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Abstract. In this paper, we investigate the existence, uniqueness, and stability of solutions for
a class of sequential fractional Hahn integro-difference boundary value problems. To facilitate
the analysis, several key properties of the fractional Hahn integral are derived and utilized as
computational tools. The considered problem involves a combination of three distinct fractional
Hahn difference operators together with two fractional Hahn integrals of varying orders, which
provides a richer framework than existing studies. By applying both the Banach fixed point
theorem and the Schauder fixed point theorem, we establish rigorous conditions ensuring the
existence and uniqueness of solutions. Furthermore, we demonstrate the Hyers–Ulam stability of
the proposed model, highlighting its robustness under perturbations. An illustrative example is
also provided to confirm the effectiveness and applicability of the theoretical results.
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Introduction

Quantum calculus focuses on calculus without the concept of limits, addressing a class
of non-differentiable functions. Quantum operators play a significant role in various mathe-
matical areas, including hypergeometric series, complex analysis, orthogonal polynomials,
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combinatorics, hypergeometric functions, and the calculus of variations. Additionally,
quantum calculus has practical applications in fields such as quantum mechanics and par-
ticle physics [1]-[12].

The Hahn difference operator was introduced by Wolfgang Hahn in 1949 [13] as a
unification of two significant operators in the study of difference calculus: the forward
difference operator and the Jackson q-difference operator. Hahn’s work aimed to generalize
and extend the applicability of these operators, providing a powerful tool for analyzing
sequences and functions within the framework of q-calculus and difference equations. This
operator has since become a fundamental concept in the study of discrete mathematics
and mathematical analysis. The Hahn difference operator is define by

Dq,ωf(t) =
f(qt+ ω)− f(t)

t(q − 1) + ω
, t ̸= ω0 :=

ω

1− q
.

We point out that

Dq,ωf(t) = ∆ωf(t) whenever q = 1, Dq,ωf(t) = Dqf(t) whenever ω = 0

and Dq,ωf(t) = f ′(t) whenever q = 1, ω → 0.

The Hahn difference operator has been employed in the study of families of orthogonal
polynomials and in addressing various approximation problems, see [14]-[16].

In 2009, Aldwoah [17]-[18] proposed the right inverse of the Hahn difference operator.
This operator is expressed in terms of the Jackson q-integral, which incorporates the right
inverse of Dq [19] and the Nörlund sum, which involves the right inverse of ∆ω [19].

In 2010, Malinowska and Torres [20]-[21] introduced the Hahn quantum variational
calculus. Subsequently, in 2013, Malinowska and Martins [22] presented the generalized
transversality conditions for this calculus. Furthermore, Hamza and Ahmed [23]- [24] de-
veloped the theory of linear Hahn difference equations. These authors also examined the
existence and uniqueness of solutions for initial value problems related to Hahn difference
equations by utilizing the method of successive approximations. Additionally, they estab-
lished Gronwall’s and Bernoulli’s inequalities within the framework of the Hahn difference
operator and explored the mean value theorems associated with this calculus. In 2016,
Hamza and Makharesh [25] investigated Leibniz’s rule and Fubini’s theorem in the context
of the Hahn difference operator. In the same year, Sitthiwirattham [26] conducted a study
on the nonlocal boundary value problem (BVP) for nonlinear Hahn difference equations.

In 2010, Čermák and Nechvátal [27] introduced the fractional (q, h)-difference operator
and the fractional (q, h)-integral for q > 1. Subsequently, in 2011, Čermák, Kisela and
Nechvátal [28] investigated linear fractional difference equations involving discrete Mittag-
Leffler functions for q > 1. During the same period, Rahmat [29]-[30] proposed the (q, h)-
Laplace transform along with several (q, h)-analogues of integral inequalities on discrete
time scales for q > 1. In 2016, Du et al. [31] conducted a study on the monotonicity and
convexity for nabla fractional (q, h)-difference for q > 0, q ̸= 1. It is worth noting that since
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fractional Hahn operators requires the condition 0 < q < 1, the aforementioned opertors
are not classified as fractional Hahn operators. Recently, the fractional Hahn operators
have been introduced by Brikshavana and Sitthiwirattham [32]. Several research papers
focus on boundary value problems (BVPs) for fractional Hahn difference equations, such
as [33]-[38].

In this paper, we aim to deepen our understanding of fractional Hahn operators by
examining the BVP associated with fractional Hahn difference equations. Specifically,
we focus on the Riemann-Liouville fractional Hahn integral boundary condition for a
sequential fractional Hahn integro difference equation of the form

Dα
q,ωD

β
q,ωu(t) = F

[
t, u(t),Ψγ

q,ωu(t), D
ν
q,ωu(t)

]
, t ∈ ITq,ω,

u(ω0) = u(T ) (0.1)

Iθ
q,ωg(η)u(η) = φ(u), η ∈ ITq,ω − {ω0, T}

where [ω0, T ]q,ω := {qkT + ω[k]q : k ∈ N0} ∪ {ω0}; 0 < q < 1, ω > 0; α, β, γ, ν, θ ∈ (0, 1];
F ∈ C

(
[ω0, T ]q,ω × R × R × R,R

)
and g ∈ C

(
[ω0, T ]q,ω,R+

)
are given functions; φ :

C
(
[ω0, T ]q,ω,R

)
→ R are given functionals; and for ϕ ∈ C

(
[ω0, T ]q,ω × [ω0, T ]q,ω, [0,∞)

)
,

we define an operator of the (q, ω)-integral of the product of functions ϕ and u as

(
Ψγ

q,ωu
)
(t) :=

(
Iγ
q,ωϕu

)
(t) =

1

Γq(γ)

∫ t

ω0

(
t− σq,ω(s)

)γ−1

q,ω
ϕ(t, s)u(s) dq,ωs. (0.2)

In Section 2, we present the foundational definitions, properties, and lemmas that serve
as the basis for this study. In Section 3, we demonstrate the existence results of problem
(0.1) and (0.2), respectively. Specifically, we establish the existence and uniqueness of a
solution using the Banach Fixed Point Theorem, and prove the existence of at least one
solution through the application of the Schauder Fixed Point Theorem. In Section 4, the
stability of our problem is also studied based on Hyers-Ulam stability analysis. Finally,
illustrative examples are provided in the concluding section to highlight the applicability
of our results.

1. Preliminaries

In this section, we suggest some notations, definitions, and lemmas which are used in
the main results. Let q ∈ (0, 1), ω > 0 and define

[n]q :=
1− qn

1− q
= qn−1 + ...+ q + 1 and [n]q! :=

n∏
k=1

1− qk

1− q
, n ∈ R.

The q-analogue of the power function (a− b)
n
q with n ∈ N0 := [0, 1, 2, ...] is defined by

(a− b)0q := 1, (a− b)nq :=
n−1∏
k=0

(a− bqk), a, b ∈ R.
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The q, ω-analogue of the power function (a− b)
n
q,ω with n ∈ N0 := [0, 1, 2, ...] is defined by

(a− b)0q,ω := 1, (a− b)nq,ω :=
n−1∏
k=0

[
a− (bqk + ω[k]q)

]
, a, b ∈ N.

