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Abstract. In the present manuscript, we have introduced a new notion of (3, p)-expansive map-
pings in controlled metric space. In addition to this, some fixed point results are also proved with
the help of this notion. Some results from the literature are also deduced from our main results.
An example is also provided to prove the validity of our result. As an application an integral
equation is also solved with the help of our main result.
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1. Introduction

In 1922, Banach [1] proved an interesting result in fixed point theory known as Banach
contraction principle. This principle proved like a boom in the area of non-linear analysis
and its applications.

In 1989, Bakhtin [2] presented b-metric space, an extension of metric space and nu-
merous desirable fixed point solutions for expansive mappings were examined in b-metric
space. Also in 1993, Czerwik [3] expanded on the findings of b-metric space as well. The
idea of expansive mapping of Wang et al. [4] as follows “Let (X,d) be a metric space.
A mapping T : © — Q on (9,d) such that V u,e € Q : d(Tu,Te) > d(u,e)”. After
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getting the motivation of this, Shahi et al. [5] proved fixed point theorems and gave some
applications for (£, a)-expansive mappings in complete metric spaces.

Recently, many research studies were conducted on b-metric space under different
expansive conditions.

After that, many authors used different types of contractive conditions including («, v)-
expansive mappings in different metric and metric like spaces (see [6-14]).

In 2017, Kamran et al. [8] introduced an extended generalization of the b-metric space
and many results in the literature were generalized by their study. Mlaiki et al. [15] pro-
duced a controlled metric type space, which is an extension of the extended b-metric space.

2. Preliminaries

Definition 1 ([8]). Let Q be a non-empty set and define the mappings pu: Q@ x Q — [1,00)
and d : Q x Q — [0,00) such that for all u,e, f € Q

[label=(i),itemsep=-.16em,topsep=2pt]

(i) d(u,e) =0 <= u =e,

(ii) d(u,e) = d(e,u),

(iii) d(u,e) < p(u, e)[d(u, f) +d(f,e)].

Then the pair (€2, d) is known as an extended b-metric space. Further, Mlaiki et al. [15]
introduced the notion of controlled metric type space which is defined as follows:

Definition 2 ([15]). On a non-empty set 2, define the mappings p : Q2 x Q — [1,00) and

d:QxQ —[0,00) such that for all u,e, f € Q the following condition holds
[label=(s3),itemsep=-.16em,topsep=2pt]

(i) d(u,e) =0 <= u =,

(i) d(u.e) = d(e,u),
(i) d(u,e) < p(u, fd(u, f) + p(f.e)d(f,e).
Then the pair (2, d) is called a controlled metric type space.

To prove the above definition, we provide the following examples.

Example 1 ([15]). Choose = {1,2,3,...}. Take d : Q x Q — [0,00) such that

Oesu=e
1 . . .
—, ifu=2j and e =25+ 1,
du,e) = { (1)
%, ifu=2j4+1 and e = 2j,
(1, otherwise.
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Consider p: Q x  — [1,00) as
u, ifu=2j ande=2j5+1,
plu,e) =<e, ifu=2j+1 ande =27, (2)

1, otherwise.

It is clear that the conditions (s1) and (s2) are satisfied.
Now we investigate (s3).

[label=Case I: itemsep=-.16em,topsep=2pt,itemindent=-1.75em,align=left]
(i) If f =wor f =e, (s3) is satisfied.
(i) If f # w and f # e. (s3) holds when u = e.

Now we may assume that u # e. Then, we have uw # e # f. It is clear that (s3) holds in
each of the following subcases:

[label=(1),itemsep=-.16em,topsep=2pt]
(i) u, f are even and e = 2j + 1.

(ii) w =25 are and e, f are odd.

(iii) u, f are odd and e = 2j.

)

)

)
(iv) u,e, f are even.
(v) u,e are even and f = 25 + 1.
(vi) u,e are odd and f = 2j.

)

(vii) u, f are odd.

Thus d is a controlled metric type space.
Moreover for j =2,3,... we have

_ 1 _ _
d2j+1,4j+1)=1 > Eu(Qj + 1,45 + 1)[d(2j +1,25) +d(24,45 + 1)] (3)

Therefore d is not an extended b-metric space.

