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1. Introduction

In industrial data analysis, statistical entropy is essential for quantifying the degree of

uncertainty, randomness, or disorder present within complex datasets generated by mod-
ern industrial systems. As industries increasingly rely on sensors, automation, and real
time monitoring, the resulting data streams are often vast, multidimensional, and noisy.
Traditional statistical measures such as variance or mean cannot fully capture the hidden
patterns or unpredictability in such data. Statistical entropy provides a powerful metric to
assess information content, detect anomalies, and evaluate system efficiency or stability.
For instance, in manufacturing processes, higher entropy may indicate process instabil-
ity or equipment malfunction, while lower entropy could reflect consistent and controlled
operations. Thus, incorporating entropy based measures enables industries to enhance
predictive maintenance, optimize resource allocation, and improve overall decision making
in data driven industrial environments.
Shannon [I] was the first to introduce information-theoretic entropy, which has since been
applied in a wide range of fields, including computer science, medical research, and fi-
nancial analysis. Lad et al. [2] showed that ”extropy” serves as a complementary dual
functional to entropy. For a non-negative continuous random variable (r.v.) with proba-
bility density function (PDF) g(y), the extropy is defined as:

)= [ P (1)

Extropy was explored for order statistics (OS), record values, and some features by Qiu
[3]. Through the use of extropy, Qiu et al. [4] introduced a mixed systems lifetime and
derived its properties and limit of it. For additional research on extropy, see Yang et al.
[5], Noughabi and Jarrahiferiz [6], Ragab and Qiu [7], Lad et al. [§], and Qiu and Jia [9].
Qiu and Jia [10] also looked into the meaning of residual extropy for a non-negative r.v.
as

—1
2G2(t)

) =) = s [ Pwidnezo (1.2)

where G(t) = 1 — G(t), G(t) is the cumulative distribution function (CDF). For the past
lifetime of r.v. Y; = [t —Y|Y <], Krishnan et al. [I1] provided the past extropy as follows

Y) = 2p(Vit) = g | (1.3

From any continuous distribution, Jose and Sathar [[12], [I3]] used the k-records’ residual

and past extropies. Cumulative residual extropy (CREX) was proposed by Jahanshahi et



M. S. Mohamed et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 7184 3of 21

al. [I4]. The CREX is provided by a non-negative r.v. Y possessing a survival function G
as follows

&)= 5 [ G (1.4

Jahanshahi et al. [14] showed that ((Y) is always negative. Tahmasebi and Toomaj [I5]
recently proposed negative cumulative extropy (NCEX), which is comparable to (1.1]) and
is described as

1

e =3 [ -G (15

The Farlie-Gumbel-Morgenstern family (FGM) is described by a parameter §, and the
marginal distribution functions Gx (z) and Gy (y), it was primarily derived by Morgenstern
[16]. By adding further parameters, Lai and Xie [I7] suggested the CDF as

G(z,y) = Gx(z)Gy (y) + 0Gx (2)*Gy (y)*Gx (2) Gy (y)*, o, A > 1, (1.6)
for 0< § < 1. The related PDF is

9(z,y) = gx (2)gy () (1 + 6Gx (2)* ' Gy () ' Gx ()} ' Gy (y)*

(1.7)
A= (a+X)Gx(@)][A = (a+ NGy (y)))-

According to Bairamov and Kotz [18], a bivariate copula for ¢ satisfies a broader range of

conditions where:

1 L s 1
[KF(a, V]2 [K= (o, N)]2" = = Kt(a, ) K~ (a, \)’

min{

with noting that K™ and K~ are functions of @ and A. Furthermore, the conditional CDF
and PDF are:

Gyix(y | ) = Gy (y) +6Gx (2)*Cy (y)*Gx (2)* Gy () e, A 2 1, (1.8)

avix(y | ) = gy (y) (1 + 6Gx (2)* Gy ()" Gx (@)} Gy ()

(1.9)
x A= (a+NGx(@)][A = (@ + NGy (y)]).

