzy and intuitionistic fuzzy sets in algebraic
structures, particularly within the context of Sheffer-styled Hilbert algebras. It empha-
sizes the importance of fuzzy subsets in capturing uncertainty and partial membership in
algebraic systems. The study then focuses explicitly on interval-valued intuitionistic fuzzy
(IVIF) subsets, providing fundamental definitions and properties. Section 3 elaborates on
these IVIF subsets, examining how they can be characterized as subalgebras and their
behavior under various set operations. The section aims to establish a solid theoretical
foundation for integrating fuzzy logic principles into algebraic structures, thereby paving
the way for future research and applications.

The list of acronyms is given in Table 1.

Table 1: List of acronyms

Acronyms Representation

SSHA Sheffer stroke Hilbert algebra

IFS intuitionistic fuzzy set

IVIFS interval-valued intuitionistic fuzzy set

IVIFSS-subalgebra interval-valued intuitionistic fuzzy Sheffer stroke subalgebra

2. Preliminaries

In this section, to deepen the understanding of the foundational structures introduced
earlier, we will elaborate on the key properties and relationships of the relevant algebraic
and fuzzy constructs. Specifically, we will define certain operations and structures, and
examine their characteristics and interconnections. This groundwork will ensure clarity
and provide a solid theoretical basis for the subsequent sections. Our aim is to present
these fundamental concepts and structures in a clear and precise manner, establishing the
essential building blocks for the developments that follow.

Definition 1. /28] Let o7 := (A,|) be a groupoid. Then the operation | is said to be
Sheffer stroke or Sheffer operation if it satisfies:

(s1) (Vo,g€ A) (0]g=g]0),
(s2) (Vo,g€ A) ((0]0)|(d0]g) =0),
(s3) (Vo,g,0eA) (0] ((g|w) [ (glw)=(]g)|(@]g))]r),
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(s4) (vo,g,w e A) (@[ ((@[2)[(g]g)|(@|((@]0)](g]g))=02).

To improve the clarity of this manuscript, we introduce the following notation, which
will be used consistently throughout the text:

| (g | g) := .

Definition 2. [20] A Sheffer stroke Hilbert algebra (SSHA) is a groupoid Sg = (Sw,|,0)
equipped with a Sheffer stroke operation that satisfies specific conditions:

(sH1) (@[ (g™ [g™)) | ((@% ] (@™ [2™)) [ (2% ] (2™ [27))) =727,

(sH2) 98 =g° =0 = 0=¢g

for all 9,9, € Sy

Proposition 1. [20] Let Sy := (Su,|,0) be an SSHA. Then the binary relation
0<g & =0

s a partial order on Sg.

Definition 3. [20] Let Sy := (S, |,0) be an SSHA. A nonempty subset A of Sy is called
a subalgebra of Sgr if 99| 0% € A for alld,g € A.

Definition 4. [10] Let X be a nonempty set. The intuitionistic fuzzy set (IFS) on X is
defined as a structure

A= {(0, 14(0),74(2)) [0 € X}, (1)

where pa : X — [0, 1] represents the degree of membership of 0 in A, and v4 : X — [0,1]
represents the degree of non-membership of 0 in A such that

0<pa(@)+7400) <1
The IFS in (1) is simply denoted by A = (p1a,74).

Let 210, 1] be the set of all closed subintervals of the interval [0, 1]. Consider I, I €
@[0, 1]. If I = [ml,nl] and I, = [mQ,ng], then

rmin{/y, I} = [min{m;, my}, min{n;, ny}|

and
rmax{/y, Is} = [max{mj, mo}, max{ny, ny}|.

Thus, if I; = [my,ny] € 2[0,1] for i = 1,2, ..., then we define
rsup;{i} = [sup{mi}, sup{n;}]
1 1

and
rinfi{fi} = [inf{mi}, inf{n;}].