Example 2 ([15]). Take Q = {0,1,2}. Consider the function d given as

d(0,0) = d(1,1) = d(2,2) = 0,
d(0,1) = d(1,0),

d(0,2) = d(2,0) =

d(1,2) =d(2,1) =

NN -
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Define a symmetric function p: Q x Q — [1,00) such that

1(0,0) = p(1,1) = p(2,2) = u(0,2) =1,
5
1,2) =-
/’L( I ) 47
11
1)=—.
#(0,1) = 15 (5)
One can easily verify that d is a controlled metric type space.
Since
_ 99 _ _
40.1) = 1> 0L p(0, D[d(0,2) +d(2,1)]. (6)

d is not an extended b-metric.

The concept of Cauchy and convergent sequences in controlled metric type spaces are
defined as follows:
Definition 3 ([15]). Let (2, d) be a controlled metric type space and {u;};>o be a sequence
in §2.

[label=(iii),itemsep=-.16em,topsep=2pt)]

(i) The sequence {u;} converges to some u € € if for all e > 0 3 P = P(e) € N such

that d(u;,u) < e for all j > P, we write 1in(1) u; = u.
1=

(ii) We say that {u;} is Cauchy if for all e > 0 3 P = P(e) € N such that d(u;,u;) < ¢
for all j > P.

(iii) If every Cauchy sequence is convergent then the space (£, d) is called complete.

Definition 4 ([15]). Let (,d) be a controlled metric type space. Let u € Q and € > 0,
C(u,€) is defined as

[label=(iv),itemsep=-.16em,topsep=2pt]
(i) The open ball

C(u,e) = {e € Q,d(u,e) < e}. (7)

(ii) A self mapping T on € is said to be continuous at u € Q if Ve > 0 3§ > 0 such
that T'(C(u,9)) € C(Tu, ¢).

Remark 1. If for all u,e in Q, u(u,e) =t > 1, then it is a b-metric space. Therefore, we
conclude that every b-metric space is controlled metric space. However the converse is not
always true.

Clearly, If a mapping T is continuous at u in the controlled metric type space then
u; — u = Tuj — u as j— o0
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Definition 5 ([16]). Let ® denote the set of all functions, ¢ : [0,00) — [0, 00) such that
[label=(v),itemsep=-.16em,topsep=2pt)]

(i) ¢ is non-decreasing.
(i) For all ¢ > 0 where ¢/ is the jth iterate of (.
Now, we recall the following lemma.
Lemma 1 ([5]). If p € ® then ¢(q) < q for all g € (0,00).
Next, Mlaiki et al. [? ] introduced the following notion.

Definition 6 ([15]). Let Q be a non-empty set and p : 2 x Q — [1,00) be a mapping. A
function ¢ : [0,00) — [0,00) is said to be controlled comparison function if ¢ satisfies the
following conditions

[label=(vi),itemsep=-.16em,topsep=2pt]

(i) ¢ is non-decreasing.

00 ) i )
(i) > @ (q) TT mlwm,wi)p(uj, ujv1) < oo and ]l.i_I}(l)SOJ(Q)#(Uj,UjH) < oo for any se-
i=1 m=1

quence {u;} in Q for all € > 0 and non-negative integer i, ¢’ is the ith iterate of
®.

The set of all controlled comparison functions is denoted by ® which is an extension of
b-comparison function of Berinde.
. > . J .
Note that if ¢ € ® then we have 3772, ¢? < oo, since > ¢’ [ pwl(um,wi) > ¢?(q) ¥
j=1  m=1
q > 0. Hence by Lemma 1, we have p(q) < q.

To show that the family ® is a non-empty set. We present the following example.

Example 3 ([15]). Consider the controlled b-metric space (§2,d) which was defined in
Ezxample 2.

Define the mapping [17] ¢ : [0,00) — [0,00) by ¢(q) = (%) where r < 1.

Note that p(u,e) < 2. Then, we have

J i
: rlq . .
SOJ(Q) H M(umvui)ﬂ(uj7uj+1) < (2]) . 2J+1 = 21"jq.

m=1

Therefore,

J

> (@) [T wCum, wi) (g, ujn) <
j=1

m=1 J

2rjq<oo.

ST

I
R

Similarly, it is not difficult to see that lin%) O (@) p(uj, ujir) < oo.
1=
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3. Main Result

In this section, we shall introduce a new notion of (3, ¢)-expansive mapping in con-
trolled metric space and proved some fixed point result by making use of this notion.

