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1. Introduction

The study of distributive lattices has its origin in the classical work of Birkhoff [1],
who established fundamental results that shaped modern lattice theory. Building on these
foundations, Stone lattices were introduced and studied in depth by Balbes and Horn [2],
following earlier contributions by Bruns [3], Chen and Grétzer [4], Varlet [5], and Speed [6].
These works explored ideal representations, prime ideals, and structural characterizations
of distributive lattices with pseudo-complements. Grétzer [7] further generalized Stone’s
representation theorem for Boolean algebras, while Swamy and Manikyamba [8] provided
prime ideal characterizations of Stone lattices. Frink [9] introduced pseudo-complements
in semi-lattices, thereby extending the algebraic toolkit available for distributive lattice
theory.

Connections with ring theory were established through the notion of regular rings intro-
duced by von Neumann [10], which furnished natural examples of algebraic systems whose
lattice of ideals exhibits Stone-like properties. At the same time, Burris and Sankap-
panavar [11] placed these developments within the broader scope of universal algebra,
thereby highlighting the importance of distributive lattices and their extensions in a gen-
eral algebraic framework.

In more recent years, significant progress has been made in extending classical lattice
theory to new structures. Bandaru and Ajjarapu [12] introduced the concept of paradis-
tributive latticoid as a generalization of distributive lattice. Also, Bandaru et al. [13]
studied their normal forms. Ajjarapu et al. [14] subsequently developed the notion of
parapseudo-complementation on paradistributive latticoids, thereby generalizing the clas-
sical ideas of pseudo-complementation to this broader framework. Also, Ajjarapu et al.
[15] studied topological properties of prime filters and minimal prime filters on a paradis-
tributive latticoid. These advances represent a natural evolution of the classical results on
Stone lattices [2-9], adapted to the setting of paradistributive latticoids.

The present paper continues this line of research by introducing and studying the class
of Stone PDLs (Stone paradistributive latticoids). We aim to provide algebraic, topolog-
ical, and prime filter characterizations of these structures. Our results unify and extend
earlier work on Stone lattices and pseudo-complements into the framework of paradis-
tributive latticoids [12-14], while also connecting with lattice theory [1], universal algebra
[11], and regular rings [10].

2. Preliminaries

First, we recall the necessary definitions and results from [12].

Definition 1. [12] An algebra (L,V, A, 1) of type (2,2,0) is called a Paradistributive Lat-
ticoid, abbreviated as PDL, if it assures the subsequent axioms:

(LDV) zV (yAz)=(xVy) A(xVz),

(RDV) (x ANy)Vz=(xVz)A(yV=z),

(L1) (zVy) ANy =y,

(L2) (zVy) ANz =z,
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(L3) .T\/(I'/\y) =T,
(I1) xv1=1,
for any x,y,z € L.

For any x,y € L, we say that x is less than or equal to y and write z <y ifz Ay ==«
or equivalently z Vy = y and it can be easily observed that < is a partial order on L. We
can observe that the element 1, in Definition 1, is the greatest element with respect to the
partial ordering <.

Example 1. [12] Let L be a non-empty set. Fix some element g € L. Then, for any
z,y € L define V and A on L by

X
EVy = y#£g
g y=g
and
cny =17 y7#9g
T y=gyg

Then (L,V,A,g) is a disconnected PDL with g as its greatest element.

According to Lemma 7, Theorem 1, Lemma 8, Theorem 4, Corollary 8, Lemma 9, and
Lemma 10 of [12], the following Lemma holds.

Lemma 1. [12] Let (L,V,A\,1) be a PDL. Then for any x,y, z,s € L, we have the follow-
mg:

1Az ==z,

(2) zAN1 =z,

3)1ve=1,

(4) (@Vy)hz=(xA2)V(yAz2),

(B)zV(ynz)=aV(zAy),

(6) the operation V is associative in L i.e., xV (yVz)=(xVy)V z,

(7) the set Ly ={x € L|a <z} ={aVa|x € L} is a distributive lattice under induced
operations V and N\ with a as its least element,

B) sv{zA(yrz)}=sV{(xAy) Az},

9 zV(yVz)=aV(zVy),

(10) xVy=1ifand only ifyvVa =1,

(11) z ANy = y A x whenever x Vy = 1.