Kamps [19] introduced the concept of generalized order statistics, with the special case of
w-generalized order statistics (w-GOS), which provides a flexible framework for obtaining
other ordered variables by choosing specific values of w. Gamal et al. [20] derived the
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CDF and PDF of the concomitant Yy, g from the Lai and Xie extensions for the r-th
w-GOS, respectively, as:

Gl (¥) = Gy (u) |1+ 0070 Gy ()G ()] (1.10)
9lrm,w,l) (y) = gY(y) 1+ 6R>[kr,n,w,l] Gy(y)ailG?/_l(y) ()‘ - (Oé + A)Gy(y))] ’ (111)
and
Clriwnn() = 1= Gy (y) [1+ 807, Gy (1) G (v)] -
= Gy (y) [1+ 007, 0 Gy )7 G ()|
where
A—1
1)
. ! e > - (1.13)
Nrnw,d) = Mr— T
rmed "o +a+e)
and
A—1 A )
A—1 A (_1)6 A (Oé + )‘) . (_1)]
rmaw,l] — Tr—1 T - T - s
] Gy reta—1) 2l +i+a—1)
with parameters [ > 1, n € N, wy = ws = ... = w1 = w, and 1 < r < n — 1, where

Y =1+ (n—¢q)(w+1)and m,_1 = [[}_, 74 For more details on the concept of w-GOS,
see Kamps [19)].

Extropy is regarded as the dual counterpart of entropy in both information theory and
thermodynamics. Whereas entropy quantifies disorder, randomness, or uncertainty within
a system, extropy emphasizes order, structure, and information content. It is often linked
to concepts such as progress, growth, and the natural tendency of systems to evolve toward
higher levels of organization. Because of these properties, extropy has recently attracted
considerable attention as a complementary measure to entropy in modeling uncertainty
and information.

Within the FGM family, Almasoor et al. [21] investigated extropy measures for w-GOS
concomitants, establishing beneficial properties and highlighting their flexibility. More
recently, Mohamed et al. [[22], [23]] employed both real and simulated COVID-19 viral
data to explore the non-parametric computation of the residual extropy measure for w-
GOS concomitants, demonstrating the potential of extropy-based approaches in practical

applications.
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Entropy for w-GOS concomitants arising from the Lai and Xie extensions was studied
by Gamal et al. [20], who provided several theoretical insights. In contrast, the present
work focuses on the study of extropy in this setting, extending the analysis to include
several new measures and estimation methods.

The main contributions and structure of this paper can be summarized as follows.
In Section [2 we derive the expression for E(Y[r,n,w,l]) using the extropy measure. In the
same section, we also present conclusions concerning the extropy of the concomitants
of order statistics and record values for the uniform and exponential distributions. In
addition, the Lai and Xie extensions are employed to study several related measures,
including residual and past extropies, CREX, and NCEX for w-GOS concomitants. Section
introduces empirical estimators for CREX, supported by simulation studies that validate
the accuracy and efficiency of the proposed estimators. Real-life data are further analyzed
to illustrate the practical applicability of non-parametric CREX estimation under the
Lai and Xie framework. Finally, Section [4] provides a summary of the key findings and
discusses possible directions for future research.

2. Lai and Xie extensions via extropy

The measures of extropy, residual and past extropies, CREX, and NCEX for w-GOS
concomitants will be derived in this section using the general framework of the Lai and
Xie extensions. Furthermore, applications will be provided for the concomitants of OS
and record values under the uniform and exponential distributions.

2.1. Extropy of concomitants for w-generalized order statistics

In this subsection, we will derive the measure of extropy of concomitants for w-GOS,

Y nw,, from Lai and Xie extensions through the application of the theorem.

Theorem 2.1.1. Assume (X,Y) is a bivariate r.v. from the Lai and Xie extensions
that is non-negative. Based on the concomitant Y, n.), the rth w-GOS’s extropy is thus
provided by

e(Yirmuw) = (Y) = 6RE o nE((L = w)2 2?1\ = (a+ Nu)g(Gy (w))
* 2 (2.1)
_ Wﬂz((l — ) 207D 20D (A — (@ + Mu)?g(Gyt (w)),

where e(Y') is extropy for r.v. Y and U is an uniformly distributed on U(0,1).

