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1. Introduction

Irreducibility of polynomials having integer coefficients has been an exciting theme
of mathematical research, since the classical irreducibility criteria due to Schénemann
[2], Eisenstein [3], and Dumas [4], and such research studies have close connection with
prime numbers (see [5, 6]). Over the years, a number of irreducibility criteria for testing
irreducibility of polynomials over integers have been obtained in the literature and the
reader is referred to see the comprehensive review in [7]. It is well acknowledged that the
classical irreducibility criteria due to Schonemann [2] and Eisenstein [3] are immediate
consequences of a prolific general factorization result due to Dumas [4] predicated on the
exciting Newton polygon approach that gives an instantaneous proof of Lemma 3 of [1]
(mentioned below) which further paves the way for irreducibility criteria, viz., Theorems
1 & 2 of [1], Conjecture 1.5 in [8], a generalization of Girstmair’s irreducibility criterion
[9] in [10, Theorem 3.1] and a factorization result in [11, Theorem 1] as a generalization
of Eisenstein’s irreducibility criterion. The Lemma 3 of [1] is stated as follows:

Lemma 1 (Singh and Kumar [1]). Let f = ag+a1z+---+anx™, f1 = bo+biz+---+bnz™,
and fo = co+c1x+ -+ + ™" be nonconstant polynomials in Z[z| such that f(z) =
fi1(x) fa(x). Suppose there exists a prime number p and positive integers k > 2 and j <n
such that p* | ged(ag, a1, ..., aj—1), P { ag, and ged(k,7) = 1. If p | by and p | co, then
plaj.
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For the interested reader, we mention here that Lemma 1 has been generalized in [12,
Lemma 8] thereby yielding a generalization of the classical Dumas irreducibility criterion
[4] as well as the irreducibility result of Weintraub [13], and several generalizations and
extensions of Girstmair’s irreducibility criterion in the papers [14] and [15].

For a prime number p, let v, denote the p-adic valuation of the field of rational numbers.
Thus, for any positive integer a, v,(a) is the nonnegative integer for which p»(@ divides
a but p'*vr(@ does not divide a, where vp(0) = oo. The p-adic valuation on Q is a
particular example of discrete valuation with the value group Z and such valuations are
used in the theory of Newton polygons, which in turn connect the factorization properties
of underlying polynomials via the Newton polygons of the factors (see for instance, [4, 16]).
The Newton polygon N P(f) of a polynomial f = ap+ajx+---+a,z™ € Z[x] with respect
to a prime p is defined as the polygonal path formed by taking the lower convex hull of the
set of points {(i,vp(a;)) | i = 0,1,...,n} in the cartesian plane R%. Each segment of the
polygonal path so obtained is called an edge of N P(f) and the point at which two edges of
distinct slopes meet is called a vertex of N P(f). Using these notations and definitions, we
provide an alternative proof of Lemma 1 using the following fundamental result of Dumas

[4].

Theorem A (Dumas). Let f = fifo where f, fi1, and fa are nonconstant polynomials
in Z[z], with f1(0)f2(0) # 0 and let p be a prime number. Then the edges of the Newton
polygon of f with respect to p are formed by translating and combining the edges of the
Newton polygons of f1 and fo with respect to p, with the slopes of the edges increasing.

An alternative proof of Lemma 1] Let v = v,. Suppose on the contrary that v(a;) = 0.
In NP(f), the Newton polygon of f with respect to the prime p, there is an edge joining the
vertices A(0,v(ap)) = (0, k) and B(j,v(a;)) = (4,0) of slope —k/j < 0. Since ged(k, j) =1,
there is no lattice point, that is, a point having integer coordinates on AB other than the
points A and B. Further, AB is the only edge with negative slope on NP(f). Since
v(a;) = 0, there exist smallest indices » < m and s < n — m for which v(b,) = 0 = v(cy).
Since v(bp) > 0 and v(cp) > 0, there is an edge on the Newton polygon NP(f1) with
respect to p, joining the vertices (0,v(bg)) and (r,0) of slope —v(bg)/r < 0. Similarly,
there is an edge on the Newton polygon N P(f2) with respect to p, joining the vertices
(0,v(cp)) and (s,0) of slope —v(cp)/s < 0. By Theorem A, the Newton polygon N P(f)
must contain at least two edges with negative slopes, or one edge of negative slope with
more than two lattice points, which is a contradiction.