Theorem 1. [12] An algebra (L,V, A, 1) of type (2,2,0) is a PDL if and only if it satisfies
the following:

(LDV) xzV(yAz)=(xVy) A(zV=z),

(RDV) (xANy)Vz=(xVz)A(yV=z),

(RDA) (xVy)ANz=(xANz)V(yA=z),
(L1) (zVy) ANy =y,
(L3) zV(zNy) ==,
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(Il) zV1=1,
() 1 Nz ==z,
forall x,y,z € L.

Definition 2. [12] A paradistributive latticoid (L,V,A\,1) is said to be associative if it
satisfies the following condition

s AYNz)=(xANy) Az
for all x,y,z € L.

Definition 3. [12] Let L be a PDL. Then, an element a € L is said to be a minimal
element if for anyx € L, x <a =z = a.

Lemma 2. [12] Let L be a PDL. Then, for any a € L, the following are equivalent:
(1) a is minimal,

(2) zANa=a forallz e L,

3)xVa=ux forallz e L.

Definition 4. [12] A non-empty subset F' of a PDL L is said to be a filter if it satisfies
the following:
r,y e F=xNy€F,
reF,ael=aVxeePF.

Theorem 2. [12] Let S be a non-empty subset of L. Then
[S) = {zvVv (7\1 si) | si € S,x € L,n is a positive integer}
1=

is the smallest filter of L containing S.

Note that if S = {z}, then we write [S) = [z), the principal ideal of L generated by x.
Hence, [z) ={aVx|a€ L}.
According to Corollary 8 and Lemma 12 of [12], the following Lemma holds.

Lemma 3. [12] Let L be a PDL and F be a filter of L. Then for any x,y € L, we have
the following:

(1) x € [y) if and only if x =x V' y for all x,y € L,

(2) xVy € Fifand only ifyvVx € F,

(3) [zVy) =lyVvz),

(4) zry)=yrz)=[2)Vy).

Theorem 3. [12] The collection F(L) of all filters of a PDL L forms a distributive lattice

under set inclusion, in which, the glb and lub of any two filters F and G are given by
FAG=FNGand FVG={zANy|x€F andy € G}, respectively.

Definition 5. [12] A non-empty subset I of a PDL L is said to be an ideal if it satisfies
the following:
z,yel=xVyel,
rel,aeL=xANa€cl.
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Theorem 4. [12] Let S be a non-empty subset of L. Then

= \7; si)Nx|s;€S,x e L,n is a positive integer
S v
1=

s the smallest ideal of L containing S.

Note that if S = {x}, then we write (S] = (], the principal ideal of L generated by =.
Hence, (z] ={z Az |z € L}.

According to Corollary 5, Lemma 11, and Corollary 6 of [12], the following lemma
holds.

Lemma 4. [12] Let L be a PDL and I be an ideal of L. Then, for any x,y € L, we have
the following:

(1) z € (y] if and only if x =y Nz,

(2) x Ay eI if and only ify Nz € 1,

(3) (2 Ag) = (y A 2] = (2] A (3],

Theorem 5. [12] The collection I(L) of all ideals of a PDL L forms a distributive lattice
under set inclusion, in which, the glb and lub of any two ideals I and J are given by
INT=INJandIVJ={xzVy|xelandy € J}, respectively.