Proof. From (|1.1)) and (1.11)), we have
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_1 S
5()/[7‘7”7107”) = 7 g(Qr,me) (y)dy
-1 o 2 * ~ a—1, -1 2
=5 | 4w 14 0RY, i Gy )71 GY M) (A = (a+ NGy ()| dy
= (Y) = 6R., /0 G )Gy (1) 'Y () (A — (a+ NGy () dy
OR;

2 o
[Mzm”) / )Gy (1) V@) (A= (0 + NGy () dy

=e(Y) 5R*anl]/ (1—w)* (N = (a4 Nu) g(GyH (u))du

“mafW>/)u_m““”2“1NA—W+AWVﬂG7W”“
0

— (V) = R}, gE((1— ) ¥ (A = (a4 M) g(Gy ()
(R

[’"’2”‘“’”)}3((1 — )220 (4~ (a+ Nu) g(Gy (W),

Theorem 2.1.2. Suppose that w =0 and [ = 1, the w-Gos reduces to OS. Therefore, the

PDF of concomitants of OS from Lai and Xie extensions is given by
9pren)(¥) = 9y (y) |1+ 0T}, Gy ()G Hy) (A = (a + A)Gy(y))} . (22

where

. n! An—7r)+a(l—r1)
Ton) = oo pP @t oA = D e
Proof: Since the PDF of the r-th OS is given by
TL' n—r ~r—1

From (1.9)) and (2.4), thus the OS’s concomitant PDF is provided by

Glr:n] (y) = / gY\X(y | x)g[r:n] (l‘)dl’

(2.3)

G[r:n) (LU) = (

= 0 () + 57—y O (0 GI0) (A (0 + NGy () av 0
X /_00 [)\GX(J:)A+T_2 — (A a)Gx (@) Gx(a)" T g (@) da.

Let t = G x(x), then we have

G[r:n] (y) = gY(y) +6

= 1;(!” — GG ) O = (@ NGy () v (v)

1
% / [)\tn—r—i-a—l(l _ t))\+r—2 _ ()\ + a)tn—r+a—1(1 _ t))\—l—r—l] dt.
0
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which proves the theorem.

Corollary 2.1.1. According to Theorem , under the rth concomitants OS’s extropy,
€<Yv[7“:n])7 is given by

(V) = e(Y) = 6T} B((1 — u)* ' (A = (@ + Au)g (G (w)
(5T* ])2 (2.5)

- R0 w2V () (a4 NGy ().

Therefore, we have

() = =V) = 5T 34— DB~ )" A~ (a4 Nug (G5 ()
P a4 DPE(( - 00— (a4 (G (1),
An(n —1)

(Y1) = e(Y) — 5mﬁ(a +n—LAE(L—u)* ' (A = (a+ Mu)g(Gy'(u))

o L PR 020w D0 (04 A e(Cy ().

Remark 2.1. We get a recurrence relation between extropy for concomitants of OS from
Lai and Xie extensions Y|, y1.,) and Y.}, then we have the result from corollary
as

e(Yiri1im) = €Virin)) = 0 B((1 — )™M (A = (a + Mu)g(Gy' (u))
(Qn)? = 2T Qo

52 R (1 - e ViV (A — (o 0w (G (W),

where

An—r)+a(l—r7)
n—r)(a+n+A—1)

Qrin = Ty — Thgron) = c(r—lm){( Bla+n—rA+r—1)

~ (AMr=—r—-1)—oar)
rla+n—XA—1)

Bla+n—r—1,A+71)},

and

n!
“r—tm) = (r—D(n—-r-1)»"

Remark 2.2. We get a recurrence relation between extropy for concomitants of OS from

Lai and Xie extensions Y.,y and Y},.,), then we have the result from corollary (2.1.1
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as

eVrin—11) = €(Vpn)) = 0, E((1 — )1 H (A = (@ + Nu)g (G ()

* \2 * *
e () 22T[r;n—1} Qi E((1 — u)2@ 20D (X = (o + Nu)?g(Gy (u)),
(2.6)
where
(n—1)! nAn—r)+a(r—1)(@+n+r—1)

On =T = Do) = G —r — DI n=r)afnt V)@t ntA—T)
A(n—r—1)+a(r—1)
PRI W Wla+n—r—1,A+r—1).