Now, we call I1 > I, if and only if m; > my and n; < no. Similarly, the relations I < I
and I; = Iy are defined.
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Definition 5. An interval-valued intuitionistic fuzzy set (IVIFS) A over a universe X is
defined as an object of the form

A ={(0,14(0),74(2)) |2 € X},

where pa() : X — 2[0,1] and v4(0) : X — 2(0,1]. The functions ps(d) and v4(0)
represent the intervals of the degree of membership and non-membership of the element 0
in A, respectively, where () = [u4(0), u% ()] and v4(d) = [v4(0),74(2)] for all 0 € X,
subject to condition 0 < p'4(d) +~4(9) < 1. For simplicity, we denote the IVIFS A as
A = (pa,va), where A = {(0,pa(9),74(0)) | 0 € X}. Additionally, the complements of
pa and ya are given by ma(d) = [1— p%(0),1— pY4(0)] and 74(0) = [1 —74(0), 1 —~4(2)],
where [a(0),7a(0)], represents the complement of 0 in A.

3. Interval-valued intuitionistic fuzzy Sheffer stroke subalgebras

The integration of IVIFSs with SSHAs provides a fertile ground for generalizing clas-
sical algebraic structures under uncertainty. While intuitionistic fuzzy frameworks have
been extensively applied to various algebraic systems, their interval-valued extensions
remain relatively underexplored within the context of SSHA. This motivates a deeper
investigation into the algebraic behavior of such fuzzy structures.

In this section, we introduce the concept of interval-valued intuitionistic fuzzy Sheffer
stroke subalgebras (IVIFSS-subalgebras) and examine their fundamental properties. The
aim is to establish criteria under which IVIF subsets of an SSHA preserve subalgebraic
structure with respect to the Sheffer operation. Special attention is given to their closure
properties, interaction under set-theoretic operations, and logical coherence. These results
not only enrich the theory of fuzzy algebraic systems but also offer tools for modeling
imprecise reasoning in logic and computational intelligence.

Definition 6. Let Sy := (Sg,|,0) be an SSHA. An IVIFS A = (ua,7v4) in Sy is called
an interval-valued intuitionistic fuzzy Sheffer stroke subalgebra (IVIFSS-subalgebra) of Sg

if

pa(f | 98) > rmin{pia(0), pa(e)} )
Yo, g€ S . 2

a5 (5700 130 2 (o) rate) ?
Proposition 2. Let Sy := (S, |,0) be an SSHA. Every IVIFSS-subalgebra A = (p14,74)
of Sy satisfies

wesn (200 ) @

Proof. For any 0 € Sy, we have

114(0) pa(@® | 0°)

rmin{pA(2), pa(0)}

rming [y (9), 1% ()], [ (0), 4 ()]}
= [14(0), 4 (0)]

= pa()

v
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and

v4(0° [ %)
rmax{y(?),
rmaxe{ )} (0). 7
V4 (0), 74 ()
’YA( ).

74(0)
A( )}
401, 4 (0), 74 @)1}

Al

o)

Proposition 3. Let Sy := (S, |,0) be an SSHA. Every IVIFSS-subalgebra A = (ua,7ya)
of Sy satisfies the following:

g g
(Vo,g € Sy) < f;j((sg ‘| 29)) if;j((gg)) > (4)

if and only if pa(0) = pa(®) and y4(0) = y4(d) for alld € Sp.
Proof. Let 0 € Si. Then

pa(®) = pa((2]0)](0]0))
= pa(d°]2%)
> pa(0)

and
74(0) = 7A((0|(’))|§)0|0))

Then by Proposition 2, u4(0) = p4(9) and v4(0) = v4(0). The converse is clear.

Theorem 1. Let Sy := (S, |,0) be an SSHA. An IVIFS A = ([}, p¥], /', Y4]) in Sk
is an 1VIFSS-subalgebra of Sg if and only if MLpMLAa’Y,[q and Y are fuzzy subalgebras of
SH.

Proof. Let u£4 and 'y be fuzzy subalgebras of Sy and 0,g € Sy. Then

1y (09 ] 09) > min{ply (2), ps (9)}

and
14 (0% [ 99) < min{puy (0), i (9)}-
Now,
pa(080%) = [ufy(0%]09), Y (00 | 09)]
> [min{uly(0), 54(9)} mm{ﬂA( )7 1 (9)}]
= rmin{[uY (2), 4 ()], [y (9), 1% (9)]}

= tmin{ua(0), A(G)}~
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Let v and 74 be fuzzy subalgebras of Sy and 9, g € Sy. Then +%(2? | 99) < max{~%(?),
74 (9)} and 74 (d° | 99) < max{7}(2),74(g)}. Now,

