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Abstract. This paper introduces the novel concept of Fractional-Order Neutrosophic MR-Metric Spaces
(FONMR-MS), which synergistically combines three powerful mathematical frameworks: MR-metric
spaces, neutrosophic logic, and fractional calculus. We begin by extending the classical MR-metric
structure through the incorporation of fractional integrals, defining a comprehensive fractional-order
metric M, and corresponding neutrosophic functions T, Z,, Fo. Fundamental properties including
non-negativity, identity, symmetry, and a generalized fractional triangle inequality are rigorously es-
tablished. The core theoretical contribution is a comprehensive fixed point theorem for contraction
mappings in complete FONMR-MS, accompanied by detailed convergence analysis and neutrosophic con-
sistency conditions. We further provide extensive examples and applications demonstrating the utility
of our framework in modeling anomalous diffusion processes, image denoising, and machine learning
under uncertainty. This work significantly generalizes existing results in fixed point theory and offers a
robust mathematical foundation for handling complex systems characterized by fractional dynamics and
neutrosophic uncertainty.
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1. Introduction

Fixed point theory represents one of the most dynamic and applicable domains in math-
ematical analysis, with profound implications across differential equations, optimization, and
computational mathematics. The evolution of metric spaces has been marked by significant
generalizations to address increasingly complex mathematical phenomena. The inception of
b-metric spaces by Bakhtin [1] and Czerwik [2] relaxed the standard triangle inequality, paving
the way for more flexible geometric structures. This trajectory continued with the development
of G-metric spaces and their variants, offering enhanced frameworks for analyzing triple-based
distance functions.

The recent introduction of MR-metric spaces by Malkawi et al. [3] marked a substantial
advancement, providing a robust structure that generalizes several previous metric space ex-
tensions while maintaining strong theoretical properties. Subsequent research has extensively
explored fixed point theorems within this framework [1, 2, 4-13], demonstrating its versatility in
handling various contraction types and applications to integral equations and neutron transport
[10].

Parallel to these metric space developments, neutrosophic logic pioneered by Smarandache
has emerged as a powerful paradigm for handling uncertainty, indeterminacy, and inconsistency
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in mathematical systems. The integration of neutrosophic concepts with metric spaces has led
to the creation of neutrosophic metric spaces [14, 15], which provide sophisticated tools for
modeling truth, falsity, and indeterminacy degrees in distance measurements. Recent work by
Hazaymeh and Bataihah [14] and Bataihah and Hazaymeh [15] has established fundamental
results in neutrosophic fuzzy metric spaces, while Malkawi [16] advanced this further through
neutrosophic MR-metrics with fuzzy embedding principles.

Fractional calculus has simultaneously revolutionized mathematical modeling by capturing
non-local and memory-dependent phenomena across physics, engineering, and biological sys-
tems. The incorporation of fractional operators into metric space theory represents a natural
progression, with recent contributions by Al-deiakeh et al. [17] in fractional differential equa-
tions and Gharib et al. [18] in fractional solution methods highlighting this trend. Malkawi
and Rabaiah [19, 20] have recently explored the connections between MR-metric spaces and
fractional calculus, establishing important bridges between these domains.

The current literature reveals a significant gap: no existing framework simultaneously in-
corporates fractional calculus, neutrosophic logic, and MR-metric structures. This research fills
this void by introducing Fractional-Order Neutrosophic MR-Metric Spaces (FONMR-MS), which
synergistically combine these three powerful mathematical paradigms. Our work draws inspi-
ration from numerous contributions in related areas, including the interpolative contractions
of Qawasmeh [21], simulation functions in various metric contexts [22-24], cyclic contractions
[25-28], and §2-distance mappings [24, 27, 29].

This paper is organized as follows: Section 2 presents our main theoretical contributions,
including the formal definition of FONMR-MS, fundamental properties, and a comprehensive
fixed point theorem with detailed convergence analysis. Section 3 provides extensive examples
and applications demonstrating the practical utility of our framework. Our results significantly
generalize previous work in fixed point theory [7, 9, 10, 30-32], metric space theory [33-40], and
neutrosophic analysis [14, 15, 41-49], while opening new avenues for modeling complex systems
with fractional dynamics and neutrosophic uncertainty.

Definition 1. /3] Consider a non-empty set X # () and a real number R > 1. A function
M :XxXxX—[0,00)
s termed an MR-metric if it satisfies the following conditions for all v,&, s, {1 € X:
e M(v,&s)>0.
o M(v,&,8) =0 if and only if v=¢& = s.

o M(v,&,s) remains invariant under any permutation p(v, &, s), i.e., M (v,€,s) = M (p(v,&, s)).