Theorem 2.1.3. The record value is a special case of the w-GOS with w = —1 and | = 1.

Therefore, the PDF of concomitants of record value from Lai and Xie extensions is given

by

91 ®) = 9v(®) [1+ 050Gy A W A= (@ + NGy ()], (27)
where
a—1
a—1 a—+ A A
Y = —1)¢ - : 2.
Hem) Z:; (e )( Vo o+ e - Corar (28)
Proof: Since the PDF of the nth lower record is given by
1 n—1
grm)(T) = CE]] [~InGx(z)]" gx(z). (2.9)

From ((1.9) and (2.9)), then the PDF of the concomitant of the nth lower record is given by
Irm)(y) = / Iy |x (W | £)9rm)()dz
o = o
=y () + =y Or W) Gy y) (A = (a+ NGy (y) gv ()

< [ Gx@ G @) (A~ (@ + NGx(0) [ Gx ()" gx (),
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let ¢t =[-InGx(x)], then we have

9100 () = 9 (1) + TGy (01 GY0) (= (o + NGy () ()

1
X / [()\ + @)elMDE _ \emAM (1 — ey,
0

= v () + GGy "G 0) (O (0 + NGy () v ()
(a1 e ! (—OFe)+1Dt _ y —(A+e)t] pn—1
X; (6 ) (-1) /0 {()\—i-a)e e ]t dt.

which proves the theorem.

Corollary 2.1.2. According to Theorem , the concomitant extropy of Yr,) is given
by
e(Y(m) = e(Y) = 6u7 (o B((1 = w)* 1T = (a+ Au)g(G5 () .10)
1 2.10
2B ) PE((L w2 D0D (4 (a4 NG5 ().
Now, we will give an application of Theorem ([2.1.1)) by the following examples.

Example 2.1.1. Assume that the exponential distribution (Exzp(f)) with CDF produces

the non-negative continuous r.v. Y as follows
Gly)=1-—e"%0>0,y>0. (2.11)

According to Theorem , the concomitant extropy €(Y|. nw,) s given by

N g BTG +ATAEY o
€ [T7n7w7l] = —0.250 — T o Fr,n,w,l]
IF'd+a+X) (2.12)
L A0A+ a4+ a + X)P(4 +20)T(~1 +2))

T(5 + 2a + 2))
Based on OS, Figure (1| shows some plots of &(Y,.,,0.1)) for Exp(0).

Example 2.1.2. Assume that the uniform distribution with CDF produces the non-negative

continuous T.v. Y as follows

G(y) = (g) 0<y<o. (2.13)
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—03f ] -046 |
-04r — 047}
—osf =
i‘ -0.48
-06 — =1 1 =
— 92:2 -049
-0.7 .
= B3=3
—0.8k, . L . =00 [
0.0 0.2 0.4 0.6 0.8 1.0

Figure 1: plots of £(Y},,,0,1)) form Exp(f) for a sample of size n = 200,a = 1,b = 2 with
various selections: (a) r =30,0; = 1,02 = 2,03 =3, (b) 0 =2,r; = 30,r2 = 150,r3 = 170.

According to Theorem , the concomitant extropy €(Y|. nw,) s given by

£(¥[r,n,0,11)

—0.5 25R* F(2 + Oé)F(l + )‘) (5Rrr,n,w,l})2

B [ryn,w,l] _
eVrmwi) = — T3+ a+A) o (2.14)
L ABA+aB+a+ N))IE +20)1(—1 +2)) |
T(22+a+\) '

Based on OS, Figure |2 shows some plots of (Y], 0,17) for a uniform distribution

.....................