[v4 (29 | 29), %4(09 | 29)]
[max{}(2),74(0)}, maX{’m 0),74(9)}]
rmax{[v}(9), 74 (0)], [} (8), 74 (9)]}
rmax{y4(0),va(g)}-

Hence, A = ([u'y, %], [Y4,74]) is an IVIFSS-subalgebra of Sg.
Conversely, assume that A = ([pYy, p4], [7', 74]) is an IVIFSS-subalgebra of Sy. For
any 0,9 € S,

[, (09 | %), 1%y (20 | 09)]

74(0% [ 29)

Al

14 (0% [ 09)

rmin{u4(?), pa(g)}

rmin{[u} (0), uA( )], [ (9), 1t (9)]}
(min{pYy (2), 1y (g)}, mln{uA(D),u‘A(g)}],

vl

and

(09 | 28), 3508 (9] = 740 |9
rmax{y4(2),74(g)}
rmax{[y4(2), 74 ()], [v4(a), ,121(9)]}

[max{~} (), v4(g)}, max{7}4 (), 4 (s)}].

Thus, 44 (0 | 29) > min{uY(2), p )‘A(g)},u%(ag | 09) > min{p4(0), uY(a)}, 74 (00 | 29) <

max{7}4(0),7}4(g)} and 74(@° | 2°) < max{~}(®),7%(g)}. Therefore, uly, p%, v} and v}
are fuzzy subalgebras of Spy.

Al

Theorem 2. Let Sy := (S, |,0) be an SSHA. If A = (ua,v4) and B = (up,yB) are
IVIFSS-subalgebras of Sg, then AN B = (uanp,vauB) is an IVIFSS-subalgebra of Syr.

Proof. Let 0,9 € ANDB. Since A = (ua,v4) and B = (up,vp) are IVIFSS-subalgebras
of Sy,

pans(d9 | 09) = [uAmB(D | 09), w4 p (08 [ 09)]

[Hun{uA(Dg | 09), pip (09 | 99)}, min{pY (09 | 09), (29 | 09)}]
[min{plyn5(0), #anp(9)}, min{n50), 4 p(9))}]
rmin{pang(0), pans(9)}

vl

and

YauB (09 [09) = [7}y (0% [ 09), 74 5(00 [ 09)]
[max{~} (2% | 99),75(2% | 99)}, max {7} (29 | 09), v} (09 | 29)}]
(max{v4,5(0), Yaup(©)}, max{y4,5(0),4uz5(9)}]
rmax{yaus(?), 7auB(9)}-

Hence, AN B = (panp, Yaup) is an IVIFSS-subalgebra of Sy .

A I
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Definition 7. Let Sy := (Sy,|,0) be an SSHA. Let A = (ua,v4) be an IVIFS defined
on Si. The operators ®A and ®A are defined as

DA = {(0, na(0),12a(0)) | 2 € Su}
and
®A = {(0,74(0),74(2)) |2 € Su}.

Theorem 3. Let Sg := (S, |,0) be an SSHA. If A = (uua,v4) is an IVIFSS-subalgebra
of Sg, then ®A and A are both [VIFSS-subalgebras.

Proof. Let 0,g € Sy. Then

fra(d9 | 29) [1,1] — pa (2% | 09)

[1,1] — rmin{pa(2), na(g)}
rmax{l — p4(2),1 - pa(g)}
rmax{a(0), pa(g)}-

Hence, ©A is an IVIFSS-subalgebra of Sg. Let 9,9 € Sg. Then

74 (07 | 29) [1,1] =74 (07 | 29)

[1,1] — rmax{y4(9),7a(g)}
rmin{1 —y4(0),1 —va(g)}
rmin{y4(0),v4(g)}-

Hence, ® A is an IVIFSS-subalgebra of Sg.

The sets {0 € Si | pa(®) = 1a(0)} and {9 € Sy | v4(0) = v4(0)} are denoted by p%
and v}, respectively.

Theorem 4. Let Sg := (S, |,0) be an SSHA. Let A = (pua,va) be an IVIFSS-subalgebra
of Su, then the sets % and v} are subalgebras of Sp.