In general, for α ∈ R, we define

(a− b)αq = aα
∞∏
n=0

1−
(
b
a

)
qn

1−
(
b
a

)
qα+n

, a ̸= 0,

(a− b)αq,ω = (a− ω0)
α

∞∏
n=0

1−
(

b−ω0
a−ω0

)
qn

1−
(

b−ω0
a−ω0

)
qα+n

=
(
(a− ω0)− (b− ω0)

)α
q
, a ̸= ω0.

We note that, a
α
q = aα and (a−ω0)

α
q,ω = (a−ω0)

α and use the notation (0)
α
q = (ω0)

α
q,ω = 0

for α > 0. The q-gamma and q-beta functions are defined by

Γq(x) :=
(1− q)

x−1
q

(1− q)x−1
, x ∈ R \ {0,−1,−2, ...},

Bq(x, s) :=

∫ 1

0
tx−1(1− qt)

s−1
q dqt =

Γq(x)Γq(s)

Γq(x+ s)
.

Definition 1. For q ∈ (0, 1), ω > 0 and f defined on an interval I ⊆ R which containing
ω0 :=

ω
1−q , the Hahn difference of f is defined by

Dq,ωf(t) =
f(qt+ ω)− f(t)

t(q − 1) + ω
for t ̸= ω0,

and Dq,ωf(ω0) = f ′(ω0). Providing that f is differentiable at ω0, we call Dq,ωf the q, ω-
derivative of f , and say that f is q, ω-differentiable on I.

Remarks We give some properties for the Hahn difference as follows.
(1) Dq,ω[f(t) + g(t)] = Dq,ωf(t) +Dq,ωg(t)
(2) Dq,ω[αf(t)] = αDq,ωf(t)
(3) Dq,ω[f(t)g(t)] = f(t)Dq,ωg(t) + g(qt+ ω)Dq,ωf(t)

(4) Dq,ω

[
f(t)

g(t)

]
=
g(t)Dq,ωf(t)− f(t)Dq,ωg(t)

g(t)g(qt+ ω)
.

Letting a, b ∈ I ⊆ R with a < ω0 < b and [k]q =
1−qk

1−q , k ∈ N0 := N ∪ {0}, we define
the q, ω-interval by

Ia,bq,ω = [a, b]q,ω :=

{
qka+ ω[k]q : k ∈ N0

}
∪
{
qkb+ ω[k]q : k ∈ N0

}
∪
{
ω0

}
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= [a, ω0]q,ω ∪ [ω0, b]q,ω

= (a, b)q,ω ∪
{
a, b
}

= [a, b)q,ω ∪
{
b
}

= (a, b]q,ω ∪
{
a
}
,

and ITq,ω := Iω0,T
q,ω = [ω0, T ]q,ω.

Observe that for each s ∈ [a, b]q,ω, the sequence
{
σkq,ω(s)

}∞
k=0

=
{
qks + ω[k]q

}∞
k=0

is
uniformly convergent to ω0.

We also define the forward jump operator as σkq,ω(t) := qkt + ω[k]q and the backward

jump operator as ρkq,ω(t) :=
t−ω[k]q

qk
for k ∈ N.

Definition 2. Let I be any closed interval of R which containing a, b and ω0. Assumimg
that f : I → R is a given function, we define q, ω-integral of f from a to b by∫ b

a
f(t)dq,ωt :=

∫ b

ω0

f(t)dq,ωt−
∫ a

ω0

f(t)dq,ωt

where ∫ x

ω0

f(t)dq,ωt :=
[
x(1− q)− ω

] ∞∑
k=0

qk f
(
xqk + ω[k]q

)
, x ∈ I.

Providing that the series converges at x = a and x = b, we call f is q, ω-integrable on [a, b]
and the sum to the right hand side of above equation will be called the Jackson-Nörlund
sum.

We note that the actual domain of the function f is defined on [a, b]q,ω ⊂ I.

We next introduce the fundamental theorem of Hahn calculus in the following lemma.

Lemma 1. [17] Let f : I → R be continuous at ω0. Define

F (x) :=

∫ x

ω0

f(t)dq,ωt, x ∈ I.

Then, F is continuous at ω0. Furthermore, Dq,ωF (x) exists for every x ∈ I and

Dq,ωF (x) = f(x).

Conversely, we have ∫ b

a
Dq,ωF (t)dq,ωt = F (b)− F (a) for all a, b ∈ I.

Lemma 2. [26] Let q ∈ (0, 1), ω > 0 and f : I → R be continuous at ω0. Then,∫ t

ω0

∫ r

ω0

f(s) dq,ωs dq,ωr =

∫ t

ω0

∫ t

qs+ω
f(s) dq,ωr dq,ωs.
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Lemma 3. [26] Let q ∈ (0, 1) and ω > 0. Then,∫ t

ω0

dq,ωs = t− ω0 and

∫ t

ω0

[t− σq,ω(s)] dq,ωs =
(t− ω0)

2

1 + q
.

We next introduce fractioanal Hahn integral, fractional Hahn difference of Riemann-
Liouville and Caputo types as follows.

Definition 3. For α, ω > 0, q ∈ (0, 1) and f defined on [ω0, T ]q,ω, the fractional Hahn
integral is defined by

Iα
q,ωf(t) :=

1

Γq(α)

∫ t

ω0

(
t− σq,ω(s)

)α−1

q,ω
f(s)dq,ωs,

=
[t (1− q)− ω]

Γq(α)

∞∑
n=0

qn
(
t− σn+1

q,ω (t)
)α−1

q,ω
f
(
σnq,ω(t)

)
,

and (I0
q,ωf)(t) = f(t).

Definition 4. For α, ω > 0, q ∈ (0, 1), N−1 < α < N,N ∈ N and f defined on [ω0, T ]q,ω,
the fractional Hahn difference of the Riemann-Liouville type of order α is defined by

Dα
q,ωf(t) := (DN

q,ωIN−α
q,ω f)(t),

=
1

Γq(−α)

∫ t

ω0

(
t− σq,ω(s)

)−α−1

q,ω
f(s)dq,ωs.

The fractional Hahn difference of the Caputo type of order α is defined by

CDα
q,ωf(t) := (IN−α

q,ω DN
q,ωf)(t),

=
1

Γq(N − α)

∫ t

ω0

(
t− σq,ω(s)

)N−α−1

q,ω
DN

q,ωf(s)dq,ωs,

and D0
q,ωf(t) =

CD0
q,ωf(t) = f(t).

Lemma 4. [32] Let α > 0, q ∈ (0, 1), ω > 0 and f : ITq,ω → R. Then,

Iα
q,ωD

α
q,ωf(t) = f(t) + C1(t− ω0)

α−1 + ...+ CN (t− ω0)
α−N ,

for some Ci ∈ R, i = N1,N and N − 1 < α ≤ N,N ∈ N.

Lemma 5. [32] Let α > 0, q ∈ (0, 1), ω > 0 and f : ITq,ω → R. Then,

Iα
q,ω

CDα
q,ωf(t) = f(t) + C0 + C1(t− ω0) + ...+ CN−1(t− ω0)

N−1,

for some Ci ∈ R, i = N0,N−1 and N − 1 < α ≤ N,N ∈ N.
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Next, we give some auxiliary lemmas for simplifying our calculations.

