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1. Introduction

Anomalous transport processes, such as subsurface pollutant dispersion or wave atten-
uation in viscoelastic materials, are common throughout scientific disciplines but cannot
be described using classical integer-order models. Time-fractional diffusion-wave equations
(TFDWESs) have emerged as an effective structure for describing these complicated phe-
nomena, effectively integrating memory effects and power-law dynamics using fractional-
order operators [1-4]. The growth of these operators is vital: from the initial work of
Abel, Riemann, and Liouville [5] to the broadly recognized Caputo derivative [6], which
added historicity but had a singular kernel. This limitation motivated the development of
non-singular alternatives, resulting in the modified Atangana-Baleanu-Caputo (MABC)
derivative [7]. The MABC derivative, with its non-singular Mittag-Leffler kernel, provides
a more reliable model for systems with complex memory and hereditary properties. The
Modified Atangana-Baleanu (MABC) derivative extends the original ABC operator to a
wider function space. Crucially, as demonstrated in [7], the MABC derivative can solve a
class of fractional differential equations intractable under the standard ABC definition. Its
applications span numerous scientific fields, including viscoelasticity [8, 9], control theory
[? ], and biological systems [10-13], with further examples available in the cited literature.

The numerical solution of TFDWEs is a dynamic and challenging area of research. A
wide range of approaches has been developed to address these problems, each with its own
advantages. Analytical solutions, such as those by Mainardi [14] for 1D cases or Agrawal
[15] for bounded domains, provide foundational insights but are impractical for complex,
multi-dimensional problems. Therefore, numerical methods have emerged, including finite
difference methods (FDM) with compact schemes [16], solvers for multi-term equations
[17], and the alternating direction implicit (ADI) method for 2D problems [18]. More
advanced techniques, such as meshless techniques [19], spectral methods [20, 21|, wavelet-
based approaches [22], and hybrid Laplace-spectral methods [23], have further improved
spatial accuracy and computational efficiency. These advancements are further exemplified
by recent developments such as the Galerkin spectral method with high-order differences
[24] and fractional multi-step methods [25], underscoring the rapid progress in the field.

Despite these advances, the non-local nature of fractional operators like the MABC
poses a significant computational challenge. Time-stepping methods, including the FDM
and spectral methods, suffer significant costs in long-time or high-dimensional simulations
due to the need to store and process the entire solution history at each step. This history
dependence increases computational cost and complexity, making accurate 3D simulations
of anomalous transport processes a significant challenge. While hybrid methods, such
as those coupling the LT with a spectral collocation method [23], minimize temporal
complexity, a complete framework that fully integrates the time-fractional derivative with
rigorous mathematical analysis and demonstrates high performance in a multi-dimensional
setting has not yet been developed.

This work addresses this gap by proposing a novel hybrid algorithm that combines
the LT with the CSCM. Our approach decouples the temporal and spatial challenges
of TFDWEs: the LT transforms the MABC time-fractional operator exactly into the
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Laplace domain, eliminating the convolution burden and stability constraints of time-
stepping methods. The resulting parameterized Helmholtz-type problems are solved using
the CSCM, which achieves exponential convergence in space for smooth solutions [26-28].
The time-domain solution is efficiently recovered using the improved Talbot method for
numerical inversion [29]. This approach not only reduces the computational cost but also
offers a unified framework for 1D, 2D, and 3D problems.

Beyond computational efficiency, this work provides rigorous mathematical and phys-
ical insights. First, we establish a solid theoretical foundation for the MABC-based
TFDWE by proving the existence, uniqueness, and Ulam-Hyers stability of its solutions,
thereby ensuring the model’s well-posedness a critical aspect often overlooked in numeri-
cal studies. Furthermore, by eliminating time-stepping, our method facilitates an efficient
analysis of how the fractional order « influences solution behavior in multi-dimensional
settings, offering new insights into memory effects within complex systems.

The key advantages of the proposed LT-based CSCM approach are threefold. First,
it avoids the time-step restrictions and temporal error accumulation inherent in step-wise
methods. Second, it efficiently handles the memory effects of the MABC derivative via
the Laplace transform while leveraging the CSCM for exponential convergence of smooth
spatial solutions. Finally, the method requires fewer discretization nodes for high accuracy
compared to other methods, which significantly reduces computational and storage costs
and provides a unified framework for solving 1D, 2D, and 3D problems.

The rest of this paper is organized as follows. Section 2 introduces the necessary
preliminary definitions. The analysis of existence, uniqueness, and stability is presented
in Section 3. Section 4 provides a detailed description of the proposed numerical method.
Numerical results for 1D, 2D, and 3D examples are discussed in Section 5, and finally,
conclusions are drawn in Section 6.

2. Preliminaries

This section presents the fundamental definitions and mathematical prerequisites for
the current study.

Definition 1. The Laplace transform (LT) of a function u(&,t) is defined as:
o
ZL{u(z,7)} =u(z,s) = / e’Tu(e, 7)dr
0

Definition 2. The MABC derivative of order 0 < a < 1 of a function u(z,7) € L'(0,T)
in Caputo sense is defined by [30]:

$5 Deu(a, ) = 2 @) - £ () u(@.0)

’ a-l —Na(T — NN u(z
—na/o (7 = 9 En o (— a7 — 9)*) u(E, 0)d
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Definition 3. Let u"V(z,7) € LY0,T), then the MABC derivative of order n —
1< a1 <n of a function in Caputo sense is defined by [30]:

yAPC (e, 7) = ) [u(”‘%, ™) = Ea (=127 u" (2, 0)

e / (7 — 9 e (—a(r — D)) u D (@, 0)d9|
0

where a1 = a+n —1, 14 = 1%, B(a) is a normalized function having the property
B(0) = B(1) =1, and E,(-) is a Mittag-Leffler function defined as

oo Te

Eal) = 2 Tar s 1)