A proper filter(ideal) P of L is said to be a prime filter(ideal) if for any z,y € L,
xVy € PlxNy e P)=x € Pory € P. A proper filter(ideal) M of L is said to be
maximal if it is not properly contained in any proper filter(ideal) of L. A prime filter P
of L is said to be minimal if it is minimal among all the prime filters of L. A prime filter
P is said to be a minimal prime filter belonging to a filter I if it is minimal among all the
prime filters of L containing I. A prime filter P of L is a minimal prime filter if and only
if for each = € P, there exists y ¢ P such that z Vy = 1.

Lemma 5. [1/] Let L be a PDL and A C L. Then
(1) A*={teL|tVae=1 foralxec A} is a filter of L.
(2) for any z,y € L, [z ANy|* = [z]* N [y]®, where

[zAy]*={teL|tVv(zAny) =1}
(3) for any x,y € L, [z Vy]*" = [x]*" N[y]*", where
Ay ={teL|tVz=1 forallzelxny}.

Definition 6. [1/] Let (L,V,A,1) be a paradistributive latticoid (PDL) and consider
a unary operation denoted as x +— x* on L. This operation is called a parapseudo-
complementation on L if it satisfies the following conditions:

(PPCy) If tVy =1, then z V y* = .

(PPCQ) zVat=1.

(PPC3) (z Ay)* =% vyt
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Definition 7. [1/] By a homomorphism of a PDL (L,V,A,1) into a PDL (L',V',N',1'),
we mean, a mapping f : L — L' satisfying the following:

(1) flavd)=f(a) V' f(b),

(2) flanb) = f(a) N f(b),

(3) f(1) = f(1).

3. Stone PDL

Let us consider that by L we mean a paradistributive latticoid (L, A,V,m,1) with a
parapseudo-complementation ¢, 1 is the greatest element, and m is a minimal element in
L, until otherwise specified.

Definition 8. L with a parapseudo-complementation ¢ said to be a Stone PDL if % A
z** = 1% for all x € L.

Example 2. Let (L,+,-,0,1) be a commutative reqular ring with unity. For any a,b € L,
define
aVb=bya, aAb=a+b—bya, b*=1—Dby.

Then (L,V, A, 1) is a Stone PDL, where by is the unique idempotent element in L associated
with b such that bL = by L.

Example 3. Let A be a non-empty set with at least two elements and B any set. Choose
p,po € AB such that p(t) # po(t), for allt € B. For any a,b € AP and t € B, define

a(t) if b(t) # po(t)

(“V““):{pmw i b(t) = po(t)

b(t) if b(t) # po(t)
a(t) if b(t) = po(t)

M@z%ﬂﬂ#a@#m@
p(t) if a(t) = po(t)

Then (AB, V, A, po) is a Stone PDL in which a — aP is a parapseudo-complementation.

(a A D)(t) = {

Theorem 6. L with a parapseudo-complementation ¢, is a Stone PDL if and only if
PF(L) is a Stone lattice, where PF(L) denotes the set of principal filters of L.

Proof. Suppose first that PF(L) is a Stone lattice with pseudo- complementation
[z) > [2)*. For each 2 € L, note that [2)* = [m V z), where m is the minimal element
of L. Let [)* = [z1) and [2)*® = [z2). Then z* = m V z; and 2% = m V 2o. Now
consider 2 A 2% = (m V x2) A (m V 1) = m V (21 A 22). Since PF(L) is Stone, we have
[1) V [z2) = [z1 A 22) is a minimal filter, which implies z** A 2% = m = 1*. Hence, L
satisfies the Stone condition.



R. Bandaru et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 7135 7 of 14

Conversely, suppose L is a Stone PDL. Then for each x € L the mapping = +— [z) de-
fines a pseudo-complemented distributive lattice of principal filters, and the Stone property
2% A 2% = 1¢ transfers to PF(L). Thus, PF(L) is a Stone lattice.

Theorem 7. L with a parapseudo-complementation 4 is a Stone PDL if and only if
[x]® V [z]*® = L for allx € L.