Proof. Let 0,9 € p%. Then pa(d) = pa(0) = pa(g) and so pa (99 | 9%) < rmin{pua(9),
1a(g)} = pa(0). By using Proposition 2, we have 14(0% | 9%) = p4(0) and hence 99 |
09 € pY. Again, let 9,9 € 7. Then y4(?) = 74(0) = v4(g) and so v4(d% | ?9) <
rmax{y4(0),74(g)} = 74(0). Again, by Proposition 2, we hece v4(z® | 99) = 74(0); hence
09 | 9% € 4%. Therefore, the sets p*% and % are subalgebras of Sp.

[N

v

Theorem 5. Let Sy := (Sy,|,0) be an SSHA. Let B be a nonempty subset of Sy and
A= (na,v4) be an IVIFS in Sg defined by

{[191,192} ifa € B

1a(0) = [m1,m2] otherwise

and [ |
) |1, @2 ifoeB
74(2) = { [s1,52]  otherwise

for all [91,99], [m,m2], [w1, w2], [01,02] € 2[0,1] with [91,92] > [n1,m2] and [w,ws] <

[s1,62] and V9 + o < 1 and g + 62 < 1. Then A = (ua,va) is an IVIFSS-subalgebra of
Su if and only if B is a subalgebra of Sg. Moreover, iy = B = 7.
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Proof. Let A = (ua,7v4) be an IVIFSS-subalgebra of Sg. Let 9,9 € Sy be such that
0,9 € B. Then p14(09% | 9%) > rmin{pa(0), pa(g)} = rmin{[d1, V2], [¥1, 2]} = [¥1, V2] and
’)/A(Dg | Dg) S rmax{'yA(O),'yA(g)} = rmax{[%?l,ﬂg], [191,’192]} = [191,?92]. SO, 09 | Dg € B.
Hence, B is a subalgebra of Sp.

Conversely, suppose that B is a subalgebra of Sg. Let 9,9 € Sy. Consider two cases:
Case (i): If 9,9 € B, then 29 | 29 € B. Thus,

1409 | 0%) = [y, wo] = rmin{pa(9), nalg)}

and
74 (0% [ 09) = [01, 02] = rmax{y4(2),va(g)}.

Case (ii): If 0 ¢ B or g ¢ B, then

pa(@®[0%) = [m1,m2] = rmin{ua(0), pna(e)}

and
Y400 [ 09) < [01,02] = rmax{v4(?),74(9)}-

Hence, A = (p14,74) is an IVIFSS-subalgebra of Sg. Now, p% = {0 € Sy | pa(d) =
1a(0)} = {0 € S | pa(®) = [V1,02]} = B and vy = {0 € Sy | 74(0) = 74(0)} = {0 €
Su | 74(0) = [@1, 2]} = B.

To confirm that an IVIFSS-subalgebra aligns with the underlying crisp structure, we
examine its level subsets. Specifically, we define a- and B-level sets and verify that these
subsets form classical subalgebras of the SSHA. This ensures that the fuzzy extension
preserves the essential algebraic properties.

Definition 8. Let Sy := (Sy,|,0) be an SSHA. Let A = (ua,v4) is an IVIFSS-subalgebra
of Su- For [p1,p2], [a1, 92] € 2[0,1], the set % (pa : [p1,p2]) = {0 € Su | na(0) = [p1, pl}

is called an upper [p1,p2]-level of A and L (va : [q1,92]) = {0 € S | v4(®) < [q1,92]} is
called a lower [q1, qa]-level of A.

Theorem 6. Let Sg := (S, |,0) be an SSHA. If A = (ua,v4) is an IVIFSS-subalgebra
of Su, then the upper [p1,pa]-level and lower [q1,q2]-level of A are subalgebras of Sg.

Proof. Letd,g € % (j1a : [s1,s2]). Then 114(d) < [p1,p2] and pa(g) < [p1,p2]. It follows
that y04(0? [ 9%) < rmin{pa(d), pa(g)} < [p1,p2] so that 9 | 9% € % (pa : [p1,p2]). Hence,
U (pa = [p1,p2]) is a subalgebra of Sg. Let 0,9 € Z(va : [q1,92]). Then v4(d) < [q1, q2]
and v4(g) < [q1,q2]. It follows that v4(9? | 99) < rmax{y4(?),v4(8)} < [q1,q2] so that
09 | 0% € Z(va : [q1,92]). Hence, ZL(v4 : [q1,92]) is a subalgebra of Sg.