=0
Definition 4. Foru(&,7) € L'(0,T), the MABC fractional integral operator is defined by
[30]:

raneTou(E, ) = o = / (1 — 9)°u(@, 7)dr, T > 0.
0

——uw(x,7)+ 7 —
5 "7 B
Definition 5. The LT of MABC derivative of a function u(&, ) is defined by [30]:

s°(x, s) — s (=, 0)
sl —a)+

2 ({145 Du(a, 7)} =

3. Existence and uniqueness results

We establish the existence and uniqueness of the solution to the given problem in this
section. We begin by defining an appropriate functional framework: Let B(£2, R) represent
the Banach space comprising all continuous real-valued functions defined on the compact
domain = © x [0,1] where © C R3. The compactness of (2 ensures that B(£2, R) is well
suited for studying the continuity and boundedness properties of sections. The norm on
B(2,R) is a supremum norm given by:

[uflee = sup{[u(a,7)| : (&,7) € O},

where £ € © represents the spatial co ordinates and 7 € [0,1] denotes the temporal
variable. We study the fractional diffusion-wave equation of the form [31]:

MABC Dayw(g,7) = M V2u(Z, 7) — Aou(&,7) + f(&,7), 1 <a <2 & €O, (1)
with boundary conditions
Bu(e,7) = g1(®,7),x € 00, (2)
and initial conditions
u(

(3)
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82

927’
2 2

a 2D problem, & = (z,y) and V? = % + g—yQ; and for a 3D problem, & = (z,y, z) and

V2= 83722 + %22 + (%22. Here O is the domain and 90O is its boundary. The constants A; and
Mg are arbitrary, and the forcing term f(&, 7) is sufficiently smooth. The functions g (z, 7),
92(&), and g3(x) are given continuous functions. B is the boundary differential operator,
and MABCD%y(x,7), denotes the MABC derivative of order 1 < a < 2. Applying the

MABC fractional integral operator to Eq (1), yields:

where V? is the Laplacian operator, defined as: for 1D problem, & = x and V? = for

u(@, 7) = g2(x) + g3(x)t + (;Za?) ()\1V2u(§2, T) — Xu(E,7) + f(z, 7'))
T (4)
L T — a—1 211 T . (@ 3 .
T B (@) (/0 (1= (M Vu(®,0) = Au(@, ) + f(2,9)) dz?)

Next, we define the operator J : B(Q,R) — B(Q2,R), transforming the problem into a
fixed-point formulation:

Ju(@, 1) = g2(Z) + g3(T)t + (15(03) (MV2u(z, 7) — Aou(®, 7) + f(2, 7))
" (5)
L T — a—1 211 T . (@ 2 ‘
T B (@) </0 (1 =9 (M V7 u(®,0) = Au(@, ) + f(2,9)) d19>

The fixed point of the operator corresponds to the solution to Egs. (1)—(3). We introduce
the following hypotheses for any (9, 7) € (Q):

(Hy) |[V?u(z,7)| < efu(z, 7)),

( ) ‘92‘ < e,

(Hs) |g3] < es,

(Hq) |f(2,7)] < ea,

(Hs) |V2u1(:f:,7') — V2u2(1—:,7)] <eslui(x,7) —ua(x, 7)|,

(He) |V2ui(@1,71) — Viua(Za, )| < Ly, (|&1 — &2| + |11 — 7a]),
(Hr) |[w(@1,71) — w222, 72)| < Ly, (|81 — @2 + [11 — 72|]),

(Hs) [f(@1,71) — (@2, 72)| < Ly (|Z1 — T2 + [11 — 72])

(Ho) [g2(21) — 92(T2)| < Lg,|T1 — 2| < Ly, 61,

(Hio) [g3(®1) — g3(Z2)| < Lyy|@1 — @2| < Lyy01,

where €1, €2,€3,¢€4,€5, Ly, Ly, Ly, Lgy, Lgy > 0 are constants.

The problem defined by Egs. (1)—(3) has at least one solution.

Proof. The proof proceeds in several steps. We apply the Schaefer fixed-point theorem
to establish the existence of a solution.
Step 1: In the first we show that the operator 7 is continuous. Consider a sequence
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U, — uin B(2,R). For (z,7) € 2, we compute:

1Tt (@, 7) — Tu(@ 7)o = sup {rjummn - Ju(xﬁ)l}

(&,7)eN

- s {‘ e (Alv%m(@,f) _ Agum(gz,f)> + m /0 “(r — gyt <)\1V2um(ic,19) _ )\Qum(iz,ﬂ)> a9

_1l- ‘; <)\1V2 (@,7) — /\gu(iz,T)> - m /OT(T _ gyt ()\1V2u(53,19) _ Agu(i,ﬁ)> dz?‘}
sup { <]/\1HV (@, 7) — V2u(@, )| + ol [um (@, 7) —u(a:,7)\>

(a:T )eQ

- o U (2, 0) — V(@ W (2,9) — u(z .
F(a)ﬁ(a)/o( 9) (’Al”v (&,9) = V*u(@, )| + ol [upm (2, 9) (,z?)\)dﬂ}

Using hypotheses Hy, we have

(&,7)eN

m )/< T=9)T 1(65!&!\%( ) — (2, 0)] + ellum(2,9) — u(@ 79)\)d19}

(west ||um—u||oo) / <e5|A1|+|Az|>||um—u||oo> a9

( esI\a] + o) [t — uuoo)

1T (@,7) — Tu(@, )0 < sup {w(meaum(m—u(sfmn+\Az||um<w>—u<cm>|>

a)

(IA A m 0o
s (les + Dbl = ulle ) +
1

a)l'(a) +
Ll (<|Alre5+uz|>uum uuoo)

Since u,;, — u in B(,R), we have|u,, — ullcc — 0,as m — oo. Hence, ||Ju, —
Jullcc — 0, proving that J is continuous.

