EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
2026, Vol. 19, Issue 1, Article Number 7193
ISSN  1307-5543 — ejpam.com

Published by New York Business Global

On an Estimate of the Resolvent of an Even-Order
Operator Bundle and Its Application

Rovshan Z. Humbataliyev

Department of Applied Mechanics, Faculty of Shipbuilding and Ship Repair,
Azerbaijan State Marine Academy, Z. Aliyeva St. 18, Baku 1000, Azerbaijan

Abstract. This paper investigates an estimate of the resolvent for a class of even-order operator
bundles acting in a scale of Hilbert spaces generated by a positively defined self-adjoint operator.
The considered operator bundle has coefficients that exhibit symmetry with respect to the parity
of the index.

Additionally, a connection is established between the spectral properties of the operator bundle and
the existence of solutions to abstract differential equations. This provides practical applicability
of the obtained theorems in stability analysis, spectral computations, and the construction of
numerical schemes for parameter-dependent problems.

The proposed methods and results represent a development of the classical approaches of Lions,
Vishik, and Agranovich, extending them to high-dimensional and generalized operator systems.
It is demonstrated that, even in the absence of compactness, precise resolvent estimates can be
obtained, and spectral purity along the imaginary axis can be ensured.
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1. Introduction

In the spectral theory of linear operators, a significant focus is placed on resolvent
estimates for operator bundles depending on a complex parameter. The relevance of this
topic stems from its wide range of applications - from mathematical physics and vibration
theory to stability analysis in differential equations and operator-based models.

Classical approaches to solvability and a priori estimates were established in the works
of Lions and Magenes [1], where inhomogeneous boundary value problems were analyzed
using scales of Hilbert spaces. Subsequent studies by Vishik [2], Agranovich and Vishik
[3], Krein [4], as well as Roitberg [5], extended spectral analysis to broader classes of
parameter-dependent operators. However, most of these studies rely heavily on compact-
ness and complete continuity, which limits their applicability in various practical scenarios.
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In later developments, for instance by Kondratiev and Ryabov [6], and also Babenko
and Gohberg [7], new results emerged concerning resolvent estimates in nontrivial geome-
tries and for higher-order operator expressions. Within this context, particular interest
arises in the study of bundles whose coefficients exhibit alternating symmetry across differ-
ent scales, characteristic of problems with variable-type boundary conditions. Moreover,
works such as [8-14] have examined equations with multiple characteristics.

The present study offers a new perspective on even-order operator bundles defined
in Hilbert scales generated by a positively defined self-adjoint operator. Unlike standard
formulations, we introduce an important structural condition: symmetry of even and odd-
order coefficients of the operator across different Hilbert spaces. This structural property
allows us to prove ellipticity without invoking compactness assumptions.

The theorems proved in this paper - concerning ellipticity and resolvent estimates
along the imaginary axis and within sectors of the complex plane - provide a framework
for establishing the stability of solutions to the corresponding differential equation (in the
sense of a priori estimates). These results also establish an equivalence between spectral
theory and the well-posedness of evolutionary problems in functional spaces.

Thus, the present work advances and generalizes modern approaches (Lions-Magenes,
Vishik-Agranovich, Krein, Roitberg) in the analysis of operator bundles and opens new
possibilities for the application of the obtained estimates in both numerical and analytical
contexts.

2. Problem Statement and Some Auxiliary Facts

Let H be a separable Hilbert space, and let C be a positively defined self-adjoint
operator in H. Denote by Hs (s > 0) , the scale of Hilbert spaces generated by the
operator C, that is:

Hy =D (C?%),(z,y), = (C°z,C%), ,xz,y € D(C?).

For s =0, we set H = Hj.
Consider in the space H the following even-order operator bundle:

L(A) = (1) A™+C*+ Y NG, jn=2kk=1,2, - (1)
=0

where A is the spectral parameter, and the operator coeflicient satisfy the following con-
ditions:

1. C is a positively defined operator in H;

2. Operators Cj(j = 1,---,n) such that when j = 2s(s = 0,...,k — 1) operators
C; symmetric in H, and when j = 2s — 1(s = 1,--- , k) operators iC}; symmetric in H,
moreover D (C; D D (C7)),j =0, -+ ,n—1,i = v/—1. (The imaginary unit  ensures the
symmetry conditions for odd-indexed operators by rotating them into the complex domain,
which is essential for maintaining the structural properties of the operator bundle)
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Definition 1. If at the point \g € C , where C' complex plane and operator L (\g) let’s
turn to H , that Ay is called a regular point of the operator pencil L () .