Definition 7 ([16]). Let ® denote all functions, ¢ : [0,00) — [0,00) which satisfy the
following properties

[label=(vii),itemsep=-.16em,topsep=2pt)|

(i) ¢ is non-decreasing.
) ) .
(ii) > ¢’ (a) < oo for each a > 0 where ¢’ is the jth iterate of .
j=1

Lemma 2 ([16]). If ¢ : [0,00) — [0,00) is a non-decreasing function then for each a > 0,

lim ¢/ (a) = 0
j—0

= vla) <a

Definition 8 ([5]). Let (Q,d) be a metric space and T : Q2 — Q be a given mapping. We
say that T is an (B, p)-expansive mapping if 3 two functions ¢ € ® and B : A xQ — [0, 00)
such that

o(d(Tu,Te)) > B(u,e)d(u,e), Y u,ecQ

(8)
Definition 9 ([5]). Let T : Q@ — Q and 5 : Q x Q — [0,00). We say T is said to be (3
admissible if ¥ u,e € Q with B(u,e) > 1 then B(Tu,Te) > 1.

Now we prove our first result.

Theorem 1. Let (2,d) be a complete controlled metric type space and T : Q@ — Q be a
bijective and (B, )-expansive mapping satisfying the following conditions:
[label=(i),itemsep=-.16em,topsep=2pt]

(i) T7!is B admissible,

(ii) Jug € Q such that B(ug, T ug) > 1,

(iii) T is continuous.

Then T has a fixed point, i.e. 3 u € Q) such that Tu =u

Moreover, if for any two fized points of T in Q say a,b, we have B(a,b) > 1 then T
has a unique fized point in §2.
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Proof. Let uy be the point in 2 satisfying condition (ii) in our theorem.

Define a sequence {u;} in Q by Tuj =u;j—1 Vj € N.

First of all, note if 3 j such that u; = u;41, then we are done and u; is the fixed point
of T.

So we may assume that u; #u;4q Vj >0.

Also from the hypothesis of our theorem, we know that B(ug, T ug) = B(uo, u1) > 1,
using the result 7~ ! is 3 admissible. We can easily deduce that for all j > 0 B(uj, ujy1) > 1.

Now using the fact that T is (5, ¢)-expansive mapping.

We deduce that

(ug, wj1)d(ug, wj1)

J(uja uj+1) B
o(d(Tuj, Tujy1))
@

<
<

(d(uj—1,Tuy)).

By repeating the same process, we get
d(uj, ujs1) < @'t(d(ug,ur)), VjeN (9)

Hence for all 4,5 € N with ¢ > j, we have

d(uj,ui) < plug, wjn)d(ug, wjn) + plugen, wi)d(ujn, w)

< pulug, ugn)d(ug, wjen) + p(ugen, wi) (g, wjee)d(uge, ujyo)
+ (g, i) (w2, ui)d(ugpo, i)

< pug, ujtn) 7(% wj1) + (w1, Uz)ﬂ(uj—l—l,uj+2)g<uj+17uj+2)
(g, wg) (o, ) (g, wjes ) Ao, ujes)
(g, i) (o, wi) p(ug e, wi)d(uj s, ;)

< plug, ujr )@ d(uo, ur) + pujin, wipe)p(ujr, ui) o’ d(uo, ur)
+ i, wi) (g, i) (g2, wjes) @’ P2 d(uo, ur) + -

(

+M(Uj+1,ui)ﬂ U]+2,Uz) (uj+3aui)" N(Uif%uifl)ﬁpi_lj(umul)

n
N(ujvuJJrl)‘P 1(uo, u1) Z " d(ug, u1) H 1 (Ui 1) (U, Ung1)

n=j+1 m=j+1
i—2 n
N(ujau]—i-l)(ﬁ d(UOaul + Z‘Pnd uOyul) H N(umaui)ﬂ(umun—kl)
n=1 m=1
J n
.
=Y " d(uo, ur) T 1ty wi) s, tng1)
n=1 m=1
— D=2 = S (10)
where
J - n
S =>_@"d(ug,ur) [ et i) (i, uns1)- (11)
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Since ¢ € ®, we deduce that lim [S;_»,S5;] =0

Z,]HOO
And

Lim {115, p1j41]” d(uo, u1) < oo (12)

J—00

Thus the sequence {u;};>0 is a Cauchy sequence in © and (£2,d) being the complete
controlled metric type space. The {u;} converges to some u € €.
Also note that

d(u, T1) < plu, ujr)d(w, wjpn) + plujpr, T~ u)d(ujen, T )
= p(u, u)d(u,u) + p(u, T u)d(u, T ) . (13)

Proceeding the limit as j — oo, we get d(u,uj41) =0.
And being T is continuous, we conclude that d(u, T~ 'u) = 0, i.e.,

T lu=u
=  T(T7'w)=Tu
=  (TT Yu=Tu
= u = Tu.