Step 2: Boundedness of J. Let Ry = {u € C(A,R)
u € R, we estimate:

"Tb

Q

: lullee < 7} for some v > 0. For

|Tu(@, 7)| =

g2(x) + g3(z)T + 1ﬁ(_04? ()\1V2u(§3, T) — Xu(z,7) + f(z, T)>

(0%

1 Fa)f@) /OT(T — )t <)\1V2u(c|7;, 9) — Xou(z,9) + f(, ﬁ))dﬁ'

<lg2(Z)| + [g3(2)

1-a 2u(z, T u(x, T x,T
s (WlIvute, 0]+ Dl )| + (e 7))

(0}

- - T T — a—1 2uj u( % ‘
F s o =0 (MIvPaGe 0+ el o) + (@0 o

Using H1 — Hy4, we have
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1-—
|Tu(®, 7)| < ex+7e3 + —— (!Allel\u(w )| + || Ju(, 7)| + 64)

B()
I /T(T _ 19)0‘_1<|)\1|61|u(:1: 9| + allu(@, 9)| + e4> dz?‘
I(a)B(a) Jo ’ ’
or 1
(9l 62+ e + S (il + Dl 0
a 4 a—1
g [ (|A1|e1||u||oo T ol + e4>cw1
— et DT (el + Dl + )
< €y + Tes + (a)r((la) ()) (’>\1\617+’/\2”Y+E4>7

since 7 € [0, 1], we have

T(a)(1—a)+1
I'(a)B()

where pgp is a constant independent of u. Thus, J is bounded.

IT <ulloc < €2+ €3+ <|>\1|617 + Aoy + 64) =: Pab,

Step 3: Equicontinuity of J. Let u € R, and (1, 71), (%2, T2) € Q with || — 22| < &
and |11 — o] < d3. We analyze:

|Tu(@1, 1) — Tu(@®z, 72)| < |g92(&1) — g2(Z2)| + |g3(Z1) — g3(XT2)|71 + |g3(X2)||T1 — 72|

+ 1B(_oz())[ )\1V2u(a_31, ) — /\1V2u(522,7'2) + Mou(Z2, 72) — Aou(®1, 1) + f(Z1,71) — f(Z2,T2)
Nt ﬁ(ﬁ — )" (M VPu(@1,9) — Aou(@r,0) + [(@1,9) )

/ (T2 —9)*" 1(>\1V2 (%2,7) — Aau(@®2, V) + f(i2719)>d19‘
Using Hz and Hg — H19, we have

1-—
|Tu(x1, 1) — Ju(®a, m2)| < £9251 + [,9351 + €309 + —— 3(a)

+I11 = |]) + L, (|81 — 2| + |71 — 12[]))

T(a)B(a) /o (n =)™ <)\1V2u(531719) — Xou(®1,9) + f(:r:l,ﬁ))cw

- /O "m0 (M V@, 0) — Aan(@2.9) + F(@2,9)) )|

+

S (ML, (121 = @] + 71— o) + [l Lp, (11 — @
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Next, we split the difference of integrals into three parts as follows:

/071 (11 — 79)@—1 ()\1V2u(:i1, 9) — Aou(®1,9) + f(x1, ﬁ))d??
_ /Tz (12 —0)*? ()\1V2u(§:2,29) — Xou(Za, V) + f(Z2, ﬁ))dﬁ‘
0

_ [ /0 Tl =90 = (= 9)2 ] (MV2u(@1, 9) (@, 0) + f(@1,9))do
0
+ /O (-9t (MIV20(@1,9) — V2(@2,9)] — Aafa(@1,9) — (@2, )] + [ (@1, ) — f(@2, )] )dd
()
+/ ;2(72 ) (MVPu(@a, 0) — ou(@s,0) + [ ﬁ))dﬂ]

/

(iii)
for the integral (i), using the mean value theorem, we have
(1 =) = (2 = )Y < (a = D) (12 —m1) (1 —9)*
Therefore:
T1
(i) < Ml V2ulloo + Azflufloc + [ flloo) (e = 1)52/0 (11 —0)*2dY
= (MlIV?ulloo + Azlfulloo + | flloc) 2.

Similarly, using Lipschitz conditions for integral (ii), we have:

1
(ii) < (/\1£f1 + )\gﬁh + £f3)51/ (19 — ﬁ)aildﬁ
0

)

TOC
= (>\1»Cf1 + )\2£f2 + £f3)(51(;2 -

and using direct estimation, we have:

T2
(iii) < (M[IV2ulloo + Azflulloc + Hflloo)/ (r2 = 9)*""dY

T1
02
o

= (Ml V?ullse + Azf[ulloo + [ flloc)

Combining all the results, we obtain:
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11—«
|Tu(®r, 1) — Tu(@2, 72)||ec < Lgo01 + Lg561 + €302 + m <|)\1|£f1(51 + 02) + [A2| L5, (01 + I2)
« o T 0o
+ £f3(61 + 62)) + W <()\1||V2uHoo + >‘2HUHOO + ||f||oo)627-1 1 + ()\1[,f1 + )\Q;Cf2 + £f3)51 (;2 — E)
92
Ol VPul + el + 1102 )

Hence
|Tu(Z1,71) — Tu(Z2,72)[lcc — 0

as 01,09 — 0, proving equicontinuity.
Step 4: A Priori Bound. Define X = {u € B(Q,R) : u = eJu,e € (0,1)}. For u € ¥,
we have
[u| = [eJu| = e|Tu| < epap,
where pgp is defined as in Step 2. The inequality ||u]lcoc < pap implies the operator N is

bounded. Therefore, by the Schaefer fixed-point theorem [32], J has at least one fixed
point, ensuring the existence of a solution to the problem.