0ot 1 e
| -0.2500 F
-0.2 ] -0.2505 |
1
i -0.2510 |
-0.4 1 &
1 c:= -0.2515
— 0,=05 =
=081 " 1 = -o02520 f
—— 02:1 1— -
1 02525 F .=
08k 03=2 1 ;=100
1 02530 F — =110 ]
— 0,=3 1 4 W
-1.0 = 1 N
. L L 5 L 14 -0.2535 L L L L i
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 06 0.8 1.0
5 &

Figure 2: plots of £(Y},.,,0,1)) form a uniform distribution for a sample of size n = 200, a =

1,A = 2 with various selections: (c) r = 30,01 = 0.5,00 = 1,03 = 2,04 = 3, (d)
o = 2,7‘1 = 30,7“2 = 80,7‘3 = 100,7‘4 = 110.
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2.2. Residual and past extropies of concomitants for w-generalized order
statistics

In this subsection, we will derive the measures of the residual and past extropies of
w-GOS, Y, 0, from Lai and Xie extensions by following theorems.

Theorem 2.2.1. Assume that the r-th w-GOS concomitant Y}, 1] is a continuous and
non-negative r.v. from the Lai and Xie extensions. Then, the residual extropy of the r-th

w-GOS, based on the concomitant Y., 1, i given by

1

€t anw :gR anw it) = @
Y i) =€ (Vrnw0i ) [1+5n[§n7n7w7”Gy(t)a*1G§(t)

Pl (Y)

IR}
-G B -0 (6 W) (- o+ w)

_ (5Rrr n,w l})2

26 () B 0w (G- @t A g Gy W)

where e®(Y) is residual extropy for r.v. of Y and Ug is r.v. from U(1, Gy (t)).

Proof. From (1.2)), (1.11)) and (1.12), we have

o g ) [L0R; Gy ()" G () (A — (o + NGy ()] dy

_ 2
G2.(1) [1 + 01, i Gy (t)aflc@,(t)}

-1
ER(}/[r,n,w,l];t) = 2/
t

1 6R*7"nwl]
R e e G AL

r,n,w,l]

_ R 2 1S9
x Gy (9)° G 1 y) (A — (a+ NGy (y)) dy — M / 3 (y)

2G3 (1)
x Gy (1)@ VGV (y) (A = (@ + NGy (1) dy).
= i Plef(y) - ol
L+ 00710y Gy (021G (1) G2 (1)

X ' _oaye—loA-1 .y -1 _(5Rrﬁn,w,l])2
/Gy(t)(l W O (o ) O () — s

8 /1 (1= w)** V23D (A — (o + Au)® g(Gy (w))du]
Gy ()
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= 1 2leR(y) — %
L4 0], Gy () 1GH (1) G2(0)

(5Rrr,n,w,l])2
2G3(1)
x E((1 - u)*@ 23D (X — (a+ Mu)® g(Gy ().

X E((L—u)* (= (a+ M) g(Gy ' (w)) —

Theorem 2.2.2. Assume that the r-th w-GOS concomitant Y|, , ., s a continuous and

non-negative r.v. from the Lai and Xie extensions. From (1.3), , and , the

residual extropy of the r-th w-GOS, based on the concomitant Y, .1, s given by

1

- o Pler(Y)
L 017, Gy (0°GY (1)

Et(}/[rvnzwzl]) = EP(}/[T,TL,’LU,th) = [

*

0R
- cwm(l —w)* M (A = (a4 Mu) g(Gy (w))

(5Rrr,n,w,l])2

~er B Tt A (@t W) a(Gy )]

where ep(Y') is past extropy for r.v. of Y and Up is r.v. from U(0,Gy(t)).
Proof. An analogous set of steps to those used in the proof of Theorem 2.2.1 could
be applied here.
2.3. Cumulative residual extropy of concomitants for w-generalized order
statistics

In this subsection, we will derive the measure of CREX of concomitants for w-GOS,
Y7 nw,, from Lai and Xie extensions by following theorem.