Theorem 7. Let Sy := (Su,|,0) be an SSHA. Let A = (pua,va) be an IVIFS in Sy
such that the sets % (pua = [p1,p2]) and L (va : [q1,92]) are subalgebras of Sy for every
[p1,p2), [q1,92] € 2(0,1]. Then A = (pa,va) is an IVIFSS-subalgebra of Sg.
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Proof. Let for every [p1,p2],[q1,92] € 2[0,1], % (pa : [p1,p2]) and L(ya : [g1,492])
are subalgebras of Sy. In contrary, let 99,90 € Sy be such that pa(d)° | 95°) <
rmin{za(0), a(g0)}. Let pa(d0) = [01,02], pa(go) = [03,04] and pa (05" | 05°) = [p1, b2].
Then [pl,pg] < rmin{[@l,eg], [03,94]} = [min{@l,ég},min{02,94}]. SO, pr < min{91,93}
and py < min{fy,0,}. Consider,

[p1,p2] = 3[a(®F | 0§°) + rmin{pa(0), 1a(go)}]
= $[[p1,p2] + [min{61, 63}, min{6y, 64}]]
= [5(p1 4+ min{61,03}), 3(p2 + min{fa, 64})].

Therefore, min{6y, 65} > p; = %(pl + min{6y,603}) > p1 and min{fs, 04} > py = %(pz +
min{6, 04}) > po. Hence, [min{6y, 05}, min{fs, 64}] > [p1, p2] > [p1,p2], so that o’ | 05° ¢
U (pa = [p1,p2]), a contradiction, since pa(d9) = [01,602] > [min{6;,03}, min{6s, 04} >
[p1,p2] and pa(go) = [03,604] > [min{6q,03}, min{b2,04}] > [p1,p2]. This implies 27° |
o€ U(us - Pprpa)). Thus ua(@ | 0%) < rmin{jua(0), pa(g)} for all 9,9 € Sy
Again, in contrary, let 99,go € Sy be such that v4(0§° | 90°) > rmax{y4(d0),v4(g0)}
Let v4(@0) = [m,7m2],7v4(g0) = [n3,m4] and ya(05® | 95°) = [a1,92]. Then [q1,92] >
rmax{[ni, no], [n3,m]} = [max{ni, n3}, max{nz,m}]. So, a1 > max{ni,ns} and go >
max{n2,n4}. Let us consider,

Aol = 5[va(@f | 95°) + rmax{ya(20), va(g0)}]

1
2
= %[[qla q2] + [max{n17n3}7max{n27n4}]
3 (a1 4+ max{n1,n3}), 3 (g2 + max{nz, m}).

Therefore, max{n,n3} <A\ = %[(ql +max{n1,n3})] < q1 and max{ng, N4} < Ao = %[(qg—i—
max{7s,74})] < q2. Hence, [max{n,n3}, max{nz,na}] < [A1,X2] < [q1,92] so that dF° |
08 ¢ Z(va : |41, 92]), a contradiction, since y4(zo) = [n1, 2] < [max{m,ns}, max{na,n4}]
> [B1, B2] and va(go) = [13,m4] > [max{ny, nz}, max{nz, na}] > [B1, B2]. Hence, 05" | 07 €
Z(ya + [a1,92]). Thus, 74(2° [ 9%) = rmax{v4(0),74(g)} for all 0,g € Sp.

Theorem 8. Let Sy := (Sy,|,0) be an SSHA. Any subalgebra of Sy can be realized as
both the upper [p1, p2]-level and lower [q1, qz]-level of some IVIFSS-subalgebra of Sy .