The following inequality holds:

M<U7§7S) < R[M(Uvé-ael) + M(U7£17S) + M(ﬂl,f,s)] :

A structure (X, M) that adheres to these properties is defined as an MR-metric space.

Definition 2. [32][Neutrosophic MR-Metric Space (NMR-MS)]
A 9-tuple (Z, M, T ,F,Z,0,0, R, %) is called a Neutrosophic MR-Metric Space if:

(i) Z is a non-empty set.
(i) M :Zx Zx Z —[0,00) is an MR-metric satisfying:

(M1) M(v,&,3) >0,
(M2) M(v,£,3) =0 <= v=¢(=1,
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(M3) Symmetry under permutations,
(M4) M(v,§,3) < R[M(v,&,0) x M(v,£,3) % M(£,€,9)], R> 1.

(i) T,F,Z:Zx Z x(0,00) — [0,1] are neutrosophic functions satisfying:

(N1) T(v,&,v) =1 < v =¢& (Truth-Identity),

(N2) T (v,&,v) =T v,7v) (Symmetry),
(N3) T(v,&,7)eT(§S3,p) < T(v,3,7+ p) (Triangle Inequality),
(N4) limy 00 T(v,&,7v) = 1 (Asymptotic Behavior).

(iv) e (t-norm) and ¢ (t-conorm) are continuous operators generalizing fuzzy logic.

(v) x is a binary operation generalizing addition (e.g., weighted sum,).

2. Main Results

This section presents the principal theoretical contributions of this work, wherein we intro-
duce and rigorously develop the framework of Fractional-Order Neutrosophic MR-Metric Spaces
(FONMR-MS). We commence by formalizing the fundamental definitions that amalgamate the
concepts of MR-metrics, neutrosophic logic, and fractional calculus into a unified structure. Sub-
sequently, we establish the foundational properties of the proposed fractional-order metric and
neutrosophic functions, proving their consistency with the axiomatic foundations of generalized
metric spaces. The cornerstone of our investigation is the comprehensive fixed point theorem
for contraction mappings within complete FONMR-MS, accompanied by a detailed proof that
elucidates the convergence behavior of iterative sequences and the role of the fractional pa-
rameter « and the neutrosophic conditions in guaranteeing the existence and uniqueness of a
fixed point. The ensuing lemmas and corollaries further delineate the analytical properties and
convergence rates, solidifying the theoretical groundwork for the applications that follow.

Definition 3. (Fractional-Order Neutrosophic MR-Metric Space (FONMR-MS))
Let (Z,M,T,F,Z,e,0,R,x) be an NMR-MS. We define a Fractional-Order Neutrosophic
MR-Metric M, : Z3 — [0,00) by:

M(0,6,9) = (F(la) / (L M (6, 9) dT) -

where a > 0, T" is the Gamma function, and S, is a point on the “metric path” between the
arguments, defined via a continuous deformation. The associated neutrosophic functions are
modified to depend on the fractional order: To(v,&,v) = T (v,&,7%).

Definition 4. (Comprehensive Fractional-Order Neutrosophic MR-Metric Space)

Let (Z,M,T,F,Z,e,0, R ,x) be a complete NMR-MS. For a > 0, we define the Comprehensive
Fractional-Order Neutrosophic MR-Metric Space as the 9-tuple (2, My, To,, Fas Lo, ®, ¢, Roy *a)
where:

(i) The fractional MR-metric My, : Z3 — [0,00) is defined by:

1 1/

My (v,€,3) = (F(a)/o T e T M (v, €, %T)d7>

where &, is defined through the geodesic interpolation:

Sr =7 <1 i T) . v:[0,1] = Z is a minimal geodesic connecting the points
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(ii) The generalized neutrosophic functions are:

1 [oe)

To.60) = oy [ 7 T 6
1 o0

Zo(v,&,7y) = o) /0 to‘_le_tI(v,{,'yt) dt

]:a(%fﬁ) = ]- - 7-01(7}’5’7) _Ia(fU,g,'Y)

I'(2a

(iii) The fractional contraction constant is R, = R - T(a)?

(iv) The fractional binary operation %o is:
@K b= (a®+ b1/

Lemma 1 (Fundamental Properties of Fractional Metric). The fractional metric M, satisfies
all axioms of an MR-metric:

(i) Non-negativity: M, (v,&,3) >0

(7i) Identity: M,(v,£,3F) =0 <= v=£(=S

(iii) Symmetry: M,(v,&, ) is symmetric under all permutations

(iv) Fractional Generalized Triangle Inequality:

My (v,6,3) < Ry [Ma(v,8,€) xo Mo (0, 0,3) %o Mo (£,8,3)]

Proof. We prove each property in detail:

1. Non-negativity: Since M (v,§, ;) > 0 and the integrand contains positive functions,
we have M, (v,&, ) > 0.
2. Identity:

My(v,6,3) =0 — / T e T M (v, €,3,)dr =0
0

Since the functions inside the integral are non-negative, this implies M (v,§, ;) = 0 for all 7,
which by the identity property of M gives v =§ = S.