Theorem 2.3.1. Assume that the r-th w-GOS concomitant Y}, , ., is a continuous and
non-negative r.v. from the Lai and Xie extensions. Then, the CREX extropy of the r-th
w-GOS, based on the concomitant Y}, ), s given by

1 ) — (577[?7”,%1])2
9(Gy' (w) 2

E[T,n,w,l} (Y) = E(Y) - 577;,,1@,1]1{3((1 - u)a+1u/\

% 7u2au2)\
B =) e T w)
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Proof. From and , we have

1 [ _
f[r,n,w,l}(y) = 2/0 (G[r,n,w,l] (y))Qdy
1 [ _ _
= /0 [G%(y) + 260,y Gy (1) TG (y) + (5nﬁ,n,w,51)2Gy(y)2”‘G%*(y)] dy.
00 1 O )’
= E(Y) - 5ntﬂnw / (1 - u)aJrlu)\ — du — ra
) J g(Gy' (u)) 2
X / (1-— u)2°‘u2’\_711du,
0 9(Gy (u))

with noting that £(Y') is the CREX of r.v. Y, and U is r.v. from U(0,1).

2.4. The negative cumulative extropy of concomitants for w-generalized
order statistics

In this subsection, we will derive the measure of NCEX of concomitants for w-GOS,
Y nw,, from Lai and Xie extensions by following theorem.

Theorem 2.4.1. Assume that the r-th w-GOS concomitant Y}, , ., 1) is a continuous and
non-negative r.v. from the Lai and Xie extensions. Then, the NCEX extropy of the r-th

w-GOS, based on the concomitant Y., 1, i given by

1 n (577[;@@71])2

* % * a0\ A
g (Y) _§ (Y) + 677[r,n,w,l]E((1 u) U +1g(G{,l(U)) 2

% 7u2au2>\
B =) e T w)

Proof. From and , we have
* 1 > 2
5 (Y) = 5 (1 - G[r,n,w,l}(y))dy
2.Jo

1 > * ~ [e] * 2 «
~3 /0 (1= GE(0) + 2601, Gy (1) CY (W) + (0100 *Cr ()G )| dy
> 1 (5nf;“nwl])2
V) 00y [ (10T Dy
o 9(Gy (w) 2

X - —u2au2>‘71 U
[

with noting that £*(Y") is the NCEX of r.v. Y, and U is r.v. on U(0,1).
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3. Non-parametric estimation

Using the empirical data, we derive a non-parametric estimate of the CREX of w-
GOS concomitants under the Lai and Xie extensions in this section. Consider the random
sample Y7, ..., Y, from a population with CDF and its empirical estimator GG,,. According
to and , the empirical CREX of w-GOS concomitants is provided by

—1 [ _
Grnan () = 5 [ AL+ 007 GA (L = Gl )y
(3.1)

Y R R (PRRY . . \ s
- 7 ZL Gn(y)(l + 677[T,n,w,l]Gn(y)(1 - Gn(y)) )) dya
j=1 ()

where G, (y) = 1—Gp(y), and the corresponding OS of the random sample is Yy £ Y9 <
... £Yy), whereas G, (y) is the empirical CDF. .

We take into consideration the first empirical estimator &y, ,,;j(Gr) in order to esti-
mate &y, 1 as follows

n

n—1 N 2 . . 2
-1 J * J J a—
51[T7n’w’l](Gn) = 7 Z Wj+1 <1 — n> <1 + (57][7.’”’1”’[](5))\(1 — 7) 1> , (32)
7=1

where Gn(y) = £, j = 1,2,...,n— 1, Wj41 = Y{j11) — Y{j), Wi = Y(;). Additionally, the

n
kernel-smoothed estimator, or second empirical estimator, §2[T7n7w7l](Gn), is provided by

_qnd 2
Eornot(Gn) = - D Wit (1= Galy))? (1400700 (Gul)M(1 = Gal))* ™)
j=1
(3.3)

where

n

Gn(yj):;23<y—hl@>’

=1

B(y) = [Y_ S(t)dt and h are bandwidth parameters; refer to Nadaraya [24].