Proof. Suppose [z]®* V [z]*® = L for all x € L. Let m denote the minimal element

of L. Since m € L, we can write m = a Ab with a € [z]* and b € [z]**. Define
z* := mVa. Then z* is a candidate for the parapseudo-complementation of z. We claim
that 2%* A 2% = 1%, First observe that [z*]* = [b). Indeed, since z* Vb=mVaVvVb=1
(as a Vb€ [z]* N [x]** = {1}), we obtain b € [z*]*. On the other hand, if ¢ € [z*]*, then
z¥Vt =1, hence mVaVt=1 Thus, aVt = 1, which implies ¢t € [b). Therefore,
[z#]* = [b). Now compute z** Az* = (m Vb)) A (mVa) =mV (a Ab) =m = 1*. Hence,
L is a Stone PDL.

Conversely, assume L is a Stone PDL. Then by definition, z** A 2% = 1% = m. This
implies that any ¢ € L can be expressed as a join of elements from [z]® and [z]*®. Thus,
[]® V [z]*® = L.

Theorem 8. L with a parapseudo-complementation 4 is a Stone PDL if and only if
[ Vy]*=[z]*V]y]® for all x,y € L.

Proof. Suppose L is a Stone PDL. Clearly, since x < zVy and y < y V x, we have
[x]*, [y]* C [z Vy]* = [y Vx]° so that [z]* V [y]* C [z V y]*. For the reverse inclusion, let
t € [zVy]*. ThentV (zVy)=1. By the Stone property, we know z* A %% = 1*. Hence,
1=tV(zVy) = (tVy) V(zVaz*tVvae*). This implies t vV 2* € [z]* and t vV 2** € [y]*.
Thus, t = (tV 2*) A (t V 2%*) € [2]* V [y]*. Therefore, [z V y]* C [z]* V [y]*, and equality
holds.

Conversely, suppose the equality [z V y]* = [z]* V [y]® holds for all z,y € L. Take
y = x*. Then [z]* V [z%]* = [z V 2*%]* = [1]* = L. This implies that z** A 2% = 1% ie., L
is a Stone PDL.

4. Prime filter characterization of Stone PDL

In this section, we provide necessary and sufficient conditions for a PDL L with
parapseudo-complementation 4 in which m is a minimal element, to be a Stone PDL
in terms of prime filters in both algebraic and topological aspects.

Recall that if I is a non-empty subset of L which is closed under V, then the relation
0 ={(z,y) € Lx L|xVd=yVdfor some d € I} [12] is a congruence relation on L.
Now we prove the following.

Lemma 6. Let I be a non-empty subset of L that is closed under V, and let P be a prime
filter of L such that P C L\ I. Define P :={x/0; € L/0; | x € P}. Then:

(1) For any x € L, x/0; € P if and only if v € P.

(2) P is a prime filter of L/0;.
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Proof. (1) Suppose z/0; € P. Then there exists y € P such that x/0; = y/0;. Hence,
(z,y) € 01,50 xVd =yVd for some d € I. Since y € P and P is a filter, we have yVvd € P.
Thus, x Vd € P. Asd ¢ P (because P C L\ I), it follows that € P. Conversely, if
x € P, then trivially z/0; € P.

(2) From (1), membership is preserved under the mapping P + P. As P is a prime
filter of L, it follows directly that P is a prime filter of L/6;.

Theorem 9. Let I be a non-empty subset of L closed under V. Let E be the set of prime
filters of L contained in L \ I, and let G be the set of prime filters of L/0;. Then the map
f:E— G, f(P)= P, is an order isomorphism with respect to inclusion.

Proof. By Lemma 6, f is well-defined. If P,Q € E, then P C Q <= P C Q,
so f is order-preserving and order-reflecting. To show surjectivity, let M € G. Define
P:={x e L|x/0; € M}. Then P is a prime filter of L. If PN I # @&, pick x € PN I.
Then for any y € L, (y V x,y) € 01, so y/0r = (yVx)/0r € M. Thus, M = L/0;, a
contradiction since M is proper. Hence, P C L\ I, i.e., P € E, and f(P) = P = M.
Therefore, f is a bijection and an order isomorphism.