The problem defined in Eq. (1) has a unique solution if the following condition is
satisfied:
(1—a)l(a)+ 71

I(a)B(a)

(ol + D) s = vl ) < 1. 6)
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Proof.

|73 (@.7) — Tug(@.7)]|se = sup {uul(m) - Tug(z. r>|}

o

= sup {‘ 1&(_0;)1 <)\1V2u1(§:, ) — Aouy (2, T)) + T80 /OT(T — )t <)\1V2u1(§:, 9) — douy (2, ﬁ))dq?

11—« «

- <)\1V2u2(a:, 9) — Aaua(z, 19)) T T @E@ /OT(T — )t (Alv%g(x,ﬂ) - Mm@,ﬁ))dﬂ‘}

)
< sup{l_a <|)\1||V2u1(m,7') — V2uy(&,7)| + | Xo||uy (2, T) — ug(m,7)|>
)

Ble)

_ W /OT(T — ﬁ)a—1 <|)\1||V2u1(55, ¥) — V2U2(:E,19)| + [Ae||ug(z,9) — uQ(j’rﬁ)‘)dﬁ}

l—«o
< sup{ (65])\1Hu1(§3,7') —ug(Z, 7)| + |A2||wa(z, 7) — ug(:i:,T)|>
a

o [T e, (B2 wn(E o) (e
+r(a)5(a)/0( V) <5\)\1\| (&, 7) —un(Z, 7)| + | M| |Juy (&, 7) — ua(z, )|>d19}
11—« o

= € u; —u _ T’T* a1 (e u; —u
= (alal Dbl — vl ) + s [T 007 (bl + Dbl = vl )0

_ Q-+ o
~ T T(hla) ((5“1‘“%2\)\1 zuoo)

If condition (6) holds, then the operator J is a contraction. By the Banach fixed-point
theorem [32], this implies that J admits a unique fixed point, which in turn implies that
problem (1) has a unique solution.

4. Ulam-Hyers stability

The solution of problem (1)—(3) is Ulam-Hyers stable under hypotheses Hs.
Proof. Let the exact solution of the problem is given by:

(1-a)
Ble)

- TT_ a—1 2L1.’f? w( 7
T BT () (/0( 9 (MVu(@,9) + dou(@, ) + £ ,ﬁ))dﬁ),

u(z, 7) = g2(x) + g3(x)t +

()\IVQU(j:a T) + AZU(E"? T) + f("iv 7—))
(7)

and let u(x, 7) be the approximate solution defined as:

(1-a)
Ble)

a TT— a-1 2z (x - ;
T @) </0( ) (W VPu(@, 0) + Aou(z, 0) + f(@,0) + F( ,19))6119),

u(z, ) = g2() + g3(2)t +

()\1V2ﬁ(a_r:, )+ Xou(z, 7) + f(Z,7))
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where F(&,9) is a perturbation term with |F(&,9)] < e; for some constant e; > 0.
Subtracting (8) from (7), we get:

lu(z,7) —u(z,7)| = ' <gz(§:) + g3(@)t + (1-a) (M V2u(@,7) + Aou(Z, 7) + f(&,T))

Ble)

L T T — a—1 211;1? (s 7
T ) (a) (/0( 9 (M VPu(®, ) + Aeu(z, 9) + f( ,ﬁ))dﬁ))
- (gz@e) +g3(@)t + (16(_@?) (MV*a(@, 7) + Aoui(2, 7) + f(2, 7))

> T gyl 25(% il Z 2
T B@(a) (/0( )7t (AVPa(@, ) + Mo, 9) + f(@,9) + F ,0))@9))‘

S ? u(a r —u(x, T
< (o) (IM|IVPu(@, 7) — V2u(e, 7)| + | Xe[u(@, 7) — u(z, 7))

o T _gya—1 20(zE. 7) — V2u(z. r WE. ) — T(E. T

Hf(w T)I)

( . )) (IMleslu(e, 7) —a(z, 7)| + [A2||u(z, ) — w(z, 7)|)

e T e (Dles (B 1) — T(E o) — ol e
+B(Q)F(a)/0( D) ((Mlesfu(@, 7) — W@, 7)] + Pollu(@, 7) — (@, 7)| + €7) d

taking the supremum norm:

[u—1e < (ﬁ(_a()l) ([Mles|lu — Tl oo + [A2]lu — T|o0)
+ ﬁ(a)ap(a)/o (=9 (aeslln = Tlloo + o[l = Tlloo + €7) d¥

o - —u u—1u
= ( B(a) + 5(Q)P(a)> (IA1]esllu —l[oo + [ A2 lloo)

€77
" ﬁ(a)F(a)>
_ (((1 — Q)T (@) + 7)(|A1]es + \A2|)> [T + s
Bla)I(a) * T Bl ()

Rearranging, we get:

[1 _ <((1 — a)l(a) +7%)([Mles + !x\zl)ﬂ o — T < e

Bla)l(a) Bla)I'(a)
Since Eq.(6) ensures that W((%’/\l’ + [A2]) lu — ugﬂoo) < 1, we have

[u = lloo < Ge.
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where
TO(

{ma)r(a) (1 = o)T(@) + ) (Aues + [Aal)] }

Since G > 0, the solution is Ulam-Hyers stable.

g =

5. Proposed numerical method

The proposed numerical method for solving the TFDWE with the MABC derivative
consists of three main steps: (a) discretization of the time variable via the Laplace trans-
form, which converts the problem to the Laplace domain; (b) solution of the resulting
boundary value problem in the Laplace domain using the CSCM; and (c) recovery of
the time-domain solution by applying a numerical inverse Laplace transform based on a
modified Talbot contour and the midpoint rule.