Lemma 6. [32] Let α, β > 0, 0 < q < 1 and ω > 0. Then,∫ t

ω0

(
t− σq,ω(s)

)α−1

q,ω
(s− ω0)

β
q,ω dq,ωs = (t− ω0)

α+βBq(β + 1, α),∫ t

ω0

∫ x

ω0

(
t− σp,ω(x)

)α−1

p,ω

(
x− σq,ω(s)

)β−1

q,ω
dq,ωs dp,ωx =

(t− ω0)
α+β

[β]q
Bp(β + 1, α).

Lemma 7. Let α, β, θ > 0, 0 < q < 1 , n ∈ Z. Then,

(a)

∫ t

ω0

∫ y

ω0

(
t− σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω
(x− ω0)

α−ndq,ωxdq,ωy

=
Γq(α− n+ 1)Γq(β)Γq(θ)

Γq(α− n+ β + θ + 1)
(t− ω0)

α−n+β+θ.

(b)

∫ t

ω0

∫ y

ω0

∫ x

ω0

(
t− σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω

(
x− σq,ω(s)

)α−1

q,ω
dq,ωsdq,ωxdq,ωy

=
Γq(α)Γq(β)Γq(θ)

Γq(α+ β + θ + 1)
(t− ω0)

α+β+θ.

Proof.

(a)

∫ t

ω0

∫ y

ω0

(
t− σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω
(x− ω0)

α−ndq,ωxdq,ωy

=

∫ t

ω0

(
t− σq,ω(y)

)θ−1

q,ω

(∫ y

ω0

(
y − σq,ω(x)

)β−1

q,ω
(x− ω0)

α−ndq,ωx
)
dq,ωy. (1.1)

By using lemma (6), we obtain∫ y

ω0

(
y − σq,ω(x)

)β−1

q,ω
(x− ω0)

α−ndq,ωx = (y − ω0)
β+α−nΓq(α− n+ 1)Γq(β)

Γq(α− n+ 1 + β)
. (1.2)

Substituting (1.2) into (1.1), we obtain∫ t

ω0

∫ y

ω0

(
t− σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω
(x− ω0)

α−ndq,ωxdq,ωy

=
Γq(α− n+ 1)Γq(β)

Γq(α− n+ 1 + β)

∫ t

ω0

(
t− σq,ω(y)

)θ−1

q,ω
(y − ω0)

β+α−ndq,ωy. (1.3)

Since∫ t

ω0

(
t− σq,ω(y)

)θ−1

q,ω
(y − ω0)

α−n+βdq,ωy = (t− ω0)
θ+β+α−nΓq(β + α− n+ 1)Γq(θ)

Γq(β + α− n+ 1 + θ)
,

(1.4)
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we get the following result after substituting (1.4) into (1.3) as∫ t

ω0

∫ y

ω0

(
t− σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω
(x− ω0)

α−ndq,ωxdq,ωy =
Γq(α− n+ 1)Γq(β)Γq(θ)(t− ω0)

α−n+β+θ

Γq(α− n+ β + θ + 1)
.

(1.5)

(b)

∫ t

ω0

∫ y

ω0

∫ x

ω0

(
t− σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω

(
x− σq,ω(s)

)α−1

q,ω
dq,ωsdq,ωxdq,ωy

=

∫ t

ω0

∫ y

ω0

(
t− σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω

(∫ x

ω0

(
x− σq,ω(s)

)α−1

q,ω
dq,ωs

)
dq,ωxdq,ωy(1.6)

Since
∫ x
ω0

(
x− σq,ω(s)

)α−1

q,ω
dq,ωs =

(x−ω0)αΓq(α)
Γq(α+1) , we obtain

∫ t

ω0

∫ y

ω0

∫ x

ω0

(
t− σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω

(
x− σq,ω(s)

)α−1

q,ω
dq,ωsdq,ωxdq,ωy,

=

∫ t

ω0

∫ y

ω0

(
t− σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω

((x− ω0)
αΓq(α)

Γq(α+ 1)

)
dq,ωxdq,ωy,

=
Γq(α)

Γq(α+ 1)

∫ t

ω0

∫ y

ω0

(
t− σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω
(x− ω0)

αdq,ωxdq,ωy (1.7)

By using lemma (6) (a), we have∫ t

ω0

∫ y

ω0

∫ x

ω0

(
t− σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω

(
x− σq,ω(s)

)α−1

q,ω
dq,ωsdq,ωxdq,ωy

=
Γq(α)Γq(β)Γq(θ)

Γq(α+ β + θ + 1)
(t− ω0)

α+β+θ.

In the following, we present a lemma that deals with the linear variant of problem
(0.1) and provides a representation of the solution.

Lemma 8. Let Ω ̸= 0, α, β, θ ∈ (0, 1], ω > 0, q ∈ (0, 1), ω0 = ω
1−q and h ∈

C
(
[ω0, T ]q,ω,R

)
be given function. Then the problem

Dα
q,ωD

β
q,ωu(t) = h(t),

u(ω0) = u(T ), (1.8)

Iθ
q,ωg(η)u(η) = φ

(
u(η)

)
,

has the unique solution

u(t) =
1

Γq(α)Γq(β)

∫ t

ω0

∫ x

ω0

(
t− σq,ω(x)

)β−1

q,ω

(
x− σq,ω(s)

)α−1

q,ω
h(s)dq,ωsdq,ωx

−(t− ω0)
β−1

Ω

{
BηP[h] +AT

[
φ
(
u(η)

)
−Q[h]

]}
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+(t− ω0)
β+α−1 Γq(α)

ΩΓq(α+ β)

{
AηP[h] + (T − ω0)

β−1
[
φ
(
u(η)

)
−Q[h]

]}
, (1.9)

where the functionals and the constants are defined by

AT := (T − ω0)
β+α−1 Γq(α)

Γq(α+ β)
, (1.10)

Aη :=
1

Γq(θ)

∫ η

ω0

g(s)
(
η − σq,ω(s)

)θ−1

q,ω
(s− ω0)

β−1dq,ωs, (1.11)

Bη :=
Γq(α)

Γq(θ)Γq(α+ β)

∫ η

ω0

g(s)
(
η − σq,ω(s)

)θ−1

q,ω
(s− ω0)

β+α−1dq,ωs, (1.12)

Ω := (T − ω0)
β−1Bη −ATAη, (1.13)

P[h] :=
1

Γq(α)Γq(β)

∫ T

ω0

∫ x

ω0

(
T − σq,ω(x)

)β−1

q,ω

(
x− σq,ω(x)

)α−1

q,ω
h(s)dq,ωsdq,ωx, (1.14)

Q[h] :=
1

Γq(α)Γq(β)Γq(θ)

∫ η

ω0

∫ y

ω0

∫ x

ω0

g(y)
(
η − σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω
×(

x− σq,ω(x)
)α−1

q,ω
h(s)dq,ωsdq,ωxdq,ωy. (1.15)

Proof. Taking fractional Hahn integral of order α for the first equation of (1.8), we obtain