Definition 9. Two filters F,G of L are said to be co-maximal if FV G = L.

Theorem 10. L with a parapseudo-complementation 4 is a Stone PDL if and only if any
two distinct minimal prime filters of L are co-maximal.

Proof. (<) Suppose L is not a Stone PDL. Then there exists € L such that [z]|* V
[z]*® # L. Hence, there is a prime filter R of L with [z]*V[z]*®* C R. Since L is not a Stone
PDL, there exists #’ € L with [z]*® = [2/]*, so [z]* V [2/]* C R. Thus, z,2’ € R and neither
is equal to 1. Now set I = L\ R. Then [ is a prime ideal, and 67 is a congruence. Since
x/0; # 1/6; and 2’/0; # 1/6;, there exist prime filters P, Q of L/6; such that x/60; ¢ P
and 2//0; ¢ Q. By Theorem 9, there exist minimal prime filters P’, Q" of L contained in
R with f(P') = P, f(Q') = Q. Then P’,@Q’ are distinct minimal prime filters of L such
that P’V Q' C R # L, so they are not co-maximal.

(=) Conversely, assume L is a Stone PDL, and let P, @ be distinct minimal prime
filters. Pick a € P\ Q. Then a* € Q. Since L \ P is a maximal prime ideal, there exists
t€ L\ P withaVt=1. But then a* € L\ P, s0 a* ¢ P. As a* Vv a*® = 1, it follows that
1* € PV Q, hence PV Q = L. Therefore, distinct minimal prime filters are co-maximal.

In the following lemma, we establish some relations between the prime filters of L and
prime filters of B[m, 1] (the Boolean algebra of all complemented elements of the bounded
distributive lattice [m, 1]), which leads to another characterization of Stone PDLs, in terms
of minimal prime filters.

Lemma 7. Let L be a PDL with a minimal element m, and let P € Y, where Y is the set
of all prime filters of L. Then P¢:= P N B[m,1] is a prime filter of the Boolean algebra
B[m,1].
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Proof. Since P is a prime filter of L, it is nonempty, proper, and closed under finite
meets. Also, for any a,b € L, if aVb € P, then a € P or b € P. Now, B[m,1] is a
Boolean algebra with least element m and greatest element 1. Since P is a filter of L, its
intersection with B[m, 1] is nonempty (as 1 € P N B[m,1]) and proper (as m ¢ P). Let
a,b € P°. ThenaAbe Pand aAb e Bm,1],soaAbe P If a € P°and a < ¢ in
B[m, 1], then ¢ € P (since P is upward closed) and ¢ € B[m, 1], so ¢ € P°. Finally, if
aVbe P fora,be Blm,1], then avVbe P,soa € P orbé& P, hence a € P°or b e P°.
Thus, P€ is a prime filter of B[m, 1].

Lemma 8. Let L be a Stone PDL and let Q be a prime filter of B[1%,1]. Define
Q°:={zxValaeQ, zelL}
Then Q€ is a minimal prime filter of L.

Proof. We first show that Q¢ is a proper filter of L.

Properness: If 1¢ € Q¢, then 1% = 2 V a for some a € Q, € L. But then 1* Va =
zVaVa=zVa=1* implying 1% € Q, a contradiction since 1* is the least element of
B[1*,1]. Hence, 1* ¢ Q°, so Q° is proper.

Filter properties:

o If xVa,yVbe Q° then their meet is
(xVa)AN(yVvbd)=(xAyVb))V(aA(yVvbd)=(xA(yVbd)V(yVd) Aa).
Since a A b € (), the expression lies in Q°.
e lfxVac@fandte L, thentVaVaeQ soQ°is upward closed.