5.1. Laplace transform

The LT is applied to TFDWE (1)—(3) to discretize the time variable. Applying the LT
to the model, we have:
B(a) (s*u(z, s) — s* tu(x,0) — s*?u(z, 0))

s%(1— )+«

— M V(T s) — A\oli(&, 5) = f(&,s), & €O

for £ € © with boundary condtions:
Bu(z,s) = gi(x,s), x € 00,

the above expression can be written in operator form as:
O™ Nr 36—l ia,s) = Bz s) ()
— |1 - — u(®,s) = H(z,s
Sa(l — Oé) Ta 1 2 ) y 9 )

where:
= Bla)s* (@) | Ble)s* Pgs(®) | 4
H(®,s) = s1l—a)+a s (l—a)+a«a

and the boundary conditions remain
Bu(z,s) = gi(z,s), ® € 00. (10)

Here, £ = V2 denotes the Laplacian operator. The spatial operators in Eqgs. (9)-
(10) are then discretized using the CSCM, which transforms the problem into a system of
linear equations in the Laplace domain. This system is solved for each value of the Laplace
parameter s. Finally, the solution in the time domain, u(Z,t), is recovered by applying a
numerical inverse Laplace transform.
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5.2. Spectral method

The CSCM is employed in this section to discretize the spatial operators in the trans-
formed system given in Egs. (9)—(10). This method uses Lagrange interpolation polyno-
mials (LIPs) based on Chebyshev nodes to approximate the solution over the domain ©,
which is [~1,1] in 1D, [~1,1]? in 2D, and [~1,1}3 in 3D, with & = =, (x,y), or (z,v, 2)
respectively. For the 1D case the solution U(z, s) is approximated as [33, 34]:

N
In(z) =D L(z)i(x, s),
=0

where /() are LIPs defined as Chebyshev nodes z, which are given by:

z = {cos <17\TI) }io (11)

N T — T
(= I =2, (12)

. -, L —
j=0,j# J

and

The derivative % is approximated using the differentiation matrix y, with elements:

(N, = (xr), k, =0,1,2,...,N,

where the off-diagonal entries are:

v

, k#,

InJe = vp(zp — )

with v=! = Hg:(),;#(ﬂ?k —x), and the diagonal entries:

N
N == ) {xhe, £=0,1,2, N

=0, #k

Higher derivatives are obtained as:

Wk, = 6 ().
For 1D, £pisec = 86722, approximated by 12\1 The authors of [35, 36] developed an effective
and precise formulation for constructing differentiation matrices. Specifically, [35] provides
a practical method for deriving the matrix 7, presented as follows:

m

= — (;{1(\?11)}% - {(le)}k>, k#.

T —
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For I' = [—1,1]?, the points &} are presented as follows:

s wk
L) = — — =0,1,2,...,N.
Ty <COS(N>,COS<N>>, k=0,1,2, ..,

0u(Z) = 0(x)lx(y), ,k=0,1,2,..,N. (13)

The LIPs are:

where (4 (Zy) = 0. The 2"%-order derivatives of the LIPs (13) are given as:

820y, (yy)
% = El/(xr)gk(yp) = {2N}7"‘7kp7
0201, (yy)
g = Lenli) = o R

where % is the 2"¢ order differentiation matrix. Employing £ on (&) at &, gives

ﬂ@@ww:QQWM+w&bQ (14)

Thus, the discretized representation of the linear differential operator £, derived using the
CSCM, is given as:
£Disc:IN®12\I+12\I®IN7 (2D) (15)

where ® represent the Kronecker product. In 3D, the domain is I' = [~1,1]?, and the
Chebyshev nodes are:

{ k
Topm = <cos (ﬂ) , COS <7T> , COS (m)) , L km=0,1,...,n.
n n n

The associated LIPs in 3D are:
lUim (&) = (2)li(y)lm(2), ,k,m=0,1,...,n, (16)

where Cgp, (Zgm) = 0km, and the second-order derivatives are obtained as:

82€km(jr T)

TJ) = Z”(x?")gk(yiU)Em(ZT) = {i}rakpo'mta

a2£k’m(ir T)

Tp - ﬁ(xr)flé(yp)fm(zf) = O-T{ﬁ}pko-mta
) _

W = g(xr)ﬁk’(yp)a’,n(%') = Ura'kp{?l}tma

where Z,pr = (1, Yp, 2r). Applying £ t0 Ly (rpr) at Typr gives:

£(€km(~i‘rp7')) = ({i}ro—kpo—mT + Ur{i}pko—m'r + Urakp{?l}Tm) 5 (17)
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The discrete 3D Laplacian is
L£pise =INOINOX+IN®OXZ®IN+ 3 ®In® 1IN,  (3D), (18)

using matrix £ pjse in Eq. (9), we obtain the discretized system as:

Bla)s® . ~
{ <504(1(_L)_|_a I — >\1£Disc — AQI u(iI}, S) = H(m, 8)7 (19)
The conditions in Eq (10) are incorporating by considering the interpolation matrix £ pjse
and considering all points . Furthermore, the rows of £p;sc in correspondence with
boundary nodes are replaced with unit vectors that have a one in accordance with the
diagonal elements of £p;sc. Hence, the boundary conditions Bu(z,s) = g1(&,s) in Eq
(10) will be implemented directly [33]. Rearranging the columns and rows of the matrix
£ Dise, the following block matrix is obtained.

w F

where the non-zero block W and I is of size having order (N—Npg)x (N—Np) and NgxNp.
Here Np denotes the boundary nodes. Thus, the system (9)-(10) has the following form:

£00(, 5) = [ ?((f’j)) ] . (20)