3. Symmetry: Follows directly from the symmetry of M and the symmetric definition of
the geodesic interpolation.

4. Fractional Triangle Inequality: Using the generalized triangle inequality for M:

Ma(v,f,%)
1

00 1/a
a—1_-—1 x
(I‘ a) /0 T e M(U,{,\ST)dT)

(F(la) /00O 7_04—16—7'R [M(U, f,fq-) * M(U,E‘n S‘r) * M(Z‘ﬁ £, gT)} dT)

1/«

IN

Now applying Minkowski’s inequality for integrals:

1 > a—1_-—1 He
<P(a)/0 T e M(U,ﬁ,&)dr)

1 o0 1 1/Gf
+ / T e T T M (v, 6, Sy d7'>
(v [ (v 6, Sr)

S Rl/Oé
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1 > a—1_-—1 x He
+(F(a)/0 T e M(ET,ﬁ,\sT)dT> ]

= Ra [Ma((U7§7£) *Oé MOC(U7£7 %) *Oc MOC(£7 67 %)]

where R, = R - 11:80)‘% accounts for the normalization constants.

Lemma 2 (Neutrosophic Function Properties). The fractional neutrosophic functions Ta, Lo, Fo

satisfy:

(i) Ta(v,&7) =1 <= v=¢

(i) Ta(v,&,7) = Ta(&,0,7)

(iti) Ta(v,§,7) @ Ta(€, S, p) < Ta(v, 3,7 + p)
(i) limy o0 Ta(v,§,7) = 1

Proof. We prove property (3) in detail as it’s the most complex:
Using the triangle inequality for 7

Ta(v,8,7) @ Ta(£, S, p)

= <F(1a> /OOO t e T (v, &, 91) dt>
. (F(la) /0 ) ds>

By the properties of the t-norm e and the integral representation:

F((ly)2 /0 /0 pa—1ga—1,—(t+s) [T(v,&,~t) @ T(E,S, ps)] dtds

1 /OO /OO —1 .a—1_—(t+s)
< s e VT (0, Syt + ps) dt ds
L(@)? Jo Jo

IN

Making the change of variables u =t + s, v = t/(t + s):

1 oo rl
= I‘(a)2 / / u2a—lva—1(1 — U)Oé—le_uT(’U, %,’yuv + pu(l — ’U)) dv du
0 0
oo rl
= r(;p / / w1 = 0) e T (0,9, (v + p)u) dv du
0 0

29 .
a(va 3,7+ :0) F(OJ)Q

The other properties follow similarly from the definitions and properties of the original

neutrosophic functions.

Theorem 1 (Comprehensive Fractional Fixed Point Theorem). Let (Z, My, To, Fa, Lo, ®, ¢, R, *)
be a complete FONMR-MS. If a mapping ¥ : Z — Z satisfies:

(i) Fractional Metric Contraction:

My (P, ¥, US) < KMy (v,,9), ke€[0,1)

(ii) Neutrosophic Consistency Condition:

Ta(Qv, V€, k) 2 Ta(v,&,7)
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(iii) Indeterminacy Bound:
Za(Yv, ¢, y) < Za(v,§,7)

Then ¥ has a unique fized point v* € Z, and for any initial point vg € Z, the iterative
sequence vn+1 = Yo, converges to v*.

Proof. We provide a comprehensive proof in several steps:
Step 1: Construction of Iterative Sequence
Let vg € Z be arbitrary. Define the iterative sequence:

Upt1 = Yvu,, n=0,1,2,...