Thus wu is a fixed point T.
Now suppose that T" has two fixed points a, b such that S(a,b) > 1.
Now using the fact that T is an (3, ¢)-expansive mapping and [-admisible, we obtain,

< ¢ld(a,b). (14)

Since ¢ € ®, taking the limit in the above inequality, we deduce that d(a,b) = 0 which
implies that a = b.

Thus T has a unique fixed point.

In the next theorem, we shall replace the continuity of T by the following weaker
condition.

If {u;}52, is a sequence in Z such that 8(uj, uj41) > 1 for all j and uj — u as j — oo
then

Now we present an example to prove the validity of our result.
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Example 4. Let (2,d) be the controlled metric type space on 2 = {0,1,2}.
Define the function B : Q x Q — (—o0,00) such that

L if (ue) = (1,1),
- )‘{;0, i (,6) £ (1,1) .

Define the self mapping T on Q and Q@ = {0,1,2} by T(0) =2, T(1)1, T(2) = 0 and the
function ¢(q) = £q and d : Q x Q — [0,00) defined by

d(0,0) :J( ,1)=4d(2,2) =0,

We want to verify that T satisfies the conditions of Theorem 1.
It is clear that T is continuous for ug = 1.
We have B(1,T1(1)) = B8(1,1) =1 > 1.
So T is B-admissible.
Now we verify that T is (B, p)-expansive mapping.
Note that 5(u,e) = B(e,u)

[label=(iv),itemsep=-.16em,topsep=2pt]

(i) Blu,w)d(Tu,Tu) =0 < p(d(u,u)) = ¢(0) =0V u € Q,

(it) A(1,0)d(T1,T0) = 55(d(1,2)) = 55 < d(1,2) = ¢ (3) = 5.
(iii) A(1,2)d(T1,T2) = 5;(d(1,0)) = 55 < ¢d(1,0) = p(1) = 5.
(iv) B(2,0)d(T2,T0) = 55(d(0,2)) = 55 < d(0,2) = ¢ (3) = 35

Therefore, T satisfies the conditions in Theorem 1 and hence it has a unique fixed point

u=1.

Theorem 2. Let (2,d) be a complete Controlled metric type space and be a T : Q — Q
be a bijective and (B, p)-expansive mapping for some ¢ € ®. Suppose that the following
condition holds:

[label=(ii),itemsep=-.16em,topsep=2pt]
(i) T7!is B-admissible,
(i) 3 ug € Q such that B(ug, T ug) > 1,

(iif) If {u;}32; is a sequence in €2 such that B(uj,uj11) > 1 for all j and {u;} — u as
j — oo then B(Ttuj, T7u) > 1V j.
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Then T has a fixed point.

Proof. In proving the result, we follow the same steps as in the proof of Theorem 1 to
construct a sequence {u,; }3";1 that converges to a point u, u € €. The constructed sequence
has the property S(uj,uj+1) > 1, for all natural numbers j. The last assumption of the
result implies that B(T'u;, T~ u) > 1.

Now, we will prove that u is a fixed point of T'.

The triangle inequality implies that

(T u,u) < (T g )d(T ™ uy ug) + p(ug, uw)d(wy, w)

Thus, we get

IAIA CIA TN

Continuity of ¢ at u = 0 implies that d(T'u,u) =0 as j — +oo i.e. T lu = u.
Consider Tu = T(T " u) = (TT Hu = w.
Hence the result is proved.

Example 5. Let Q = [0,00) with controlled metric space d : Q x Q — [0,00) defined by
d=|u—-e|V uecQ along with the mapping pu : Q x Q — [1,00) and define T : Q — Q
is (B, p)-expansive mapping with ¢ € ® by

and

1
B(u,e) = {0’ we= [03),

1, otherwise.

Clearly T is not continuous at % and T is (B3, ¢)-expansive mapping with p(r) = 5V r > 0.
Moreover for all u,e € ), we have

%(d(Tu, Te)) > Blu, )d(u, e).