The set of regular points of an operator pencil is called regular points L (A) and denoted
by p(L()\)). In this case, the operator function L~!()) is called the resolvent of the
operator pencil L () .

Definition 2. Sets C'/p (L (X)) is called the spectrum of the operator sheaf L (\).

Definition 3. If the imaginary axis belongs to the resolvent set and for some R > 0 for
|A| > R there is an assessment

[C"L™ (W) + [[A"L™ (W)]| < const,

then a bunch is called elliptical.

3. Main results

The proof of the following theorem utilizes the symmetry properties of the operator
coefficients (for even indices C; are symmetric, for odd indices iC; are symmetric), which
ensures that the real part of the inner product (L(i§)u, u) depends only on even terms and
is positive for large |£|. Based on this dominant term in the real part, the invertibility of
the operator is proved, and the resolvent is estimated to be bounded.

Theorem 1. Let the following conditions be satisfied: 1. C is a positive definite operator
in H; 2. The operators Cj, (j = 1,--- ,n) such that, when j = 2s, (s = 0,--- ,k — 1)
operators Cj symmetric in H, but when j = 2s—1, (s =1,--- , k) operators iC; symmetric
i H, moreover D (C'j oD (C’j)) ,j=0,--n—1 i=+—1..

Then the operator pencil L () is an elliptic operator pencil, moreover the following
estimate holds on the imaginary axis:

Z + [\ }C’" ipt (N)|| < const, A=i&, € € R. (2)
7=0

Proof. Let w € H. Then

C’uu

Mw

(L (i) u,u) =
]:0

For even j: (i€)’ € R. (Cju,u) € R and for odd j: (i €)) € iR. (Cju,u) € R.
Consequently, the real part of is determined only by even j:

k—1

Re (L (i€) u,u) = eo €] |[ully — C Y €1 [full7-

J=0
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For large |£], the leading term dominates, which means:

L (i) ul g > cl&] |lull 4

Consequently, the operator L (i€) : H — H is invertible, and the resolvent is bounded:
1. C
HL ! (Z{)H < @

Theorem 1 is proved. We now proceed to prove the next result — Theorem 2.
The proof of the following theorem extends the estimate to sectors around the imagi-
nary axis via A = pe'?, ¢ — 5

Theorem 2. If the estimate from Theorem 1 holds on the imaginary axis, then it remains
valid in sectors with a small angle around the imaginary axis.

Proof. Let A = pe'®, here ¢ — 5. Then

k—1
Re (L (i€) u,u) > ep® |[ullf = C Y o/ [lull7-
j=0
Similarly to theorem 1, it follows that:
C
-1

Theorem 2 is proved. We now turn to Theorem 3.

Note that from the condition D (C'j oD (C’j)) ,j=0,---,2k —1, it follows that the
operators D; = C;C™7 (j = 1,--- ,n) are bounded in H. Next, note that the operator
pencil L (A) can be associated with the equation

L(d/dt)u(t)=f(t), t€R=(—o00,+00), (3)

where f (t),u(t) vector functions defined in R = (—o0,+00) almost everywhere with
values in H. Let f(t) € Lo (R; H), where is a Hilbert space of vector functions defined
in R = (—o0,+00) almost everywhere with values in H with a square-integrable norm,

moreover
1/2

+00
s = | [ @) <+

Let us denote by W3 (R; H) the Hilbert space [1]

W (R H) = {u O™y € Lo (R H),u™ € Ly (R; H)}
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with the norm )
— n,, |2 (n)
otz = (1€l + [ )
The following holds.

The proof of the following theorem applies Fourier transform to L(d/dt)u(t) = f(t),
uses resolvent bound for norm estimate.

Theorem 3. Let the conditions of Theorem 1 be satisfied. Then, for any f (t) € Lo (R; H)
there exists u(t) € W3 (R; H) which satisfies equation (3) almost everywhere in R =
(—00, +00) moreover

lullwp )y < const || fll Ly (4)

Proof. Let us consider the equation

L)@ =r@

Let us apply the Fourier transform with respect to «x :

We obtain:

By Theorem 1, we have:

Therefore, c
la@©ll, <-——|F()
" (It +1) |

Let us multiply both sides by (]5 |k + 1) and square it:

Hy

2
Hy

(1el*+1) a1, < ?||f @)

Integrate with respect to £ € R

[ (2 + 1) naen)as <2 [ (7@, ) de

R R

Since F' is a unitary operator in Ly (R; H), this is equivalent to:

HUHI%VQ"(R;H) <C HfH%Q(R;H) :



R. Z. Humbataliyev / Eur. J. Pure Appl. Math, 19 (1) (2026), 7193 6 of 9

Therefore,
HUHWQTL(R;H) <C ||f||L2(R;H) (C = const) .