It is worth mentioning here that Lemma 3 of [1] is indeed equivalent to [17, Lemma 1.4],
as proved in [18], and in anticipation of this fact, we comprehend yet another proof of the
same. It is interesting to note that revisiting Lemma 1 yielded conspicuous information.
The authors observed that in the initial lines of the proof of Subcase I of case I in [1,
Lemma 3], the claim

does not hold inevitably as is evident from the following explicit example which per contra
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motivates an unprecedented rudimentary proof of the same which is presented in the

sequel.
Note that we have f(z) = fi(z)f2(z), if we take

f = 243+ 243z + 24322 + 1532° + 332% + 192° + 25,
fi = 946+ 2%+ 23,
fo = 2749z + 1822 + 3.

Here, p=3,k=5,7=3,n=06, ag = a1 = az = 243. We have
3° | 243 = ged(ag, a1, as), 351243 =ag, k= (j —1)/2 = 1.
Further, we have
bo=9, by =6, bo=1=b3; cg =27, c1 =9, co =18, c3 =1,
so that
{ = ap=2, a1=1, ap =0=asg,
k—t = Bo=3, =2, f2=2, B3=0.
However, here, we note that
ap=1<2=0 /1 =2<3=k—V/.

This shows that the Claim (1) in the paper [1] is false although the Lemma 1 itself
remains true and does not affect any subsequent results resting on it. This gap in the
proof of Lemma 1 in [1] arose due to a computational error due to which a possibility was
overlooked which resulted in the aforementioned claim. The proof of Lemma 1 in [1] is
inductive, where the claim (1) serves as the first inductive step, which makes the proof
irreparable. So, we present a fresh elementary proof of Lemma 1 which does not use any
of the arguments of the proof given in the paper [1], and which does not use the Newton

polygon.

2. Proof of Lemma 1

We recall from [1] that we may define
b1 =bmy2 =+ =b, =0; Cpomt1 = Cp—mi2 ==, =0,
so that we may write
a; = bpcg + bicg_1 + -+ + by, for each t =0,1,...,n. (2)
It is straightforward to see that for any integers a and b, we have
0p(ab) = vp(a) + 0,(B); vyla+b) > minfup(a),uy(b)},

wherein the inequality becomes an equality if and only if v,(a) # v,(b). In view of this,
we record the following result (which follows inductively) for its later use.



R. Garg, J. Singh / Eur. J. Pure Appl. Math, 19 (1) (2026), 7285 4 of 12

Lemma A. If x1,...,25 is a list of s integers such that minimum of v, evaluated at
T1,...,Tg occurs at a unique integer x; in this list, then
vp(x1 + -+ + z5) = min{oy(x1), ..., vp(xs)} = vp(z4).

To prove Lemma 1, we first prove the following result.

Lemma 2. Let f = fifa where f =Y 1 qa;x’, fi = Y.t obix’, and fo = > 1" ¢z’ are
nonconstant polynomials in Z[z]. Let r and j be positive integers with r < j < n such that

(i) ged(vp(ao),s) = 1.
(1) vp(by) =0; vp(b;) >0 for0<i<r,
(143) vp(cj—r) =0; vp(ci) >0 for 0 < i < j—r.
Let o and B be the smallest indices for which the following conditions are satisfied
(iv) vp(ba) = ming<icr vp(bs),
(v) vp(cg) = mino<icj—r vp(ci),

If vp(ba) = vp(cg) and r + B = j —r + «, then there exists an index i < j for which
vp(ag) > vp(a;).