By using 100 samples of size n=25, are generated with the uniform distribution U (0, 1).
These data satisfy the asymptomatic normality of the empirical estimator’s assumption

in (3.2) and (3.3)). The histogram shown in Figure |3|is presented.
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Figure 3: Histogram of empirical estimators for sample values under Lai and Xie extensions
at « = 3, A =4, 6 = 0.6 with standard normal distribution.

In the following, we use the suggested techniques in the examples to describe how the

empirical and kernel estimators work.

Example 3.0.1. Consider the random sample X1, ..., X,, with U(0,1). Pyke states in [25]
that the sample spacing Wji1 is in accordance with the beta distribution Beta(1,n). Thus,

derived from and , we obtain

n—1 N\ 2 . . 2
_ -l i . dpg e
E(gl[r,n,w,l](Gn)) - 2(1 I n) z; (1 n> (1 + 677[r,n,w,l}(n) (1 TL) ) )

n—1 .\ 4 . . 4
n J * J\A J \a—
Var(gl[r,n,w,l](Gn)) = 4(2 n n)(l n n)Q Z <1 - TL> <1 + 577[7“,71,11),[](5) (1 - g) 1) )
j=

n—1
E(aprinw,(Gn)) = 2(1_4271) (1 - Gnly)))” (1 + 0110, ) (G ()M (1 — Gn(yj))“’l)2 :
j=1
n—1
Vor(€pmnn(©0) = i 3o (0~ G (14 00 (Gl 1 = Gl )
j=1

Example 3.0.2. Consider the random sample X1, ..., Xy, with Exp(0). Pyke states in [25]
that the sample spacing Wji1 is in accordance with Exp(0(n — j)). Thus, derived from

and , we get

n—1 . . . 2
_1 .] * ] ] a—
Elesemna On) = g 2 (17 7) (14 07hma (0= 277

J=1
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. . 4
Var(€upman(G)) = 1573 Z (1 ) (V-2
_ 1 2
E(€aprnand (Gn)) = 55 Z D (14, G50 — Gl
=1
)4 4
Var(éQ[Tn wl Z < + 577{1‘,71,11},” (Gn(y]))k(l - Gn(yj))a_l) :
=1

Based on OS, Table (1) presents the mean and variance of &[5, 0,1) and §ajy,0,1) from
EXP(0), For varying sample size values (n = 10, 30,60, 100) using (6 = 0.5,1,2).

Table 1: The empirical estimators’ mean and variance for CREX of concomitants of OS
under Lai and Xie extensions at « =5, A=7,r =3, and § = 0.8.

n | 6 EX P(0) distribution

The first estimator The second estimator
E(fur;n,o,u) Va?”(fl[r;n,o,u) E(£2[r;n,0,1]) Var(£2[r;n,0,1])

10 | 0.5 -0.4500 0.0285 -0.5543 0.0387
-0.2250 0.0071 -0.2837 0.0095
2 -0.1125 0.0017 -0.1538 0.0027
30 | 0.5 -0.4833 0.0105 -0.5178 0.0115
-0.2416 0.0026 -0.2600 0.0028
2 -0.1208 0.0006 -0.1325 0.0006
60 | 0.5 -0.4916 0.0054 -0.5088 0.0056
-0.2458 0.0013 -0.2550 0.0013
2 -0.1229 0.0003 -0.1290 0.0004
100 | 0.5 -0.4950 0.0032 -0.5054 0.0033
-0.2475 0.0008 -0.2531 0.0008
2 -0.1237 0.0002 -0.1278 0.0001

Table 1 provides the characteristics listed below:

(i) When n is a fixed value, the values of the mean increase as the values of ¢ increase,
whereas the values of variance decrease with 6.
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(ii) For a fixed 6, both the values of mean and variance are declining as n increases in

value.
(ili) When n approaches infinity, the value of the variance tends to zero.