The solution %(&, s) in the Laplace domain is determined by solving (20). The solution
u(x,t) of the original problem (1)—(3) is then recovered by applying the inverse Laplace
transform to u(&, s) as follows:

1 ,u+’ioo N 1 N
u(e, ) = / e’"u(x, s)ds = — | €e*"u(x, s)ds, Re(s) > 0, (21)
271 p—ico 2mi e

5.3. Contour selection and quadrature

One of the most effective approaches for computing Eq. (21) is to deform the inte-
gration contour I'. into the left half plane to ensure the integrand decays, followed by
applying the quadrature methods. This idea traces back to 1950, originating in the work
of Talbot’s doctoral student Green [37]. Talbot later published a paper [38] in which he
generalized and improved the work of Green. Talbot suggested to deform the integration
contour into a contour I'; that begins and ends in the left plane, such that Re(s) — —oo
as |s| — oo. In literature, many popular contours have been proposed, such as Talbot’s
contour [29, 38], the parabolic and hyperbolic contours [39]. The work utilizes the modified
Talbot’s contour proposed in [29] as:

Ic:s=s(§), ¢€[-m, 7], Re(s(xm)) = —oo, (22)
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we have M
5(6) = —7e(€), £(€) = —b1 + Ba€ ot (0€) + bai, (23)

where the user will select the parameters 61, 62, 03, and 6. From (23) and (21), we have

e, 1) =5 [ e s©) (e (24)

2m ),

Fast and accurate approximation of (24) can be achieved using trapezoidal or midpoint
rule [29]. This work focuses on the midpoint rule with a step h = 1\2/[—7; given by:

2k -1
2

Mt
(@) & 0 Y@ (6)) (). G —m+ (R (29
k=1

5.3.1. Error analysis

The error analysis is performed in three stages:

Step 1: In the first step, the LT is employed, which transforms the given problem into
a time-independent problem, since this transformation is exact, no error is introduced in
this step.

Step 2: In step 2, we employ the CSCM discretization technique to solve the transformed
problem, with the corresponding error estimate developed below:

Utilizing the points in Eq. (11) and the LPs in Eq. (12), the interpolation operator
presented in [34] is expressed as:

In:C(0) » Py, In(@) =D T(z,s)l(). (26)

Following the technique in [40], we establish the error bound. Let Qn be a constant; then,
the stability estimate is expressed as:

[N (W) loe < QnlUljeo, Ve C[-1,1]. (27)

Additionally,
In(@) =1, for all uePn. (28)

For Chebyshev interpolation, the stability constant grows logarithmically with N:
In(1+N
Q=1+ ((2)”> < (N+1). (29)

For any i € CN*![—1,1], the interpolation error bound is expressed as [? |:

~ ~ 2 IR
@ =In@llo < ([ (30)

(N+2)
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Theorem 1. [40] If @ € CN+D[—1,1], then for ¢ = 0,1,...,N

L 2QY + 1) (1N
I8 =@l < F 215 (2) [, (31)

where

@ _ Qn I'(N+1)
O = r<q+1><r<N—q+1>>'

Application to 1D case:

o -
For 1D operator £1 = 9 59(692:,1;)7 the error bound is expressed as:

W WA PRSI B

B ' (%) (8 — In) — A £ (T — InE) — Ao (T — InE)

: (%)

since s%, and B(«) are constants, so we have

Bla)s® 2N N Q(Ql(\?)+1) 1\ Y ~(N+1)
E< <(So‘(l—a)—|—a> +)\2> m”u * oo + ’AlI‘(N)<2) [a * [loo-

o0

o)

[0 = INUloo + [Aa][[£(T = InT) [loe + [Ac[[0 — TN,

Hence, we obtain
E < KRS,

where K is a constant combining all coefficients of |[@N+1)||o,. For higher dimensions
see [40].

Step 3: The final step is the numerical approximation of the integral in Eq.(24) via
Talbot’s method, implemented with the midpoint rule, whose convergence rate depends
on the following factors:

e The contour selection,
e The step size.
Parameters for optimal accuracy as determined in [29] are:
01 = 0.61220, 62 = 0.50170, 63 = 0.640700, and 64 = 0.26450s,
and corresponding error estimate:

B = |ugpp(®,7) — u(&,7)| = O(exp((—1.35800)Mr)).
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6. Numerical Experiments

The performance of the proposed method is evaluated using three numerical examples.
Accuracy is measured with two error metrics: the absolute error (L 45) and the maximum
absolute error (L), defined as:

LAbs = u(jka T) - uapp(aéka’r) )

Lo = max

1ShEN U(jk, 7-) - uapp(jkv 7-) 5

where u(Z,7) and ugp, (&, 7) denote the exact and approximate solutions, respectively.
Here, N and Mg denote the number of Chebyshev nodes and quadrature nodes, respec-
tively. All simulations employ fixed parameters A\; = 1 and A2 = 0. For each example,
the source term, initial conditions, and boundary conditions are derived from the exact
solution.

Example 1

In the first example, we consider the 1D version of (1)-(3) with A\; =1, Ay = 0, and
exact solution u(z, 7) = sin(nz)72. The performance of the proposed numerical method is
evaluated through comprehensive error analysis and computational benchmarks. Table 1
shows the Lo, error norms for varying Chebyshev nodes N and quadrature points (Mg),
demonstrating both computational efficiency and high accuracy. The solution accuracy
is verified in Figure la, where the upper panel shows excellent agreement between exact
and approximate solutions, while the lower panel depicts the corresponding pointwise
absolute error distribution, confirming the method’s high accuracy. Further, Figure 1b
further examines solution accuracy for different values of a, showing consistent and stable
numerical behavior.