Proof. Set v = v,, and let v(ap) = k. By the hypothesis (i7) and (iii), we have
v(bp) > 0 and v(cg) > 0. Since ag = bocg, we have k = v(ag) = v(boco) = v(bo) +v(co) > 2.
Let v(by) = ¢ < k and v(cp) = k — ¢. We may assume without loss of generality that
¢ < k—{. We may also assume that o > 0 and § > 0, since the proof is similar for the
case when at least one of o and  is equal to zero. Now we have the following cases.

Case L v(b;) > =Lu(by) for all t = 0,1,...,a — 1 and v(cs) > j:::gv(c/g) for all
s=0,1,...,8 —1. We will prove the case when a« + 8 > j — r > r, since the proof is
similar for the case when a4+ < j—r. To extract the term corresponding to the minimum
valuation in the right hand side of (2) for an43, we have decomposed the summand for
A4 as follows:

a+B—j+r a—1 r—1 a+p
AotpB = Z biCatp—i+ Z bicatp—i+ bacs + Z biCatp—it Z biCatp—i-
=0 i=atf—jtril i=at1 i=r
I 11 111 v

(3)

We will show that the bcg (the un-grouped term in the right hand side of (3)) is the unique
term with the minimum valuation. Using the hypothesis (iv) and (v) in the summation II
of (3), we find that v(b;) > v(ba) and v(cqyg—i) > v(cg) for each i = a+p—j+r+1,..., a—
1. Similarly, in the summation III in (3) we have v(b;) > v(by) and v(cq15—i) > v(cg) for
each i = a+1,...,r — 1. Consequently, the value of v as evaluated at each term of the
summations II and IIT in (3) is strictly greater than v(bycg).
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Now turning to the summation I in (3), we use the hypothesis of this case and the
given conditions that v(by) = v(cg) and r — o = j — r — /3, and arrive at the following:

r—iv(ba)zr—(a—k,é’—j—{—r)v

r—« r—«

v(b;) >

(ba) =2v(by), 0<i<a+fB—j+r<a,

which shows that v(bjcayg—i) > v(bacg) for each such i. Consequently, the valuation of
bocg is strictly less than the valuation of each of the term of the summation I in (3).

Finally we consider the summation IV in (3) and use the hypothesis of this case and
the given conditions that v(by) = v(cg) and r —a = j —r — 3, and get

j—r—(a+p—r)
jor—p

So, we have v(bicq15—i) > v(bacg) for each term of the summation IV in (3).
Combining all these observations together and using Lemma A, we arrive at the fol-

j—r—(a+f—i)
j—r— A

v(cg) >

v(Catp—i) > v(cg) =2v(cg), r<i<a+p.

lowing:

v(aatp) = v(bacg) < (1 —a/r)l+ (1= B/(G —7))(k

"L y(by) forallt = 0,1,...,a—1 and v(cs) < j::::g,v(c,g) for some s with

r—o

0) < k.

Case IL. v(b;) >
0 < s < . Let s be the smallest index with 0 < ¢’ < /8 for which v(cy) < ?:::“ZU(CB).
Therefore, if s’ > 0, then we find that

j—r—s

—_ f No<s<yég. 4
v(cs) > pp— ﬂv(%) orall 0 <s<s (4)
Let s* be the smallest index such that
 ——— vlcs) = min { . ules) } (5)
J—r—s* s<s<pg|j—r—s

As before, it will be enough to consider the case when o + s* > j —r > r, since the proof
is similar in the other case. Using (2), we have

ats*—j+r a+s*—f3 a—1
Qo+s* = E biCaJrs* —i+ E bicaJrs*fi + E biCaJrs*fi
1=0 i=a+s*—j+r+l i=a+s*—f3+1

I II 11T (6)

ats*—s' r—1 a+-s*

+ bacs + § biCats—i+ § biCatys —i+ E biCats—i -
i=a+1 i=a+s*—s'+1 i=r
v A% VI

For each term of the summation I in (6), we use the hypothesis and (5) and find that

r—i r—(a+s" —j+r)
> =
r—av(ba) > — v(ba) = v(ba) + -

j—r—s*

v(bi) > v(eg) = v(ba) +v(cs),
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for each ¢ = 0,1,..
term of the summation I in (6).