Proof. Let B be a subalgebra of Sg, and A = (ua,7v4) be an IVIFS on Sy defined by

_ [lor, 0] ifoeB
1a®) = { [0,0] otherwise

and
[191, 192] ifoe B

74 () :{ [1,1]  otherwise
for all [p1, 02], [1, 2] € 2]0,1] and g2 + 2 < 1. We consider the following cases:
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Case (i): If 0,9 € B, then pa(d) = [o01,02], va(d) = [U1,02] and pa(g) = [o1, 02],
’YA(G) = [ﬁluﬁ?]' ThUS,

114 (079 | 9%) = [o1, 02] = rmin{[o1, 02], [a1, o]} = rmin{44(?), pa(g)}
and
YA (0% [ 09) = [J1, 9] = rmax{[J1, 2], [V, Po] } = rmax{y4(0),74(g)}-
Case (ii): Ifd € Band g ¢ B, then 14() = [01, 02], 74(0) = [V1, V2] and pa(g) = [0, 0],
va(g) = [1,1]. Thus,
1a(0% 129 > [0,0] = rmin{[e1, g2, [0, 0]} = rmin{pA(0), na(g)}
and
v4(2% | 0%) > [1,1] = rmax{[h, ¥o], [1, 1]} = rmax{y4a(2),va(g)}.
Case (iii): If 0 ¢ B and g € B, then p4(0) = [0,0], v4(?) = [1,1], pa(g) = [a1, a2,
'YA(Q) = [191,292]. Thus,
11A(0% [ 0%) > [0,0] = rmin{[0, 0], [o1, 02]} = rmin{yu4(?), pa(g)}
and
7407 [ 09) < [1,1] = rmax{[1,1], [81, B2]} = rmax{74(0),ya(g)}-
Case (iv): If 0 ¢ B and g ¢ B, then puy(d) = [0,0], v4(0) = [1,1] and pa(g) = [0, 0],
VA(Q) = [ ,1}. Now,
pa(0%]2%) <0,0] = rmin{[0, 0], [0, 0]} = rmin{A(2), na(g)}
and
7409 0%) > [1,1] = rmax{[1,1], [1, 1]} = rmax{y4(2), ya(g)}.
Therefore, A = (pa,7v4) is an IVIFSS-subalgebra of Sp.

Theorem 9. Let Sy := (Su,|,0) be an SSHA. Let B be a subset of Sgr and A = (ua,vya)
be an IVIFS on Sy defined by

_ flor,00] ifoeB
1a®) = { [0,0]  otherwise

and [ |
. 191,192 ifﬁ B
74(0) = { [1,1]  otherwise

for all o1, 02], [V1,V2] € 2[0,1] and 02+12 < 1. If A = (ua,v4) is realized as a lower-level
subalgebra and an upper-level subalgebra of some IVIFSS-subalgebra of Sir, then B is a
subalgebra of Sy.
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Proof. Let A = (ua,v4) be an IVIFSS-subalgebra of Sy, and 0, g € B. Then pu4(0) =
lo1, 02] = 1a(g) and y4(d) = [B1, B2] = va(g). Thus,

pa(d10%) <rmin{ua(0), pa(g)} = rmin{[o1, 02, [01, 02]} = [01, 02]

and
74 (0% [ 09) = rmax{y4(d),74(9)} = rmax{[V1, V2], [J1, 2]} = [V1, Ba],

which imply that 09 | 9% € B.

4. Conclusion

This study explored the fundamental properties of interval-valued intuitionistic fuzzy
(IVIF) subsets and subalgebras within Sheffer stroke Hilbert algebras, highlighting their al-
gebraic behavior and relationships under various set operations. The results demonstrated
that these fuzzy structures could serve as effective extensions of classical algebraic systems,
allowing for the flexible capture of uncertainty and partial membership. The theoretical
insights provided by this work lay a foundation for integrating fuzzy logic principles into
algebraic frameworks, with potential applications in logical reasoning, decision-making,
and information processing.

Future research could focus on extending the concept of IVIF subsets and ideals to
other algebraic systems such as Boolean algebras, orthomodular lattices, and residuated
structures. Developing computational algorithms for the automatic identification and
manipulation of IVIF subalgebras will facilitate practical applications in areas such as ar-
tificial intelligence, fuzzy decision-making, and data analysis. Additionally, investigating
the application of these fuzzy algebraic structures in real-world scenarios—such as med-
ical diagnosis, control systems, and information security—may provide valuable insights
and enhance their practical utility. Further exploration of their interactions with proba-
bilistic and other uncertainty-based frameworks can also open new avenues for theoretical
advancement.
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