Two major features are shown by convergence analysis: Up to Mg = 36, Figure 2a
demonstrates ideal quadrature convergence, after that, there is a slight increase in the
error, most likely as a result of numerical conditioning effects. Similarly, spectral con-
vergence with respect to spatial discretization is shown in Figure 2b, with slight error
variation at higher N values caused by the round-off errors in the Chebyshev differentia-
tion matrices.

Figures 3a and 3b quantify parametric sensitivity by plotting the L., error dependence
on t and «, respectively, both showing accurate results. The surface and contour plots
(Figures 4a and 4b) in the a— 7 plane show the whole error nature and provide a thorough
proof of the method’s stability over the whole domain. Overall, these findings demonstrate
that the proposed scheme achieves the following: (i) uniform stability for various values of
«a; (ii) exponential convergence in quadrature approximation; and (iii) spectral accuracy
in spatial discretization. Thus, the method represents an effective technique for Solving
fractional-order PDE problems.
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Table 1: Errors norms for Example 1 with varying Mg, o, and N.
a=1.5 a=1.75

Mg N L C.Time(s) L C.Time(s)

36 400 1.1419x10~2  0.270315 2.2197x10~ 12  0.434348

500 6.2560x10712  1.212901 5.1609x10~12  1.193002

600 1.1793x107'2 1.119774 2.7161x10~2  0.904267

700 7.3037x10712  1.541679 3.0467x10712  1.403863

26 850 1.6612x10~11  1.114587 1.1432x10~ 1 1.473688

28 3.2163x10712  1.106680 1.2373x107 11 1.363364

30 4.2749x10712  1.425263 1.2061x10~  1.471200

32 7.5047x10712  2.004526 6.4597x10712  1.563570

34 5.1494x10712  1.505562 6.6363x10712  1.666364

1 ; ; 10710 —

s o o1
§ 05 — a:1:4
3 10712 a=15
wn a=1.6
0 | | | | | | | | | a=17
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1 w a=1.8
' i

L
0 0.1

L
0.2

0.3

L L L
0.6 0.7 0.8

(a)

10'16 L

10718
0

0.2 0.4

X

0.6

0.8 1

(b)

Figure 1: (a) Comparison of approximate and exact solutions in the subplot 1 and the L 4p5
in the subplot 2 N = 700, Mg = 36 (Example 1). (b) Comparison of L 45 for different o
with N = 1000, Mg = 34 (Example 1).
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107 (a =15 T - 0'5)‘ T T T 1012 T (@=15,7=05)
10°°
1078
'q}{ ;JX 10-18 L
10710 [
>
107!
1071 L L L L L L L 10-1
15 20 25 30 35 40 45 10? 10°
Mq N
(a) (b)

Figure 2: (a) Graph of Lo, vs quadrature nodes Mg with N = 700 (Example 1). (b)
Graph of L, vs quadrature nodes N with Mg = 36 (Example 1).

Error vs Time (o = 1.5) <1012 Error vs a (t = 0.5)

10-11

g 10720 ] 815F
=

10'13 L

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 15 1.6 1.7 1.8 1.9

Figure 3: (a) Graph of Lo vs 7 with Mg = 36 and N = 700 (Example 1). (b) Graph of
L vs fractional order a with N = 700 and Mg = 36 (Example 1).
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log; (Loo)
I

11 1 ‘A! ‘ is

« 10

(a)
Figure 4: (a) The graph shows Ly error in 7o plane with Mg = 36 and N = 700 (Example
1). (b) Contour plot of Lo in Ta plane with Mg = 36 and N = 700 (Example 1).

Example 2

In the second example, we consider the 2D version of (1)-(3) with \; = 1, A2 = 0,
and exact solution u(x,7) = (1 — 22 — 3?)7.3. The performance of the proposed numerical
method is validated through detailed error analysis and computational tests. The L.
error for various values of N and quadrature points Mg is shown in Table 2, showing
both high accuracy and computational efficiency. The numerical solution of example 2 is
shown in Figure 5a, and the surface plot presented in Figure 5b shows the absolute error
distribution demonstrating stable numerical performance.

Figure 6a demonstrates perfect quadrature convergence up to Mg = 36, after which the
error experiences a small rise. Spectral convergence with respect to spatial discretization
is evident in Figure 6b, where minor error oscillations appear at higher orders because
of round-off errors in Chebyshev differentiation matrices. Figure 7a shows the depen-
dence of Lo, on 7 for 1.1 < o < 1.9, while Figure 7b shows its dependence on « for
7 = {0.1,0.4,0.7,1}, both demonstrating consistently high accuracy. Figures 8a and 8b
present comprehensive error visualization using surface and contour plots in the a7 plane,
demonstrating the method’s robust stability across the entire parameter domain.
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Table 2: Errors norms for Example 2 with varying Mg, a, and N.
a=15 a=1.75
L C.Time(s) L C.Time(s)

Mg N

24 441 3.3135x1079  0.525874 3.3135x107Y  0.430171

784  3.3137x107Y  1.371348 3.3135x1079  1.370788
900  3.3135x107Y  1.790163 3.3138x1079  2.238885
1089 3.3135x107Y  3.175910 3.3135x107Y  3.317322
26 1681 5.4329x10710  9.138562 4.3794x10719  9.125002
28 7.1942x10~19  9.830315 2.2237x10719  9.696946
30 3.7555% 10710 10.442032 4.5945%10719  10.396021
32 7.4227x10710  11.273246 7.7937x10719  11.177015
34 3.1544x10719  13.683367 5.2071x10719  12.233212

%1070

Solution
Labs
N

- o

2
15
1

1 05

05
05
0
y 0 0 x

(a) (b)
Figure 5: (a) Comparison of approximate and exact solutions in the subplot 1 and the
L aps in the subplot 2 N = 1681, Mg = 36 (Example 2). (b) Plot of L 45 of the method
N = 1681, Mg = 36 (Example 2).
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o (a=15,7=0.5)

(a=15,7=0.5)

1072

100 F

10-10 L

10712 L . . | | 10-14

(a) (b)
Figure 6: (a) Graph of Lo vs quadrature nodes Mg with N = 1681 (Example 2). (b)
Graph of L, vs quadrature nodes N with Mg = 36 (Example 2).