6 of 12

,a+ s* — j 4 7, which shows that v(bjcats —i) > v(bacs+) for each

Considering the terms in the summation II of (6), we have for each index i with

a+s*—j+r+1<i<a+s" —p

v(b;) +v(cars—i) > :__iv(ba) +v(cg)
—a+a—1 | —1r — 8%+ s* —
= %v(ba) +? Tj _ST — ; 61}(05)
_ a—i jor—s s*—p
= v(ba) + — av(ba) + M’U(Cﬁ) + mv(%)
> w(ba) + v(es) + T TP 00y > w(ba) + v(css),

T—«Q

which shows that the valuation of each term of the summation II in (6) is strictly greater

than the valuation of the term bycs«. Now consider the summation III in (6).

Here,

a+s*—pF+1<i<a—1and using (5) we have

r—i j—r—(a+s*—1)
bi a+s*—1i ba . s*
v(b;) + v(cats —i) > r—av( )+ p— v(cgr)
= 7niOZ+Olilv(ba)—l—j77‘,75 7(?72)7)(08*)
r—a j—r—s
oa—1 a—1
= ba ba s*) — s*
0lb) + 2= L0(b0) +(en) — ()
a—1 oa—1
> b _— * * ) — ———— * ) = b s* ),
> v(a)—i-j_r_s*v(cs)—l—v(cs) j—r—s*v(cs) v(ba) + v(cs+)

which shows that v(bjcaqs—i) > v(baCs).
Turning to the summation IV in (6), we have for each index ¢ with a+1 < i < a+s*—¢'

using (5) that

j—r—(a+s"—1i)

bi a+s*—1 ba - C

o)+ vlearis) > (b + IO e
j—r—s"4+(—-a)

= ba . s*

v(ba) + — v(cs)

W(be) + V(e ) + ——

s* ba s* )
]—r—s*v(c ) > v(ba) + v(cs+)

which shows that v(bjcqts+—i) > v(bacs+) for each such i.
Using the inequality (4) for each term of the summation V in (6), we get

j—r—(a+s"—1)
j—r—8

j—r—s"4+({—-a)
jor B

v(bi) +v(cars—i) > v(ba) + v(cp)

= v(by) + v(cp)
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j—r—s* 1—«

() + ——
j—r—8 T =5

Finally, in this case we consider the summation VI in (6) for each index ¢ with r < i <
a+ s*. On using (4), we find that

= v(by) + v(cg) > v(bacs).

j—r—(a+s"—1)

v(Cats —i) > JR— v(cg)
> j_rgfit;k_r)v(cB)
- %0(05) + mv(%) > v(by) + v(cs*),

which shows that v(b;cq4s+—i) > v(bacs+) for each such i.
Thus, all these observations together conclude that the b,cs+ is the unique term with
minimum valuation in the convolution expression for a,4s+. By Lemma A we have
k—14

U(aa—i-s*) = U(boccs*) = U(ba) + U(CS*) < (T - a)é + (] —-r—= 8*)j _ < k.

Case IIL v(b;) < “=Lu(b,) for some ¢ with 0 < ¢ < a and v(cs) > =—5v(cp) for all

s=0,1,...,8—1. The steps of the proof in this case are parallel to that i; the preceding
Case 11, and we omit the proof.