Also there exist ug € Q such that B(uo, T~ ug) > 1. Infact for ug = 1, we have B(1,T~11) =
1.
Now, let u,e € Q such that B(u,e) > 1. This implies that w > 1, e > 1.
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And by definition of T~ and 8, we have
T_lu:uézl, Tle=e3>1 and BT, T =

i.e. T~' is B-admissible.

Finally, let {u;} be a sequence in Q such that f(u;,ujr1) > 1V j and {u;} — u € Q
as j — oo.

Since f(uj,ujr1) > 1V j by the definition of 5, we have uj > 1V j and u > 1 then
BT uj, Tlu) = 1.

Therefore, all the conditions of Theorem 2 are satisfied. So that T has the fixzed points.
Here 0,1 are two fized points of T'.

To ensure the uniqueness of the fixed point in Theorem 2, we consider the following
condition:

(N): For all g,e € Q, there exist w € €2 such that 8(g,w) > 1 and S(e,w) > 1.

Theorem 3. Adding the hypothesis of Theorem 2 to the condition (N), we yield the
uniqueness of the fixed point of T.

Proof. In this theorem, we will the prove of uniqueness of fixed points, i.e.
T(g) =g, T(e)=e, Vg,ec.

From the condition () there exist w € Q such that 5(g,w) > 1 and S(e, w) > 1.
Using the B-admissible property of 77!, we get

Blg, T 'w) >1 and Ble,T 'w) > 1.
Therefore by repeatedly using 3-admissible property of 1, we get
B(g, T9w) > 1 and Be, T 7w) >1 VjeN. (17)

Using the inequality of equations (8) and (17), we get

(d(g, T w)) < B(g, T w)d(g, T w)
< (d(Tg, T w))
= o(d(g, T+ w))
< (d(g, T w)).

By the repetition of above inequality, we get
(dlg, T™w)) < p(d(g,w)) ¥ jeN.

Thus we have,
T7w—g asj— .
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Similarly we may obtain, ‘
T7w—e asj— oo.

From the uniqueness of the limit of 777w, we get

g=e.

Hence the proof.

4. Consequences

Now we present the following as an immediate consequence of Theorem 1.

Corollary 1. Let (2,d) be a complete controlled metric type spaces and T : @ — Q be a
bijective and B : Q x  — [0,00) mappings satisfying the following conditions:

[label=(1),itemsep=-.16em,topsep=2pt]

(i) T is continuous.

(ii) 3 ¢ € ® such that p(d(Tu,Te)) > [(u,e)d(u,e) ¥V u,e € Q.
Then T has a unique fized point.

Proof. Define the function 8 : Q x Q — [0,00) by B(u,e) = 1.
Note that T~ ! is S-admissible. Moreover, T satisfies all the conditions of Theorem 1,
so T has a unique fixed point.

5. Application

Consider the non-linear Volterra Integral Equation

_ 7w
u(q)—/o mdl, q €1[0,2].

Let © = C([0, 2], R) space of continuous real-valued functions on [0, 2] and

d(u> 6) = Sup ’u(Q)a e(Q)|7 Vge [07 2]'

Define T : Q — Q by

¢ u(l)
(Tu)q :/ dl, qe€]0,2].
o 1+ fu(l)|
Define 8: Q2 x Q — [0,00) by B(u,e) = 3 and ¢ : [0,00) — [0,00) by ¢(q) = 2.
Define a symmetric function p: Q x Q — [1,00) by p(u,e) =2V u,e € [0,2].
Clearly ¢(q) is an increasing and continuous function of ¢ and ¢(0) = 0 and ¢(q) < ¢
YV q > 0.
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Now

d(u,e) = sup lu(q) —e(q)] V¥ qel0,2]

- ‘ </0 ) (|le)<Z>|‘”> ‘

= sup |(Tu)(q)(Te)(q)|
< [(Tw)(q)(Te)(q)]

Now

= B(u,e) d(u,e)
= o(d(Tu,Te)) > B(u,e)d(u,e).

Thus T : Q — Q is (3, p)-expansive mapping. Thus T has atleast one fixed point. Clearly
T'(0) = 0 and hence 0 is the unique fixed point of T'.

6. Conclusion

Fixed point results in the setting of controlled metric space using (f, ¢)-expansive
mappings have been established in this manuscript. The derived results have been sup-
plemented with suitable non trivial example and the result is applied to find analytical
solution of integral equation. It will be open problem to extend the result in the generalised
forms of controlled metric and metric like spaces and find application to integro-differential
equations.
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