Step 2: Metric Contraction and Cauchy Sequence Property
From the fractional metric contraction:

Ma(UnJrh Un, Un) < /QaMa(Uny Un—1, 'Unfl)
< ’QQQMa (Un—l7 Un—2, Un—2)
S e S K/naMa(Ulv Vo, UO)

For m > n, using the fractional triangle inequality repeatedly:

Ma(Um7 Un, Un)
< R, [Ma('Uma Un, Un—l—l) *a Ma(vm7 Un+1, Un) *o Mo, (Un+17 Un, Un)]
< R, [m(”H)O‘C xo KTVAC & MO

< Ra(2ﬁ(n+1)a +Kna)c

where C' = M, (v1,vg, vp).
Since k € [0, 1), we have:

lim My (v, Un,vp) =0
n,M—00

Thus, {v,} is a Cauchy sequence.
Step 3: Convergence to Fixed Point
By completeness of the FONMR-MS, there exists v* € Z such that:

lim M, (v, v, v*) =0
n—oo

Now we show that v* is a fixed point:

M, (Tv*, v* v)
< Ry [Mo (Wv*, 0%, Woy,) o Mo (V0™ Wvp, 07) *q Mo (Vo v*, 0%)]

< Ry [ Mo (0", Uy Up) %0 K Mg (V" Uy 0F) %o Mo (U1, 0%, 07)]
Taking the limit as n — oo, all terms approach zero, so:
My (Tv*,v*,v*) =0= Tv* ="

Step 4: Uniqueness of Fixed Point
Suppose there exist two distinct fixed points v* and £*. Then:

Mo (v*,€%,67) = Mo (Wo*, W€, W)
< ﬁaMa(U*vf*af*)

Since k* < 1, this implies My (v*,£*,£*) =0, so v* = £*.
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Step 5: Neutrosophic Convergence Properties
From the neutrosophic consistency condition:

%(UTH-M Un, ’%’Y) > 72)6(”717 Un—1, ’7)

This ensures that the truth membership improves with each iteration.
Similarly, the indeterminacy bound ensures that uncertainty decreases:

Ioz(vn-l—lv Un, 'Y) < Ioa(vnv Un—1, 7)

These conditions guarantee that the iterative process not only converges in the metric sense
but also improves the quality of information (increases truth, decreases indeterminacy) at each
step.

Corollary 1 (Convergence Rate and Error Estimates). The convergence rate of the iterative
sequence satisfies:

(i) Metric convergence: M, (v, v*,v*) < Ifi’f:f M (v1,v0,v0)

(ii) Neutrosophic convergence: lim, o To(vp,v*,y) =1 for all v > 0
(iii) Indeterminacy vanishing: lim, o Zo(v,, v*,v) =0 for all v >0

Remark 1 (Physical Interpretation for Anomalous Diffusion). The fractional parameter o
models anomalous diffusion processes:

o a = 1: Normal diffusion (Brownian motion)
o 0 < a< 1: Sub-diffusion (confined motion)
o «a > 1: Super-diffusion (enhanced transport)

The fized point represents the asymptotic state of the diffusion process, with the convergence
rate determined by o and k.

3. Examples and Applications

The development of Fractional-Order Neutrosophic MR-Metric Spaces is motivated by both
theoretical considerations and practical applications across multiple disciplines. From a theoret-
ical perspective, this framework represents a natural unification of three powerful mathematical
paradigms: metric space theory for distance measurement, fractional calculus for capturing
non-local dynamics and memory effects, and neutrosophic logic for handling uncertainty, inde-
terminacy, and inconsistency in complex systems.

From an applied viewpoint, numerous real-world phenomena exhibit characteristics that
necessitate such an integrated approach. Anomalous diffusion processes in physics and biology
display fractional dynamics that cannot be adequately described by classical models [17]. Image
processing and computer vision applications require robust frameworks for handling uncertainty
in denoising and inpainting tasks. Machine learning algorithms operating in uncertain environ-
ments benefit from neutrosophic approaches to cluster analysis and pattern recognition [14, 15].
The following examples and applications demonstrate how our FONMR-MS framework provides
sophisticated mathematical tools for addressing these challenges.

We begin with a concrete example illustrating the construction of a FONMR-MS on a function
space, followed by detailed applications in anomalous diffusion modeling, image processing,
and machine learning under uncertainty. Each application highlights different aspects of our
theoretical framework and demonstrates its practical utility in solving complex problems across
diverse domains.
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3.1. Illustrative Example: A FoNMR-MS on a Function Space

Let us construct a concrete example of a FONMR-MS.

Example 1. Let Z = C([0,1],R) be the space of continuous real-valued functions on [0,1]. We
define the following:

(i) Base MR-Metric: For f,g,h € Z, define

M(f,g.h) = sup |f(z) —g(@)|+ sup |g(z)—h(z)[+ sup [h(z)— f(z)].
z€[0,1] z€]0,1] z€[0,1]

It can be verified that M is an MR-metric with R = 2.

(ii) Neutrosophic Functions: For ~ > 0, define

_ M(f.9,9)
T(f? 97 7) =€ v )
1 _M(f9.9)

I(f?.gvf}/)zae v )

‘7:(]07977) = 1_7-(]07937) —I(f,g,’)/).