Dβ
q,ωu(t) = Iα

q,ωh(t) + C1(t− ω0)
α−1

=
1

Γq(α)

∫ t

ω0

(
t− σq,ω(s)

)α−1

q,ω
h(s) dq,ωs+ C1(t− ω0)

α−1. (1.16)

Taking fractional Hahn integral of order β for (1.16), we obtain

u(t) =
1

Γq(α)Γq(β)

∫ t

ω0

∫ x

ω0

(
t− σq,ω(x)

)β−1

q,ω

(
x− σq,ω(s)

)α−1

q,ω
h(s) dq,ωsdq,ωx

+C1(t− ω0)
β+α−1 Γq(α)

Γq(α+ β)
+ C0(t− ω0)

β−1. (1.17)

Substituting t = ω0 into (1.17), we have

u(ω0) = 0. (1.18)

Substituting t = T into (1.17), we have

u(T ) =
1

Γq(α)Γq(β)

∫ T

ω0

∫ x

ω0

(
T − σq,ω(x)

)β−1

q,ω

(
x− σq,ω(s)

)α−1

q,ω
h(s) dq,ωsdq,ωx

+C1(T − ω0)
β+α−1 Γq(α)

Γq(α+ β)
+ C0(T − ω0)

β−1. (1.19)
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Since u(ω0) = u(T ), we get

C0(T − ω0)
β−1 + C1AT = −P[h], (1.20)

where AT ,P[h] are defined as (1.10) and (1.14) respectively.
Multiplying (1.17) by g(t) and taking fractional Hahn integral of order θ, we obtain

Iθ
q,ωg(t)u(t) =

1

Γq(α)Γq(β)Γq(θ)

∫ t

ω0

∫ y

ω0

∫ x

ω0

g(y)
(
t− σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω
×(

x− σq,ω(s)
)α−1

q,ω
h(s)dq,ωsdq,ωxdq,ωy

+
C1Γq(α)

Γq(θ)Γq(α+ β)

∫ t

ω0

g(s)
(
t− σq,ω(s)

)θ−1

q,ω
(s− ω0)

β+α−1dq,ωs

+
C0

Γq(θ)

∫ t

ω0

g(s)
(
t− σq,ω(s)

)θ−1

q,ω
(s− ω0)

β−1dq,ωs. (1.21)

Substituting t = η into (1.21) and employing the condition Iθ
q,ωg(η)u(η) = φ

(
u(η)

)
, we

have

φ
(
u(η)

)
=

1

Γq(α)Γq(β)Γq(θ)

∫ η

ω0

∫ y

ω0

∫ x

ω0

g(y)
(
η − σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω
×(

x− σq,ω(s)
)α−1

q,ω
h(s)dq,ωsdq,ωxdq,ωy

+
C1Γq(α)

Γq(θ)Γq(α+ β)

∫ η

ω0

g(s)
(
η − σq,ω(s)

)θ−1

q,ω
(s− ω0)

β+α−1dq,ωs

+
C0

Γq(θ)

∫ η

ω0

g(s)
(
η − σq,ω(s)

)θ−1

q,ω
(s− ω0)

β−1dq,ωs.

Hence

C0Aη + C1Bη = φ
(
u(η)

)
−Q[h], (1.22)

where Aη,Bη,Q[h] are defined as (1.11), (1.12) and (1.15), respectively.
To find C0 and C1, we solve the system of eqautions (1.20) and (1.22). Then, we obtain

C0 =
−BηP[h]−AT

[
φ
(
u(η)

)
−Q[h]

]
Ω

,

C1 =
(T − ω0)

β−1
[
φ
(
u(η)

)
−Q[h]

]
+AηP[h]

Ω
,

where Aη,AT ,Bη,Ω,P[h],Q[h] are defined as (1.10)− (1.15), respectively.

Substituting the constants C0, C1 into (1.17), we obtain the solution for (1.8), as shown
in equation (1.9). □



J. Reunsumrit, N. Patanarapeelert, T. Sitthiwirattham / Eur. J. Pure Appl. Math, 19 (1) (2026), 7143 11 of 24

We next introduce the Schauder’s fixed point theorem used to prove the existence of
a solution to (0.1) and (0.2).

Lemma 9. [39] (Arzelá-Ascoli theorem) A set of function in C[a, b] with the sup norm,
is relatively compact if and only if is uniformly bounded and equicontinuous on [a, b].

Lemma 10. [39] If a set is closed and relatively compact then it is compact.

Lemma 11. [40] (Schauder’s fixed point theorem) Let (D, d) be a complete metric space,
U be a closed convex subset of D, and T : D → D be the map such that the set Tu : u ∈ U
is relatively compact in D. Then the operator T has at least one fixed point u∗ ∈ U :
Tu∗ = u∗.

2. Existence and Uniqueness Results

In this section, we prove the existence results for problem (0.1). Let C = C
(
ITq,ω,R

)
be

a Banach space of all function u with the norm defined by

∥u∥C = ∥u∥+ ∥Dν
q,ωu∥,

where ∥u∥ = max
t∈ITq,ω

{|u(t)|} and ∥Dν
q,ωu∥ = max

t∈ITq,ω
{|Dν

q,ωu(t)|}.

By Lemma 8, replacing h(t) by F
(
t, u(t), ψγ

q,ωu(t), Dν
q,ωu(t)

)
, we define an operator

A : C → C by

(Au)(t) :=
1

Γq(α)Γq(β)

∫ t

ω0

∫ x

ω0

(
t− σq,ω(s)

)β−1

q,ω

(
x− σq,ω(s)

)α−1

q,ω
×

F
(
s, u(s), ψγ

q,ωu(s), D
ν
q,ωu(s)

)
dq,ωsdq,ωx

−(t− ω0)
β−1

Ω

{
BηP∗[Fu] +AT

[
φ
(
u(η)

)
−Q∗[Fu]

]}
+(t− ω0)

β+α−1 Γq(α)

ΩΓq(α+ β)

{
AηP∗[Fu] + (T − ω0)

β−1
[
φ
(
u(η)

)
−Q∗[Fu]

]}
,

(2.1)

where the functionals P∗[Fu], Q∗[Fu] are defined by

P∗[Fu] :=
1

Γq(α)Γq(β)

∫ T

ω0

∫ x

ω0

(
T − σq,ω(x)

)β−1

q,ω

(
x− σq,ω(s)

)α−1

q,ω
×

F
(
s, u(s), ψγ

q,ωu(s), D
ν
q,ωu(s)

)
dq,ωsdq,ωx, (2.2)

Q∗[Fu] :=
1

Γq(α)Γq(β)Γq(θ)

∫ η

ω0

∫ y

ω0

∫ x

ω0

g(y)
(
η − σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω
×(

x− σq,ω(s)
)α−1

q,ω
F
(
s, u(s), ψγ

q,ωu(s), D
ν
q,ωu(s)

)
dq,ωsdq,ωxdq,ωy, (2.3)
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and the constants AT ,Aη,Bη and Ω are defined by (1.10)-(1.13), respectively.
We see that the problem (0.1) has solution if and only if the operator A has fixed

point.