Case IV. v(b;) < Z=Lu(b,) for some ¢ with 0 < ¢ < o and v(c;) < ;:::Zv(%) for some
s with 0 < s < 3. Let t’ and s’ be the smallest indices with 0 <# < « and 0 < s’ < 3, for
which v(by) < ==L (by) and v(cy) < I==5 (cg). Therefore, if ¢ > 0 and s’ > 0, then we

r—o jfrf,é’v
have
U(b)>T_tv(b)forall()<t<t" v(c)>gv(c)f0rallo<s<s' (7)
V= —a Ve - [ R S g - '

Let t* and s* be the smallest indices such that

v(bt*)zt,@tina{v(bt)}v v(es) min{ v(cs) } v(br) _ v(es) (8)

r—t* r—tf j—r—s" s<s<glj-—r—s) r—t* j—r—s

Again, it will be enough to consider the case when t* 4+ s* > j —r > r. Using (2), we have

t*+s*—j+r t*+s*—p t'—1
At s+ = E bictr s+ —i + E bictr s+ —i + E bicr 45—
=0 i=t*4s*—j+r+1 i=t*4s*—5+1
I 11 111
t*—1 t*4s*—s' a—1
+ E bicis45x—i + bprcgx + E bicir 5% —i + E bices 15+ —i ()
=t/ i=t*+1 i=t*+s*—s'+1
IV Vv VI

r—1 t*+s*
+ E bicpr s+ —i + E bicpr s —i -
= i=r B

VII VIII
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Here, we will show that by cg+ is the unique term of minimum valuation in the convolution

expression for a4 g«.
Considering the indices of the summation I in (9) we have for each index ¢ with 0 <

i <t*+4s* —j+r <t on using the inequality (7) that

r—1i
v(b;) > r—av(ba)
> r—(t"+s —]—i—r)v(ba)
r— o
o=t j—r—s*
= 7a_oév(bo()%—7],_74_511(05)>v(bt*)—i—v(cs*).

This shows that v(b;jcisys+—i) > v(bpcs+) for each term of the summation I in (9).
For each term of the summation II in (9), we have

r—1

o(bi) +v(crmser i) > To(ba) + vlcp)
r—t* 4+t —1 j—r—s"+s"-p
— L T b,
) + TR
_or—t" j—r—s* t"+s*—p—1
= r—av(ba)—i_j—r—ﬁv(cﬁ)—i_ p— v(ba)

> v(bpcsr),

foreachindex i =t"+s* —j4+r+1<i<t"+s* — 0.
For t* 4+ s* — 4+ 1 < i <t —1 (indices in the summation III of (9)) we use (7) and
(8) and we have the following:

r—i j—r— (1" + 5"~
U(bz) + U(Ct*Jrs*,i) > - al}(ba) + J ] —<r g )U(CS*)

r—tt S+t j—r—s"—(t*—1)

= b -
r— o (ba) + j—r—s* v(cs)

t* —i t— i

> v(be) + v(ba)—i—v(cs*)—]_r_s*v(cs*)

> wlbe) + () + vler) — ———v(ey)
V(bpr) + —————v(csr) + v(cgr) — —————v(csr
i j—r—st " 3 j—r—st 2"

= U(bt*cs*)a

which shows that v(b;cix4s+—;) > v(bg=cs+) for each term of the summation IIT in (9).
For each index i corresponding to the indices in the summations IV and V in (9), we
find that we have

r—1 —r—(t"+s"—1i
r—t" 4+t —14 j—r — s+ (i —t*
— U(bt*) J ( )U(CS*)
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i—tr i—tr
T vbe) +u(es) + mv(cs*) = v(bpcs+).