Here, o is the product t-norm (a b = ab), and o is the probabilistic sum t-conorm
(aob=a+b—ab). The operation x is standard addition.

(iii) Fractional-Order Construction:
For a > 0, we construct the FONMR-MS (Z, My, Toy Fo, Lo, ®,0, Roy xo) as defined in
Definition 2.4. For instance, the fractional metric becomes:

1/a

Mu(f,9,h) = <F(1a) /OOO T“‘le_TM(f,g,hT)dT> :

where h. is a geodesic interpolation. A simple linear geodesic can be defined as h,(x) =
(L= A f(z) + M7T)h(z), with N(1) = 1.

This structure (2, Mo, To, Fas Lo, ®, ¢, Ry *a) forms a complete FONMR-MS.

3.2. Application 1: Anomalous Diffusion Process Modeling

As highlighted in Remark 2.1, the parameter o models different diffusion regimes. The fixed
point theorem (Theorem 2.3) can model the steady-state distribution of particles undergoing
anomalous diffusion.

Consider a mapping ¥ representing the evolution operator of the diffusion process over a
discrete time step. The fractional contraction condition

Ma(qu, \ng \I]h) S I{aMa(fvg7 h)

ensures that the process converges to a unique steady-state f*. The neutrosophic functions
track the evolution of certainty (7, ), indeterminacy (Zgphq), and falsity (Faphe) regarding the
particle’s position.

3.3. Application 2: Image Processing and Denoising

FoNMR-MS can be applied to image processing, particularly in denoising and inpainting.
An image can be represented as a function I(x,y) € Z. A denoising operator ¥ (e.g., based on
a fractional diffusion equation) can be designed to satisfy the conditions of Theorem 2.3.
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Convergence to Fixed Point for Different «

[ [ [ I I I
;; 1+ ——a=10,k=0.7 |
e = a=0.>5,k=0.7
;é 081 a=2.0,k=0.7 ||
= \EI\E\E‘
3
= 06 .
S
= 04} =
4
A
o 0.2 s
[
st
= ol .
| | | | | |

Iteration (n)
Figure 1: lllustration of the convergence rate M (vn,v™,v") for different values of the fractional order a. The
convergence speed varies significantly with «, demonstrating its impact on the dynamics.

e Metric Contraction: Ensures that applying the denoiser repeatedly does not diverge
and converges to a clean image I*.

¢ Neutrosophic Components:

— Ta(I, J,v): Measures the degree of truth that image J is a valid denoised version of
image I at scale ~.

— Z,(I, J,v): Captures the indeterminacy in the denoising process (e.g., uncertainty in
texture regions).

— Fall,J,7): Represents the falsity or the degree of artifact introduction.

The iterative process I,+1 = I, not only reduces noise (decreasing M,,) but also improves
the perceptual quality by increasing the truth-membership and decreasing indeterminacy.

3.4. Application 3: Machine Learning in Uncertain Environments

Consider a clustering algorithm in a FONMR-MS. Data points reside in Z. A clustering
operator ¥ assigns each point to a cluster centroid. The fixed point v* corresponds to the
optimal cluster centroid configuration.

The neutrosophic framework is particularly powerful here:

o Ta(v,&,7): Confidence that points v and £ belong to the same cluster.

o Zo(v,&,7): Indeterminacy in cluster assignment (e.g., points lying on the decision bound-

ary).
o Fo(v,&,7v): Confidence that v and & belong to different clusters.

The contraction conditions ensure the clustering algorithm converges to a unique solution,
while the neutrosophic properties provide a rich, interpretable measure of the clustering quality
and uncertainty at each step.
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3.5. Numerical Simulation Snippet

The following Python-like pseudo-code illustrates the core fixed point iteration from Theo-
rem 2.3.

# Pseudo-code for Fixed Point Iteration in FoNMR-MS
def fractional_fixed_point_iteration(Psi, vO, alpha, kappa, tolerance=le-6, max_iter=1000):
v_old = vO
for n in range(max_iter):
v_new = Psi(v_old) # Apply the mapping

# Calculate the fractional metric distance (simplified)
distance = M_alpha(v_new, v_old, v_old)

# Check convergence (using metric)

if distance < tolerance:
print (f"Converged after {n} iterations.")
return v_new

# Update neutrosophic values (conceptually)
T_alpha = update_truth_membership(v_new, v_old, alpha, kappa)
I_alpha = update_indeterminacy(v_new, v_old, alpha)

v_old = v_new

print("Maximum iterations reached.")
return v_old

This framework provides a robust foundation for modeling complex systems where uncer-
tainty, fractional dynamics, and convergence are crucial.
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