Theorem 1. Assume that F : ITq,ω×R×R×R → R is continuous, ϕ : ITq,ω×ITq,ω → [0,∞)

is continuous with ϕ0 = max

{
ϕ(t, s) : (t, s) ∈ ITq,ω × ITq,ω

}
. In addition, suppose that the

following conditions hold:

(H1) There exist constants Li > 0 such that for each t ∈ ITq,ω and ui, vi ∈ R,
i = 1, 2, 3,∣∣F [t, u1, u2, u3]− F [t, v1, v2, v3]

∣∣ ≤ L1

∣∣u1 − v1
∣∣+ L2

∣∣u2 − v2
∣∣+ L3

∣∣u3 − v3
∣∣.

(H2) There exist a positive constant ω such that for each u, v ∈ C,∣∣φ(u)− φ(v)
∣∣ ≤ λ∥u− v∥C .

(H3) For each t ∈ ITq,ω , 0 < ĝ < g(t) < G.

(H4) X = λO∗
T +

(
L+ L3

(T−ω0)−ν

Γq(1−ν)

)
Θ∗ < 1,

where

L := L1 + L2
ϕ0(T − ω0)

γ

Γq(γ + 1)
, (2.4)

OT :=
(T − ω0)

β−1

min |Ω|

{
AT +

Γq(α)(T − ω0)
β+α−1

Γq(α+ β)

}
, (2.5)

Oη :=
(T − ω0)

β−1

min |Ω|

{
max

∣∣Bη

∣∣+ Γq(α)(T − ω0)
αmax

∣∣Aη

∣∣
Γq(α+ β)

}
, (2.6)

Θ :=
OTG(η − ω0)

θ+β+α

Γq(β + α+ θ + 1)
+

(T − ω0)
α+β

Γq(α+ β + 1)

(
Oη + 1

)
, (2.7)

Ōη := (T − ω0)
−ν+β−1 1

min |Ω|

{
max

∣∣Aη

∣∣Γq(α)(T − ω0)
α

Γq(β + α− ν)
+ max

∣∣Bη

∣∣ Γq(β)

Γq(β − ν)

}
, (2.8)

ŌT := (T − ω0)
−ν+β−1 1

min |Ω|

{Γq(α)(T − ω0)
β−1(T − ω0)

α

Γq(β + α− ν)
+ max

∣∣AT

∣∣ Γq(β)

Γq(β − ν)

}
,

(2.9)

Θ̄ := ŌT
G(η − ω0)

θ+β+α

Γq(β + α+ θ + 1)
+ Ōη

(T − ω0)
β+α

Γq(β + α+ 1)
+

(T − ω0)
β+α−ν

Γq(β + α− ν + 1)
, (2.10)

O∗
T := OT + ŌT , (2.11)

Θ∗ := Θ + Θ̄. (2.12)

Then, problem (0.1) has a unique solution.
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Proof. For each t ∈ ITq,ω and u, v ∈ C, we find that∣∣∣(Ψγ
q,ωu

)
(t)−

(
Ψγ

q,ωv
)
(t)
∣∣∣ ≤ ϕ0

Γq(γ)

∫ t

ω0

(
t− σq,ω(s)

)γ−1

q,ω

∣∣u(s)− v(s)
∣∣dq,ωs,

=
ϕ0(T − ω0)

γ

Γq(γ + 1)
∥u− v∥.

We set

F|u− v|(t) :=
∣∣∣F [t, u(t), ψγ

q,ωu(t), D
ν
q,ωu(t)]− F [t, v(t), ψγ

q,ωv(t), D
ν
q,ωv(t)]

∣∣∣.
Then, we obtain

∣∣∣P∗[Fu]− P∗[Fv]
∣∣∣ ≤ 1

Γq(α)Γq(β)

∫ T

ω0

∫ x

ω0

(
T − σq,ω(x)

)β−1

q,ω

(
x− σq,ω(s)

)α−1

q,ω
F|u− v|(s)dq,ωsdq,ωx,

≤
(
L1 + L2

ϕ0(T − ω0)
γ

Γq(γ + 1)
+ L3

(T − ω0)
−ν

Γq(1− ν)

)
∥u− v∥C

(T − ω0)
α+β

Γq(α+ β + 1)
,

≤

(
L+ L3

(T−ω0)−ν

Γq(1−ν)

)
Γq(α+ β + 1)

(T − ω0)
α+β∥u− v∥C .

Similarly, we obtain∣∣Q∗[Fu]−Q∗[Fv]
∣∣ ≤ G

Γq(α)Γq(β)Γq(θ)

∫ η

ω0

∫ y

ω0

∫ x

ω0

(
η − σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω
×(

x− σq,ω(s)
)α−1

q,ω
F|u− v|(s)dq,ωsdq,ωxdq,ωy,

≤
G
[
L1 + L2

ϕ0(T−ω0)γ

Γq(γ+1) + L3

]
∥u− v∥C(η − ω0)

θ+β+α

Γq(β + α+ β + 1)
,

≤ G(L+ L3)(η − ω0)
α+β+θ

Γq(α+ β + θ + 1)
∥u− v∥C .

Next, we find that

∣∣(Au)(t)− (Av)(t)
∣∣ ≤ (

L+ L3
(T−ω0)−ν

Γq(1−ν)

)
Γq(α+ β + 1)

(T − ω0)
α+β∥u− v∥C

+

(
L+ L3

(T−ω0)−ν

Γq(1−ν)

)
min |Ω|Γq(α+ β + 1)

(T − ω0)
α+β∥u− v∥C(T − ω0)

β−1×{(T − ω0)
αΓq(α)max

∣∣Aη

∣∣
Γq(α+ β)

+ max
∣∣Bη

∣∣}
+

G
(
L+ L3

(T−ω0)−ν

Γq(1−ν)

)
min |Ω|Γq(α+ β + θ + 1)

(η − ω0)
α+β+θ∥u− v∥C(T − ω0)

β−1×
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α+β−1Γq(α)

Γq(α+ β)
+ max

∣∣AT

∣∣}+
ω∥u− v∥C
min |Ω|

(T − ω0)
β−1×{(T − ω0)

α+β−1Γq(α)

Γq(α+ β)
+ max

∣∣AT

∣∣},
≤
{
ωOT +

(
L+ L3

(T − ω0)
−ν

Γq(1− ν)

)
Θ
}
∥u− v∥C . (2.13)

Considering
(
Dν

qAu
)
(t), we have

(
Dν

q,ωAu
)
(t) =

1

Γq(−ν)Γq(α)Γq(β)

∫ t

ω0

∫ y

ω0

∫ x

ω0

(
t− σq,ω(y)

)−ν−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω
×(

x− σq,ω(s)
)α−1

q,ω
F
(
s, u(s),Ψγ

q,ωu(s), D
γ
q,ωu(s)

)
dq,ωsdq,ωxdq,ωy

+
P∗[Fu]

Ω

{
Aη

Γq(α)

Γq(β + α− ν)
(t− ω0)

−ν+β+α−1 −Bη
Γq(β)

Γq(β − ν)
×

(t− ω0)
−ν+β−1

}
+

Q∗[Fu]

Ω

{
AT

Γq(β)

Γq(β − ν)
(t− ω0)

−ν+β−1 − Γq(α)(T − ω0)
β−1

Γq(β + α− ν)
×

(t− ω0)
−ν+β+α−1

}
+
φ
(
u(η)

)
Ω

{(T − ω0)
β−1Γq(α)

Γq(β + α− ν)
(t− ω0)

−ν+β+α−1 −AT
Γq(β)

Γq(β − ν)
×

(t− ω0)
−ν+β−1

}
.