Theorem 3 is proved. Finally, we prove the converse result stated in Theorem 4. The
inverse theorem holds.

The proof of the following theorem shows non-invertibility of L(i7) leads to contradic-
tion, confirming no spectrum on imaginary axis.

Theorem 4. Let equation (3), for any f(t) € Lo (R; H), have a solution from the space
W3 (R; H) which satisfies equation (3) almost everywhere in R = (—o0, +00) and estimate
(4) holds. Then, on the imaginary axis, the operator pencil has no spectrum, and on this
azis the resolvent satisfies estimate (2).

Proof. Let an a priori estimate (4) be given for any f (t) € Lo (R; H) , that is, there
exists a solution u (t) € W3 (R; H), that:

HUHWQ"(R;H) < Cllifllpy(rsmy -

Let us consider the Fourier transform of both sides of equation (3):

L(i&)a() = f(9),

Since the Fourier transform is a unitary operator, the a priori estimate (4) is equivalent
to:

. 2
[ (1@l + i acen) ae < 2 [ (i), ) ae
R R
Let £ =7 € R is fixed. In this case, the integrand:

1L (i) @ (T)l| g = 0.

If the operator L (i) is not invertible for any 7, then there exists a nonzero such that
v € H, such that L (it7)v = 0. Then, by setting f(r) = 0, 4 (r) = v , we obtain a
contradiction, since:

1L (im) @ (7) ]| = 0

but
[a(7) @ (7)l[ g # 0.
Therefore, the operator L (i7) is invertible for all 7 € R, and the spectrum of the pencil

does not intersect the imaginary axis. Now let us show the estimate for the resolvent.
Since:

C

L)@l 2 e (4 1) [0 > 80l <

And from this:

f— . A C
127 67 Ol ey <
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Which was to be proved.

Theorem 4 is proved. Thus, all the main results have been rigorously established.
In this theorem, full continuity of the operators is not required C ! and D; =C;C 1=
1, ,n.

4. Application of Theorem 4

Consider a concrete operator bundle satisfying the conditions of Theorem 4:

Let H = L?*(R) and define the operator C' = —j—; + 1. This operator is positive
definite and self-adjoint. Consider the scale of Hilbert spaces generated by C.

Now consider the following second-order operator bundle:

L(\) = A2+ C? + \Cy + Oy, (5)
where:
(i) Cp is a symmetric operator with domain D(Cy) D D(C°) = H
(ii) O is such that iC; is symmetric with domain D(Cy) D D(C*)
Let us define:

Cou =V (z)u, (6)
Ciu =iW(x)u, (7)

where:
(i) V() is a real-valued, bounded, and sufficiently smooth function
(ii) W(x) is a real-valued, bounded, and sufficiently smooth function

Note that iC; = —W (z) is symmetric, as required.
Here, n = 2, k = 1. The conditions of Theorem 1 are satisfied because:

(i) C is positive definite
(ii) Cp is symmetric (even index j = 0)
(iii) ¢C is symmetric (odd index j = 1)

By Theorem 1, L()) is an elliptic operator bundle and the following estimate holds on
the imaginary axis:

2
(1+ AN IC2TLI M) < const, A= i€, € € R. (8)
7=0
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Consider the evolutionary equation:

L <jt> u(t) = f(t), teR, (9)

where f(t) € La2(R; H).
By Theorem 3, there exists a solution u(t) € W3 (R; H) satisfying the a priori estimate:

lullwz@smy < Clf1 Lo @;m)- (10)

By Theorem 4, the operator bundle has no spectrum on the imaginary axis, and the
resolvent satisfies estimate (2) on that axis. That is, L(i7) is invertible for all 7 € R and

C

L7 < —
L7 G < g

(11)
This example demonstrates that for operator bundles with the given structure, the
conclusions of Theorem 4 hold true, ensuring;:

(i) Absence of spectrum on the imaginary axis
(ii) Boundedness of the resolvent operator

(iii) Well-posedness of the corresponding evolutionary problem
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