Primality: Suppose z Vy € Q¢ Then xVy =tV a for some a € @, t € L. Then
z¥ vyt = (2 vy = (tVva)*® =14 v et = 1* v o c Q. Since z**, y** c B[1%,1],
primality of @ implies 2%* € Q or y** € Q, so x € Q¢ or y € Q°.

Minimality: Let x € Q¢, so x =tV a for some a € Q, t € L. Let a’ be the complement
of ain B[1*,1]. Then zVa' =tVaVa =1,s0d € [2]*. Ifd’ € Q°, then o’ = sV b for
somebeQ,s€L,andd Vb=sVbVb=d, sod € Q, a contradiction. Hence, o’ ¢ Q°,
so [2]*\ Q° # 0, and thus Q° is minimal.

Lemma 9. Let Q be a prime filter of B[1%,1]. Then Q¢ is the smallest filter of L con-
taining Q.

Proof. Clearly QQ C Q°, since for a € ), we have a = m V a € Q°. Now suppose H is a
filter of L containing (). Let x Va € Q° with a € Q, x € L. Since a € H and H is a filter,
aVx € H. Hence, Q¢ C H. Therefore, Q¢ is the smallest filter of L containing Q.

Remark 1. Let L be a PDL with a minimal element m. Then for any P € Y, P C P.
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Theorem 11. Let L be a PDL with a parapseudo-complementation 4 in which m is a
minimal element, and let M be the set of minimal prime filters of L. Then L is a Stone
PDL if and only if P = P for all P € M, where P° = PN B[m,1] and P* = {z V a |
a€ P xel}.

Proof. (=) Suppose L is a Stone PDL and let P € M. By Lemma 7, P¢ is a prime
filter of B[m,1]. By Lemma 8, P is a minimal prime filter of L. Since P C P (as
a € P¢ C P implies  V a € P for all z € L) and both are minimal prime filters, we have
P =p.

(<) Suppose P = P for all P € M. Let P,Q € M with P # Q. Then P¢ # Q°.
Without loss of generality, choose a € P¢\ Q°. Let a’ be the complement of a in B[m, 1].
Then o’ € Q¢, and since a € P and d’ € QQ, we have m = aAad’ € PV Q, hence PV (Q = L.
By Theorem 10, L is a Stone PDL.

In the following, we give another characterization of Stone PDLs. First, we prove the
following.

Lemma 10. Let L be a PDL with a minimal element m, and let a € L. Then Y, =Y if
and only if a is a minimal element, where Yo, = {P €Y | a ¢ P} and Y is the set of all
prime filters of L.

Proof. If a is minimal, then Y, =Y, since m ¢ any prime filter. Conversely, if Y, =Y,
then a ¢ P for all prime filters P. This implies a is contained in every prime ideal, hence
in the intersection of all prime ideals, which is the set of minimal elements. Thus, a is
minimal.

Lemma 11. Let L be a PDL with a minimal element m, and let Y be the set of prime
filters of L with the hull-kernel topology. A subset U CY 1is clopen if and only if U =Y,
for some a € Blm, 1].

Proof. Suppose U is clopen in Y. Then U =Y, and Y \ U =Y, for some z,y € L.
Then:

¢ YV, NY, =Y,y =0=2Vvy=1
e Y,UY, =Y\, =Y = 2 Ay is minimal (by Lemma 10)

Since x A y is minimal and z V y = 1, it follows that z,y are complements in B[m, 1], so
U =Y, with x € B[m,1].

Conversely, if a € B[m, 1], then Y, is open and its complement Y, (where o’ is the
complement of a in B[m, 1]) is also open, so Y, is clopen.

Let L be a PDL with a minimal element m and X denote the Boolean space of all prime
filters of the Boolean algebra B[m, 1] with hull-kernel topology on X. That is the topology
for which {X, | a € B[m, 1]} is basis, where for any a € Bm,1], X, ={P € X | a € P}.