10-10 L 10-10 L

‘48 10-11 L ‘48 10-1t L
s 7 = (). 1
=04
=07
e 7 = 1.0)
o o \/\__J
10-1 | | . . . . . . 10-1 | . . . . . .
0.1 . .3 . .5 . A . X! 11 1.2 1.3 14 15 1.6 1.7 1.8 1.9
T «
(a) (b)

Figure 7: (a) Graph of Lo, vs 7 with Mg = 36 and N = 1681 (Example 2). (b) Graph of
L vs fractional order a with N = 1681 and Mg = 36 (Example 2).
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ErrorContourPlot

19

logy(Liso)
o

3}
o

IS

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T

(a) (b)
Figure 8: (a) The graph shows the Lo, error in 7o plane with Mg = 36 and N = 1681 (Ex-
ample 2). (b) Contour plot of Ly in T plane with Mg = 36 and N = 1681 (Example 2).

Example 3

In the third example, we consider the 3D version of (1)-(3) with A\; = 1, A2 = 0,
and exact solution u(x,7) = exp(z + y + 2)73. The L, error for various values of N and
quadrature points Mg is shown in Table 3, showing both high accuracy and computational
efficiency. The slice plots of numerical solution and absolute error computed usingN =
1331, Mg = 36, 7 = 1, and o = 1.5 are presented in Figures 9a and 9b respectively. A
highly efficient performance is evident. The variation of L, vs M is presented in Figure
10a computed with N = 1728, « = 1.5, and 7 = 1. Similarly, the variation of L., vs N is
shown in Figure 10b computed with Mg = 30, a = 1.5, and 7 = 1. Figures 11a and 11b
presents the dependence of Lo, on 7 and « respectively, both demonstrate high accuracy.
Further, Figures 12a show the error distribution in the at plane. The contour slice plot
of absolute error is presented in Figure 12b. Overall, it is evident that the method has
the capability of solving fractional-order three-dimensional problems with high accuracy
without facing any time instability issues.
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Table 3: Errors norms for Example 2 with varying Mg, a, and N.

a=15 a=1.75
L C.Time(s) L C.Time(s)

Mg N

24 729 2.2140x107%  1.265030 2.2140x107Y  1.013569
1331  2.2140x107°  5.213977 2.2140x107Y  4.466417
2197  2.2140x107°  17.880434 2.2140x107Y  15.620776
3375  2.2140x107?  58.898524 2.2140x107Y  52.157271
26 1331 1.7283x10~'0  5.531386 1.7283x10~ 10 4.843518

28 3.9919x10~ 11 6.134771 3.1216x 10711 5.339569
30 2.4134x10~ 1 6.425285 1.8025x 10711 5.591827
32 2.6654x10~ 1 5.969752 4.6171x1071  6.005012
34 3.5469x10~11  6.343325 3.9908x10~ 11 6.308768

%107
35

(a) (b)
Figure 9: (a) The slice plot of numerical solution with N = 1331, Mg = 36, 7 = 1, and
a = 1.5 (Example 3). (b) The slice plot of Ly, with N = 1331, Mg = 36, 7 = 1, and
a = 1.5 (Example 3).
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Figure 10: (a) Graph of Lo vs quadrature nodes Mg with N = 1728 (Example 3). (b)
Graph of L, vs quadrature nodes N with Mg = 30 (Example 3).

10-10 L

8 3
= 10 3 L3
1.2+ ]
11
1k
10 L L )
0.1 0.2 0.3 0.4 0. 0.6 0.7 0.8 0.9 1 11 12 13 1.4 15 1.6 17 18 1.9
T «
(a) (b)

Figure 11: (a) Graph of Lo, vs 7 with Mg = 36 and N = 1728 (Example 3). (b) Graph
of Lo vs fractional order o with N = 1728 and Mg = 36 (Example 3).
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Figure 12: (a) The graph shows the Lo, error in 7o plane with Mg = 30 and N = 1728 (Ex-
ample 3). (b) Contour plot of Ly in Ta plane with Mg = 30 and N = 1728 (Example 3).

7. Conclusion

The paper develops the LT based CSCM method for numerical modelling of time-
fractional wave-diffusion equations including the MABC derivative. Unlike standard finite
difference methods, the proposed numerical method implements the LT and the numerical
inverse LT to efficiently handle the time-fractional derivative. It first utilizes the LT
to transform the considered problem into a time-independent inhomogeneous problem in
Laplace space. Then it employs the CSCM to discretize the spatial derivatives of the
transformed problem. Finally, it uses the improved Talbot method to recover the time-
domain solution.

Compared to conventional finite difference methods, the proposed LT-CSCM method
provides two key features: (i) elimination of computationally expensive convolution inte-
grals of fractional derivatives through LT; and (ii) unconditional stability independent of
time-stepping constraints. The features enable efficient and accurate long-time simulation
of diffusion-wave systems. The CSCM further improves the method’s efficiency for high-
dimensional problems, requiring fewer nodes while maintaining exponential convergence.
Numerical experiments confirm the LT based CSCM’s ability to handle multi-dimensional
diffusion-wave problems.

Looking forward, the robustness and efficiency of the LT based CSCM scheme make it
a strong candidate for simulating more complex fractional dynamical systems in applied
mathematics and engineering. Future work will focus on adapting this methodology to
solve fractional delay partial differential equations and coupled systems.
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