(2.14)

Hence,∣∣∣(Dν
q,ωAu

)
(t)−

(
Dν

q,ωAv
)
(t)
∣∣∣ ≤ {ωŌT +

(
L+ L3

(T − ω0)
−ν

Γq(1− ν)

)[
ŌT

G(η − ω0)
θ+β+α

Γq(β + α+ θ + 1)

+ Ōη
(T − ω0)

β+α

Γq(β + α+ 1)
+

(T − ω0)
β+α−ν

Γq(β + α− ν + 1)

]}
∥u− v∥C ,

≤
{
ωŌT +

(
L+ L3

(T − ω0)
−ν

Γq(1− ν)

)
Θ̄
}
∥u− v∥C . (2.15)

From (2.13) and (2.15), we find that

∥Au−Av∥C ≤ X∥u− v∥C .

Thus, the operator A is a contraction. Then, by the Banach contraction mapping
principle, A has a fixed point which is the unique solution for (0.1).

We next show the existence of a solution to (0.1) by the following Schauder’s fixed
point theorem.
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Theorem 2. Let us assume that F : ITq,ω × R × R × R → R is continuous functions and

φ : C
(
ITq,ω,R

)
→ R is given functional. Let us suppose that the following conditions hold:

(H5) There exists a positive constants M such that for each t ∈ ITq,ω and ui ∈ R,
i = 1, 2, 3, ∣∣F (t, u1, u2, u3)

∣∣ ≤M.

(H6) There exists a positve constants N such that for each u ∈ C,∣∣φ(u)∣∣ ≤ N.

Then, problem (0.1) has at least one solution on ITq,ω.
Proof. We organize the proof into three steps.

(i) Verify A maps bounded sets into bounded sets in BR = {u ∈ C : ∥u∥C ≤ R}. Let us
prove that for any R > 0, there exists a positive constant L such that for each x ∈ BR, we
have ∥Au∥C ≤ L. For each t ∈ ITq,ω and u ∈ BR, we have.

∣∣P∗[Fu]
∣∣ = 1

Γq(α)Γq(β)

∫ T

ω0

∫ x

ω0

(
T − σq,ω(x)

)β−1

q,ω

(
x− σq,ω(s)

)α−1

q,ω
×∣∣∣F (s, u(s),Ψγ

q,ωu(s), D
ν
q,ωu(s)

)∣∣∣dq,ωsdq,ωx,
≤ M(T − ω0)

α+β

Γq(α+ β + 1)
. (2.16)

∣∣Q∗[Fu]
∣∣ = 1

Γq(α)Γq(β)Γq(θ)

∫ η

ω0

∫ y

ω0

∫ x

ω0

g(y)
(
η − σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω
×(

x− σq,ω(s)
)α−1

q,ω

∣∣∣F (s, u(s),Ψγ
q,ωu(s), D

ν
q,ωu(s)

)∣∣∣dq,ωsdq,ωxdq,ωy,(
x− σq,ω(s)

)α−1

q,ω
dq,ωsdq,ωxdq,ωy,

≤ GM(η − ω0)
α+β+θ

Γq(α+ β + θ + 1)
. (2.17)

From (2.16) and (2.17), we have

∣∣(Au)(t)∣∣ ≤ M(T − ω0)
α+β

Γq(α+ β + 1)
+

M(T − ω0)
α+β

Γq(α+ β + 1)min |Ω|
(T − ω0)

β−1×{max |Aη|(T − ω0)
αΓq(α)

Γq(α+ β)
+ max |Bη|

}
+

GM(η − ω0)
α+β+θ

Γq(α+ β + θ + 1)min |Ω|
(T − ω0)

β−1
{
AT +

(T − ω0)
β−1Γq(α)

Γq(α+ β)
(T − ω0)

α
}
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+
N

min |Ω|
(T − ω0)

β−1
{
AT +

(T − ω0)
β−1Γq(α)

Γq(α+ β)
(T − ω0)

α
}
,

≤ NOT +M
[G(η − ω0)

α+β+θOT

Γq(α+ β + θ + 1)
+

(T − ω0)
α+β

Γq(α+ β + 1)

(
Oη + 1

)]
,

≤ NOT +MΘ. (2.18)

We find that∣∣(Dν
q,ωAu)(t)

∣∣ ≤ NŌT +M
[ G(η − ω0)

α+β+θ

Γq(α+ β + θ + 1)
ŌT + (T − ω0)

α+β
( Ōη

Γq(α+ β + 1)

+
(T − ω0)

−ν

Γq(α+ β − ν + 1)

)]
,

≤ NŌT +MΘ̄. (2.19)

Let L = NO∗
T +MΘ∗.

From (2.18) and (2.19), we obtain
∥∥(Au)∥∥C ≤ L < ∞ which implies that A is uniformly

bounded.

(ii) Since F is continuous, we can conclude that the operator A is continous on BR.

(iii) For any t1, t2 ∈ ITq,ω with t1 < t2 , we find that

∣∣(Au)(t1)− (Au)(t2)
∣∣ ≤ M

Γq(α+ β + 1)

∣∣(t2 − ω0)
α+β − (t1 − ω0)

α+β
∣∣

+

∣∣(t2 − ω0)
α+β−1 − (t1 − ω0)

α+β−1
∣∣Γq(α)

min |Ω|Γq(α+ β)

[
AηP∗[Fu]

+ (T − ω0)
β−1
(
Q∗[Fu] +N

)]
+

∣∣(t2 − ω0)
β−1 − (t1 − ω0)

β−1
∣∣

min |Ω|

[
BηP∗[Fu] +AT

(
Q∗[Fu] +N

)]
,

(2.20)

and∣∣(Dν
q,ωAu)(t2)− (Dν

q,ωAu)(t1)
∣∣ ≤ M

Γq(α+ β − ν + 1)

∣∣(t2 − ω0)
α+β−ν − (t1 − ω0)

α+β−ν
∣∣

+

∣∣(t2 − ω0)
−ν+α+β−1 − (t1 − ω0)

−ν+α+β−1
∣∣Γq(α)

|Ω|Γq(α+ β − ν)
×[

AηP∗[Fu] + (T − ω0)
β−1
(
Q∗[Fu] +N

)]
+

∣∣(t2 − ω0)
−ν+β−1 − (t1 − ω0)

−ν+β−1
∣∣Γq(β)

|Ω|Γq(β − ν)
×[

BηP∗[Fu] +AT

(
Q∗[Fu] +N

)]
. (2.21)
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The right-hand side of (2.20) and (2.21) tends to be zero when |t2 − t1| → 0. Thus, A is
relatively compact on BR. Thus A[BR] is equicontinuous set. By Arzela-Ascoli theorem
in Lemmas (9) and (10), we find the A : C → C is completely continuous. Hence, from
Schauder fixed point theorem in Lemma (11), problem (0.1) has at least one solutions.