We observed that, if P € Y then P¢ = P N B[m,1] is a prime filter of B[m,1] and
hence P°¢ € X. Now we prove the following lemmas.
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Lemma 12. Let L be a PDL with a minimal element m, Y the set of prime filters of
L, and X the Boolean space of prime filters of B[m,1|. The map f :Y — X defined by
f(P) = P¢= Pn Blm,1] is continuous.

Proof. Let X, be a basic open set in X for some a € B[m, 1]. Then:

fﬁl(Xa):{P€Y|f(P)€Xa}
_(PeY|a¢PY)
—(PcY|a¢P)
=Y,

which is open in Y. Hence, f is continuous.

Lemma 13. Assume that for all P € X, P¢ €Y (i.e., P¢ is a prime filter of L). Define
g: X =Y by g(P)= P¢. Then:

(1) fog=ridx

(2) For allx € L, g 1(Y,.) is closed in X.

Proof. (1) Let P € X. Then: (fog)(P)= f(P°) = P°N Blm,1] If a € P°N B[m, 1],
then a = bV t for some b € P, t € L. But since a € Blm, 1], we have a = bV a € P. Thus,
P¢ N B[m,1] C P. The reverse inclusion is clear since P C P¢. Hence, f o g = idx.

(2) Let z € Land P € X\ g7 1(Y,). Then x € P¢, so z =tV a for some a € P, t € L.
Let a’ be the complement of a in B[m, 1]. Then a’ ¢ P, so P € X,. For any Q € X/, we
have a’ ¢ Q, 80 a € Q, hence x =tVa € Q° s0 Q ¢ g~ (Yz). Thus, Xp C X \ g~ 1(Ya),
showing that g—!(Y;) is closed.

Theorem 12. L with a parapseudo-complementation 4 in which m is a minimal element,
and assume that P¢ € Y for all P € X, where X is the Boolean space of prime filters of
B[m,1] and Y is the set of prime filters of L. Then the following are equivalent:

(1) L is a Stone PDL

(2) For every x € L, there exists a least element a € Blm, 1] such that x V a =1

(3) The map g: X — 'Y defined by g(P) = P¢ is continuous.

Proof. (1) = (2): Assume L is a Stone PDL. For any = € L, we have zVz* = 1. Since
L is Stone, z* A z%* = 1%, and 2% € B[1%,1] C B[m, 1]. If a € B[m, 1] satisfies  VV a = 1,
then z* V a = a, so a < z*. Thus, z* is the least such element in B[m, 1].

(2) = (3): Assume (2) holds. Let z € L and P € g~ (Y,). Then z ¢ g(P) = P¢. By
(2), there exists a least element a, € B[m, 1] such that x V a, = 1. Since x ¢ P°, we must
have a, € P¢, hence a, € P° N B[m,1] = P. Let al, be the complement of a, in B[m,1].
Then a), ¢ P,s0o P € X .

Now, if @ € X, then af, ¢ Q, s0 a, € Q. If x € Q°, then x = ¢V b for some b € Q,
t € L,and x VI = 1 where ¥/ is the complement of b. Then V' < a,, so a, ¢ Q (since
b € Q), a contradiction. Hence, z ¢ Q¢, so Q € g~'(Y,). Thus, Xar C g 1(Y%), showing
g~ 1(Y,) is open.
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(3) = (1): Assume g is continuous. For each x € L, g~ (Y;) is clopen in X (open by
continuity, closed by Lemma 13). By Lemma 11, there exists a unique a, € B[m, 1] such
that g~ (V) = X,,. Define z* = a’,, where a/, is the complement of a, in B[m,1].

We verify that ¢ is a parapseudo-complementation:

o 2V 2% = 1: If not, there exists P € Y with z V al, ¢ P, leading to a contradiction.

o If 2V y =1, then 2% V y = y: Follows from the minimality of a,.
o (zAy)* =2z*Vvy*: Since 9 Yany) =9 1Y) Ug (V) = X,, U Xa, = Xagnay-

Finally, z* A 2% = o/, A (a},)* = a/, ANa, = m = 1%, so L is a Stone PDL.