= ’U(bt*) —

Turning to the summation VI in (9), we have for each index ¢ with t* + s* — s’ +1 <
i < a—1 that

r—i Jj—r—(t"+s —1)

o) + o) = Tl + I OIS D
o=ttt j—r—s"—(t*—1i)
- ro— ¥ ’U(bt*>+ j_r_ﬁ U(Cﬁ)
i—t* i—t*
> v(bp) — P t*”(bt*) + v(es+) + m”(%)
71— t* 1 —t*
> v(bgr) — V(b ) + v(es) + V(b)) = v(bp=) + v(cgr),

r—t* r—t*

which implies v(b;csx 45+ —;) > v(bg=cs+ ) for each such i.
For each index corresponding to the indices in the summation VII in (9), we find that

jor—(t+ st — i)

i *ts*—1 > le' .
v(bi) +v(Crpsm—i) = v(ba) + y—" v(ep)
r—tT -« j—r—s"—(t"—1)
= R v(ba) + J— v(ep)
_or=t j—r—s* i —«
= 74_()(1)(()04)+7j_ _BU(CB)JrT_aU(ba)>v(bt*cs*).

Finally, for each index i with r <14 < ¢* 4+ s* in the summation VIII in (9) we have

j—r—(t"+s"—1)

V(e psi—i) 2 J— v(cg)
! rj_(r_; T)U(Cﬁ)
_ : — av(ba) + JJ,_TT;U(QB) > v(be) + v(cs+),

which shows that v(b;cix4s+—;) > v(by=cs+) for each such i.

Combining all these observations together concludes that b cg+ is the unique term of
minimum valuation in the convolution expression for a4 ¢+. By Lemma A, the assumption
of this case and the hypotheses that v(bn) = v(cg) and r — a = j — r — 3, we find that
v(apgs+) = v(bp=cs) < k.

It remains to prove the case when the assumption made in the third equality in (8)
is replaced by the inequality v(by)/(r — t*) < v(cs<)/(j — r — s*) keeping the rest of all
conditions unchanged. In this case, proceeding with calculations similar to the earlier ones,
we find that bs<cj_, is the unique term of minimum valuation in the convolution expression
for a;«4j—,. Consequently, by Lemma A, we have v(ap4j—r) = v(bprcj—r) = v(bp=) < k.
On the other hand, if the assumption made in the third equality in (8) is replaced by
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the inequality v(by)/(r — t*) > wv(cs<)/(j — 7 — s*), then the unique term of minimal
valuation in the convolution expression for a,i g+ is b.cs+, and again by Lemma A we have
V(apyse) = v(bress) = v(esx) < k.
We observe that either v(by) #
r J

suppose on the contrary that v(by) = *-v(by) and v(cy) = j_;fﬁv(cﬁ). Consequently,
using the hypothesis that v(b,) = v(cg), r —a = j —r — 3, we have k = v(by) + v(cp) =

——v(ba) jf;fﬁv(%) = %j = {j/r, which is impossible since ged(k,j) =1 and r < j.

We will make use of Lemma 2 in the proof of Lemma 1 as follows.

Proof. Proof of Lemma 1] Set v = v,. From ag = bycg, we have v(ag) = v(bg) + v(co).
Let v(bg) = £ and v(cg) = k — ¢ with 1 < ¢ < k — 1. By the hypothesis, all coefficients a;,
0 <i < j—1satisfy v(a;) > k. We may assume without loss of generality that ¢ < k—¢. If
p divides b; for all i = 0,1,...,j —1, then p divides the sum boc; +---+bj_1c1 +bjco = a;
and we are done. So, let us assume that there exists a smallest index r < j for which p
does not divide b,. Thus v(b;) > 0 for each i =0,...,r — 1 and v(b,) = 0. Assume on the
contrary that p does not divide a;, that is, v(a;) = 0.