3. Hyers-Ulam Stability Analysis Result

In this section, we study the Hyers-Ulam Stability of problem (0.1). Let ε > 0 and
δ : ITq,ω → R be a continuous function. Consider∣∣∣∣Dα

q,ωD
β
q,ωu(t)− F

[
t, u(t),Ψγ

q,ωu(t), D
ν
q,ωu(t)

] ∣∣∣∣ ≤ εδ(t), t ∈ ITq,ω,

u(ω0) = u(T ), (3.1)

Iθ
q,ωg(η)u(η) = φ(u), η ∈ ITq,ω − {ω0, T}.

Now, we give out the definition of Hyers-Ulam stability of problem (0.1).

Definition 5. problem (0.1) is Hyers-Ulam stable with respect to problem (3.1), if there
exists AF > 0 such that

|ū− ũ| ≤ εAF ,

for all t ∈ ITq,ω , where ū is the solution of (3.1) and ũ is the solution for problem (0.1).

Theorem 3. Assume that (H1)− (H4) hold, and max
t∈ITq,ω

δ(t) ≤ 1. Then, the problem (0.1)

is Hyers-Ulam stable with respect to problem (3.1).

Proof. Let Dα
q,ωD

β
q,ωū(t) = F

[
t, ū(t),Ψγ

q,ωū(t), Dν
q,ωū(t)

]
+ k(t). Consider

Dα
q,ωD

β
q,ωū(t) = F

[
t, ū(t),Ψγ

q,ωū(t), D
ν
q,ωū(t)

]
+ k(t), t ∈ ITq,ω,

ū(ω0) = ū(T ), (3.2)

Iθ
q,ωg(η)ū(η) = φ(ū), η ∈ ITq,ω − {ω0, T}.

Similary to the problem in Theorem 1, problem (3.2) is equivalent to the following equation
in Lemma 8.

ū(t) =
1

Γq(α)Γq(β)

∫ t

ω0

∫ x

ω0

(
t− σq,ω(s)

)β−1

q,ω

(
x− σq,ω(s)

)α−1

q,ω
×{

F
[
t, ū(s),Ψγ

q,ωū(s), D
ν
q,ωū(s)

]
+ k(s)

}
dq,ωsdq,ωx

−(t− ω0)
β−1

Ω

{
BηP̄∗[Fū + k] +AT

[
φ
(
u(η)

)
− Q̄∗[Fū + k]

]}
+(t− ω0)

β+α−1 Γq(α)

ΩΓq(α+ β)

{
AηP̄∗[Fū + k] + (T − ω0)

β−1
[
φ
(
u(η)

)
− Q̄∗[Fū + k]

]}
,

(3.3)
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where AT ,Aη,Bη and Ω are defined in (1.10)-(1.13), respectively, and the functionals
P̄∗[Fū + k], Q̄∗[Fū + k] are defined by

P̄∗[Fū + k] :=
1

Γq(α)Γq(β)

∫ T

ω0

∫ x

ω0

(
T − σq,ω(x)

)β−1

q,ω

(
x− σq,ω(s)

)α−1

q,ω
×{

F
[
t, ū(s),Ψγ

q,ωū(s), D
ν
q,ωū(s)

]
+ k(s)

}
dq,ωsdq,ωx, (3.4)

Q̄∗[Fū + k] :=
1

Γq(α)Γq(β)Γq(θ)

∫ η

ω0

∫ y

ω0

∫ x

ω0

g(y)
(
η − σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω
×(

x− σq,ω(s)
)α−1

q,ω

{
F
[
t, ū(s),Ψγ

q,ωū(s), D
ν
q,ωū(s)

]
+ k(s)

}
dq,ωsdq,ωxdq,ωy.

(3.5)

Now, we define the operator as

(Ãu)(t) = (Au)(t) +K(t), (3.6)

where

K(t) =
1

Γq(α)Γq(β)

∫ t

ω0

∫ x

ω0

(
t− σq,ω(x)

)β−1

q,ω

(
x− σq,ω(s)

)α−1

q,ω
k(s)dq,ωsdq,ωx

−(t− ω0)
β−1

Ω

{
BηP[k] +AT

[
k(η)−Q[k]

]}
+(t− ω0)

β+α−1 Γq(α)

ΩΓq(α+ β)

{
AηP[k] + (T − ω0)

β−1
[
k(η)−Q[k]

]}
, (3.7)

and the functionals P[k] and Q[k] are defined by

P[k] :=
1

Γq(α)Γq(β)

∫ T

ω0

∫ x

ω0

(
T − σq,ω(x)

)β−1

q,ω

(
x− σq,ω(x)

)α−1

q,ω
k(s)dq,ωsdq,ωx, (3.8)

Q[k] :=
1

Γq(α)Γq(β)Γq(θ)

∫ η

ω0

∫ y

ω0

∫ x

ω0

g(y)
(
η − σq,ω(y)

)θ−1

q,ω

(
y − σq,ω(x)

)β−1

q,ω
×(

x− σq,ω(x)
)α−1

q,ω
k(s)dq,ωsdq,ωxdq,ωy. (3.9)

Note that

∥Ãu− Ãv∥ = ∥Au−Av∥. (3.10)

Then the existence of a solution of (0.1) implies the existence of a solution to (3.2). It
follows from Theorem 1 that Ã is a contraction. Thus there is a unique fixed point ū of
Ã , and ũ of A.
Since t ∈ ITq,ω and max

t∈ITq,ω
δ(t) ≤ 1, we obtain

∥K∥ = max
t∈ITq,ω

|K(t)| ≤ εχ̂, (3.11)
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where

χ̂ = O∗
T +

(
ϕ0(T − ω0)

γ

Γq(γ + 1)
+

(T − ω0)
−ν

Γq(1− ν)

)
Θ∗, (3.12)

O∗
T and Θ∗ are defined by (2.11)-(2.12), respectively.

Hence, we get

∥ū− ũ∥ = ∥Ãū−Aũ∥ = ∥Aū−Aũ+K(t)∥ = ∥Aū−Aũ∥+ ∥K(t)∥ = χ∥ū− ũ∥+ εχ̂. (3.13)

By condition (H4), we obtain

∥ū− ũ∥ ≤ εχ̂

1− χ
. (3.14)

Let AF = χ̂
1−χ , then

∥ū− ũ∥ ≤ εAF . (3.15)

This completes the proof. □

4. An Illustrative Example

In this section, we consider the following fractional Hahn BVP as

D
1
2
3
4
, 2
3

D
1
4
3
4
, 2
3

u(t) =
1

(10e3 + t2) (1 + |u(t)|)

[
e−2t

(
u3 + 2|u|

)
+ e−(3π+cos2 πt)

∣∣∣∣Ψ 2
3
3
4
, 2
3

u(t)

∣∣∣∣
+e−(2π+sin2 πt)

∣∣∣∣D 3
4
3
4
, 2
3

u(t)

∣∣∣∣
]
, η ∈ [

8

3
, 15] 3

4
, 2
3
− {8

3
, 15},

with periodic fractional Hahn-integral boundary condition

u(
8

3
) = u(15),

I
1
3
3
4
, 2
3

(
10e+ cos

(
17183

3072

))3

u

(
17183

3072

)
=

∞∑
i=0

Ci|u(ti)|
1 + |u(ti)|

, ti = σi3
4
, 2
3

(15),

where Ci is given constants with 1
1000 ≤

∞∑
i=0

Ci ≤
π

1000
and ϕ(t, s) = e−|t−s|

(t+e)3
.