Lemma 14. Let L be a PDL with minimal element m, x € L, and a € B[m,1]. Let
M, ={P € M |x ¢ P}, where M is the set of minimal prime filters of L. Then aVz = x
if and only if M, C M,.

Proof. (=): Suppose a Ve =x. Then a < z. If P € M,, then = ¢ P, so a ¢ P (since
P is upward closed), hence P € M,. Thus, M, C M,.

(«<): Suppose M, C M,. Then every minimal prime filter containing x also contains
a, which implies ¢ < z in the order of L. Hence, a V x = .

Definition 10. A subspace S of a topological space T is said to be a retract of T if there
exists a continuous map 6 : T'— S such that 8(a) = a for alla € S.

Recall that M is a subspace of Y under the induced topology Y. In this, basic open
sets are {My|a € L} where, for any a € L, M, = M NY,. Finally, we conclude with the
following theorem, which is another characterization of Stone PDLs in terms of minimal
prime filters.

Theorem 13. Let L be a PDL with a parapseudo-complementation 4 in which m is a
minimal element, Y the set of prime filters of L, and M C Y the set of minimal prime
filters. Then the following are equivalent:

(1) L is a Stone PDL

(2) M is a retract of Y

(3) The restriction f|pr : M — X is a homeomorphism.

Proof. (1) = (2): Assume L is a Stone PDL. By Theorem 10, every prime filter
contains a unique minimal prime filter. Define § : Y — M by 6(P) = the unique minimal
prime filter contained in P. For P € M, §(P) = P. To show continuity, let z € L and
consider M, = {Q € M | x ¢ Q}. Then:

0 (M) ={PeY|z¢fP)}={PecY|z*ch(P)}="Y,e

which is open in Y. Hence, 6 is continuous, and M is a retract of Y.
(2) = (3): Assume there exists a continuous retraction 6 : Y — M. The map f|p :
M — X is continuous since (f|a) 1 (Xa) = M.



R. Bandaru et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 7135 13 of 14

To show injectivity, let Py, P, € M with f(Py) = f(P). For any x € P, M, is clopen
in M, so §~1(M,) = Y, for some a € B[m,1] by Lemma 11. Since P; € M,, we have
a € Py, hence a € f(P1) = f(P2), so a € Py, thus P, ¢ Y,, meaning P, € M, so x € Ps.
By symmetry, P = Ps.

To show surjectivity, for P € X, P¢ is a minimal prime filter (by previous results),
and f(P¢) = P. Thus, f|u is bijective.

Openness follows from showing f(M,) = X,, for some a, € B[m, 1], making f|y a
homeomorphism.

(3) = (1): Assume f|p : M — X is a homeomorphism. For z € L, f(M,) = X,,
for some unique a, € B[m,1]. Define ¢ = a’,. One verifies that 4 is a parapseudo-
complementation satisfying the Stone condition z* A z%* = 1*. Hence, L is a Stone
PDL.

5. Conclusion

In this work, we have introduced and systematically investigated the class of Stone
paradistributive latticoids (Stone PDLs) as a unifying extension of Stone lattices within
the framework of paradistributive latticoids equipped with parapseudo-complementation.
Through a series of equivalent algebraic, filter-theoretic, and topological characterizations—
including conditions on principal filters, co-maximality of minimal prime filters, and retract
properties of prime filter spaces—we demonstrated how classical Stone-type representa-
tions can be lifted to this more general setting. These findings establish a coherent bridge
between lattice theory and algebraic topology, offering a robust platform for future de-
velopments. Directions for further research include the study of categorical dualities,
refinement of spectral representations, and applications to algebraic logic, regular rings,
and beyond.
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