Applying the convolution identity (2) to indices r + i, we isolate the term b.c; and
determine the valuation structure needed to locate the minimal term. In view of this we
find recursively that p divides the sum

" v(ba), or v(co) # =L5v(cg). To see this, we

r—a j—r—p3

aryi — (boCrai + bi1Crgiz1 + -+ bp_1¢it1) — (bg1¢io1 + - -+ + bryico) = byci,

so that p divides b,c; for each i =1,...,57 —r — 1. This in view of the fact that v(b,) =0
tells us that v(¢;) > 0 for each ¢ = 0,...,5 —r — 1. Consequently p divides each of
(bocj + -+ +br—1¢j—r41) and (by41¢j—p—1+ - -+ bjco) and thus p divides their sum, which
from (2) is equal to a; — bycj—,. Since v(a;) = 0, it follows that v(b.c;—,) = 0, which
proves that v(cj—,) = 0.
Let a and B be the smallest indices for which
v(ba) = min v(bi), v(eg) = min v(ci).

We may assume that o > 0 and 8 > 0, since the proof is similar for the case when at least
one of a and f is equal to zero. Now we have the following cases.

Case I. v(ba) # v(cg). First assume that v(by) < v(cg). In this case, we have v(by) <
v(cg) <wv(e) foralli=0,...,75—r—1, and since v(by) < v(b¢) forall t =0,...,a—1, we
find that v(bacj—r) < v(bic;) for all such i and t. Consequently, bocj—, is the unique term in
the sum bocj—ra+- - -+bj—rtaCo = @j—_riq for which min{v(bocj—ria), ..., v(bj—rtaco)} =
v(bacj—r) = v(ba), where we note that j —r+a < j. Consequently, by Lemma A, we have

k <v(aj—riq) =min{o(bocj—ria), .-, v(bj—riaco)} = v(bacj—r) =v(ba) <l <k,

which is a contradiction.

Similarly, if v(bs) > v(cg), then we have b,cg is the unique term in the sum boc, 4 g+- - -+
byygco = ar4p for which min{v(boc, ), .., v(brygco)} = v(bycg), where r + 3 < j, and
by Lemma A, k < v(a,yp) = v(brcg) = v(cg) < v(ba) < £ < k, which is a contradiction.
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Case II. v(by) = v(cg) and j —r + a # r + . In this case, we may assume without
loss of generality that » < j — r, since the proof for the case when j — r < r is similar.
First assume that j —r + a < r+ 8. Using (2), we get

a—1 j—r+a—_ j—r+a
Aj—ria = Z bicj—rya—i+ baCj—r + Z biCj—rta—i+ Z biCj—rta—{10)
=0 i=a+1 y i=j—r+a—LF0+1
I II 11T

Since v(by) < v(by) for every t = 0,...,a — 1, and v(bo) = v(cg) < v(c,) for every s =
0,...,0—1, it follows that v(bacj—r) < v(bscs) for all such indices t and s. Consequently,
the value of v as evaluated at each term of the summations I and III in (10) is strictly
greater than v(bycj—r). Further, v(by) = v(cg) < v(cs) foreach s = 5,8+1,...,j—r—1,
and since j —r+a— 3 < r, we have v(b;) > 0 foreachi = a+1,...,j—r+a—[F. We find
that the value of v as evaluated at each term of the summation II in (10) strictly exceeds
the value v(ba) = v(bacj—r). These observations together conclude that the minimum over
the values of v evaluated at each term in the expression for a;_,, occurs exactly at the
unique term byc;j—,. This in view of Lemma A proves that

k <v(aj—ria) = min{v(bocj—ria), .-, V(bj—rtaco)} = v(bacj—r) = v(ba) < £ <k,

which is a contradiction.

Similarly, if j — r + a > r + 3, then we have that the minimum over the values of v
evaluated at each term in the expression for a,, 5 occurs exactly at the unique term b,.cg.
This on using Lemma A gives

k <wv(ay+p) = min{v(bocr4), ..., v(brypco)} = v(breg) = v(cg) = v(by) <€ <k,

which is a contradiction.

Case III. v(b,) = v(cg) and j —r+a = r+ . In this case, we use Lemma 2 to deduce
that there exists an index ¢ < j for which v(a;) < k = wv(ap), which is a contradiction,
since v(a;) > k for each i < j.
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