Letting α = 2
3 , β = 1

4 , γ = 1
2 , ν = 2

5 , θ = 1
3 , q = 3

4 , ω = 2
3 , T = 15, η =

σ53
4
, 2
3

(15) = 17183
3072 , g(t) = (10e+ cos t)3 and
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F
[
t, u(t),Ψγ

q,ωu(t), Dν
qωu(t)

]
= 1

(10e3+t2)(1+|u(t)|)

[
e−2t

(
u3 + 2|u|

)
+e−(3π+cos2 πt)

∣∣∣∣Ψ 2
3
3
4
, 2
3

u(t)

∣∣∣∣+
e−(2π+sin2 πt)

∣∣∣∣D 3
4
3
4
, 2
3

u(t)

∣∣∣∣
]
.

Using above values, we find that

ϕ0 = 0.006404, |AT | = 1.015231, |Aη| ≤ 32225.953611, |Bη| ≤ 38302.628676 and
|Ω| ≥ 26896.840698.

For all t ∈ I53
4
, 2
3

and u, v ∈ R, we find that∣∣F [t, u,Ψγ
q,ωu,D

ν
q,ωu

]
− F

[
t, v,Ψγ

q,ωv,D
ν
q,ωv

]∣∣
≤ 1

10e3
|u− v|+ 1

100e3+3π

∣∣Ψγ
q,ωu−Ψγ

q,ωv
∣∣+ 1

10e3+2π

∣∣Dν
p,qu−Dν

p,qv
∣∣ .

Thus, (H1) holds with L1 = 0.004979, L2 = 4.01779 × 10−8 and L3 = 9.2974 × 10−6.
So L = 0.0049787.

For all u, v ∈ C,

|φ(u)− φ(v)| ≤ π

1000
∥u− v∥C .

Thus, (H2) holds with λ = 0.003142.
In addition, (H3) holds with g = 22303.7079, G = 22361.6208.
Since

O∗
T = 1.24855× 10−5 and Θ∗ = 34.336692,

therefore, (H4) holds with
X = 0.1710574 < 1.

Hence, by Theorem 1 this problem has a unique solution.

In view of Theorem 3, we have χ̂ = 12.1764085 and

AF ≈ 14.689085.

Therefore, the BVP is Hyers-Ulam stable.

To obtain the numerical results, we set F
[
t, u(t),Ψγ

q,ωu(t), Dν
qωu(t)

]
= 1, g = 22350,

φ = −1.5π and T = 50. Using these values while varying θ, we present the graph of the
solution to the problem in Figure 1. The results show that the values of u(t) increase as
t approaches ω0. However, at t = ω0, we have u(ω0) = 0 due to the boundary condition.

This numerical illustration explicitly validates the theoretical existence and uniqueness
criteria, demonstrating the framework’s capability to handle complex non-linearities on
the Hahn time scale. Furthermore, the confirmation of Hyers-Ulam stability suggests that
this model is robust against perturbations, making it potentially applicable to real-world
discrete systems found in control theory and quantum physics. □
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Figure 1: The graph of the solution, where the order of the fractional integral (θ) is varied.

5. Conclusion

In this work, we have successfully demonstrated the uniqueness and existence of solu-
tions for a nonlocal sequential fractional Hahn integro-difference boundary value problem
via the Banach and Schauder fixed point theorems, respectively. Furthermore, we have
established the Hyers-Ulam stability of the proposed problem.

The distinct novelty of this research lies in the structural complexity of the govern-
ing equation, which features a sequential combination of three fractional Hahn difference
operators and two fractional Hahn integrals. While recent literature on Hahn calculus
has largely restricted its focus to lower-order problems or single-term fractional difference
equations, our work addresses a higher-order, composite operator structure. By integrat-
ing multiple difference operators with integro-difference terms, we provide a nontrivial
generalization of existing BVP frameworks. This approach not only extends the scope of
fractional Hahn calculus but also demonstrates the robustness of fixed-point techniques in
handling multi-term, nonlocal sequential problems that were previously unexplored.
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[9] R. Álvarez-Nodarse, On characterization of classical polynomials. J. Comput.
Appl.Math., 196 (2006), 320-337.

[10] W. S. Ramadan, S. G. Georgiev, W. Al-Hayani, Existence of Solutions for a Class
of Volterra Integral Equations on Time Scales. Math. Meth. Appl. Sci., 48(6) (2025),
6647-6653.

[11] W. S. Ramadan, S. G. Georgiev, W. Al-Hayani, Existence of Solutions for a Class
of First Order Fuzzy Dynamic Equations on Time Scales. Filomat, 38(23) (2024),
8169-8186.

[12] W. Al-Hayani, M. T. Youins, The Homotopy Perturbation Method for Solving Nonlo-
cal Initial-Boundary Value Problems for Parabolic and Hyperbolic Partial Differential
Equations. Eur. J. Pure Appl. Math., 16(3) (2023), 1552-1567.
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Bénin (1998)

[17] K.A. Aldwoah, Generalized time scales and associated difference equations. Ph.D.
Thesis, Cairo University (2009)

[18] M.H. Annaby, A.E. Hamza, K.A. Aldwoah, Hahn difference operator and associated



J. Reunsumrit, N. Patanarapeelert, T. Sitthiwirattham / Eur. J. Pure Appl. Math, 19 (1) (2026), 7143 23 of 24

Jackson-Nörlund integrals. J. Optim. Theory Appl., 154 (2012), 133-153.
[19] F.H. Jackson, Basic integration. Q. J. Math., 2 (1951), 1-16.
[20] A.B. Malinowska, D.F.M. Torres, The Hahn quantum variational calculus. J. Optim.

Theory Appl., 147 (2010), 419-442.
[21] A.B. Malinowska, D.F.M. Torres, Quantum Variational Calculus. Spinger Briefs in

Electrical and Computer Engineering-Control, Automation and Robotics. Springer,
Berlin (2014)

[22] A.B. Malinowska, N. Martins, Generalized transversality conditions for the Hahn
quantum variational calculus, Optimization: A journal of Mathematical Programming
and Operations Research, 62:3 (2013), 323-344.

[23] A.E. Hamza, S.M. Ahmed, Theory of linear Hahn difference equations. J. Adv. Math.,
4:2 (2013), 441-461.

[24] A.E. Hamza, S.M. Ahmed, Existence and uniqueness of solutions of Hahn difference
equations. Adv. Differ. Equ., 2013, 2013:316.

[25] A.E Hamza, S.D. Makharesh, Leibniz’ rule and Fubinis theorem associated with Hahn
difference operator, J. Adv. Math., 12(6) (2016), 6335-6345.

[26] T. Sitthiwirattham, On a nonlocal boundary value problem for nonlinear second-order
Hahn difference equation with two different q, ω-derivatives. Adv. Differ. Equ., 2016,
2016:116.
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