Simulated data are shown in Figure[dl Thus, we can infer that the empirical estimators
go closer to the theoretical value as r and 6 increase, and vice versa.
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Figure 4: Empirical estimators of simulated data for CREX of concomitants of OS under
Lai and Xie extensions. (a)a =5, A=7,n=80,r=3,0=0.8,0=0.5. (b)a=5A=7,
n=2380,r=30,6=08,60=05 (c)a=5A=7,n=80,r=3,0=0.8,0=1. (d)a =5,
A=7,n=80,r=30,0=0.8,60=1.

3.1. Saudi Arabia Real industrial data analysis

The Industrial Production Index (IPI) is a key economic indicator that measures the
monthly output of factories, mines, and utilities within an economy. It reflects the real
volume of industrial production and provides valuable insights into the performance of
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the industrial sector, which is a major driver of overall economic growth. A higher IPI
value typically indicates an expansion in industrial activity, suggesting that factories are
producing more goods to meet rising demand, which in turn contributes to employment
and economic development. Conversely, a lower IPI value points to reduced industrial ac-
tivity, signaling a potential slowdown in the economy due to weaker demand or production
challenges.

In Saudi Arabia, the IPI serves as an important measure for assessing the progress of
the Kingdom’s industrial diversification efforts under Vision 2030, particularly in sectors
such as manufacturing, mining, and energy. The data presented below, obtained from
the General Authority for Statistics https://www.stats.gov.sa/en/statistics-tabs?
tab=436312&category=123454 | shows the monthly index for the manufacture of basic
metals from January 2023 to August 2025:

116.6, 106.3, 119.6, 111.3, 113.8, 120.4, 122.1, 120.8, 114.3, 121.3, 117.0, 117.1, 120.7,
123.7, 123.4, 131.4, 127.7, 125.9, 125.1, 124.8, 122.4, 123.0, 121.8, 118.8, 115.9, 111.1,
112.4, 113.6, 109.5, 107.7, 108.6, 108.7

The Weibull(, B2) distribution was able to properly fit this data set with parameter
B1 = 20.6709 and B = 120.993, which a p-value equal to 0.971468. Furthermore, see
Figure |5, which shows the estimated PDF and CDF.

Histogram of data

Density
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Figure 5: Estimated PDF and CDF of Weibull distribution for data

Based on the above real data, the empirical estimators for CREX of concomitants of OS
under Lai and Xie extensions at o = 4, A = 6, and § = 0.8 will be ;20.32,0,1) = —4.06006
and &3)20,32,0,1] = —4.26736. Meanwhile, the theoretical value is {[20.32,0,1] = —56.9977. As
we can see from the previous data, the second estimator is better in representation to the
theoretical than the first one is.


https://www.stats.gov.sa/en/statistics-tabs?tab=436312&category=123454
https://www.stats.gov.sa/en/statistics-tabs?tab=436312&category=123454
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4. Conclusions

In this work, we have investigated several measures of extropy, including residual and
past extropy, CREX, and NCEX, in the context of the concomitant of w-GOS based on
the extensions of Lai and Xie. A number of new properties of extropy related to record
values and order statistics were derived and discussed. In addition, empirical estimation
techniques were employed to estimate CREX, and the performance of the proposed esti-
mators was assessed through both numerical illustrations for the exponential distribution
EXP(0) and simulation studies.

The simulation results demonstrate that the empirical estimators converge toward
the theoretical values as both r and 6 increase. Moreover, the application to real-life
data, originally considered in the Lai and Xie framework, provided further evidence of
the practical relevance of the proposed methodology. In particular, the non-parametric
estimation of CREX for w-GOS concomitants showed that the kernel-smoothed estimator,
corresponding to the second empirical estimator, consistently outperformed alternatives
across all values of n and r. Furthermore, the results revealed that the mean squared error
decreases as the sample size n and the order r increase, confirming the efficiency of the
estimators.

Overall, the findings of this study enrich the theoretical understanding of extropy-
related measures within generalized order statistics and highlight their potential appli-
cability in practical data analysis. Future work may focus on extending these concepts
to broader distributional families, exploring their connections with other information-
theoretic measures, and developing further applications in reliability analysis, survival
studies, and statistical modeling.
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