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Abstract. Shahzad et al. [RACSAM 111 (2017) 307-324] introduced the notion of (A,S)- con-
tractions which unifies several well known nonlinear type contractions (e.g. R-contractions, Z- con-
tractions, £-contractions etc.) in one go. In this paper we extend the notion of (A, S)-contractions
from Shahzad et al. [1] to non-self mappings in a metric space with a w-distance. Then we prove
some new proximity point theorems for the aforementioned type of mappings. This paper is a
continuation of our previous papers [2, 3].
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1. Introduction and preliminaries

Metric fixed point theory is one of the main branches of mathematical analysis, and
it has wide applications in natural sciences, economy, etc. The well-known Banach con-
traction principle [4] represents the founding result of this theory. Since then, many new
results have been obtained by generalizing the contractive definitions or by generalizing
the metric structure. One of the vivid research areas is the best proximity theory for
non-self mappings, which deals with the problem of finding a point which is in a certain
sense closest to its image under the mapping considered. For a comprehensive treatment
of these subjects, we refer the reader to [5].

In [1] the authors introduced a new class of contractivity conditions for mappings from
a metric space into itself endowed with a binary relation.

These conditions unify several kinds of contractive operators (e.g. R-contractions, Z-
contractions, L£-contractions etc.) in one go. And the authors presented some results about
existence and uniqueness of fixed points that extend and generalized many theorems in
the field of fixed point theory. In this paper we extend the notion of (A, S)-contractions
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from Shahzad et al. [1] to non-self mappings in a metric space with a w-distance. Then
we prove some new proximity point theorems for the aforementioned type of mappings.
This paper is a continuation of our previous papers [2, 3].

Kada et al. [6] (for more results see e.g. [7-10]) have introduced the concept of
w-distance on a metric space to generalize many important fixed point theorems.

Definition 1.1. Let (X, d) be a metric space. Then a function p : X x X — [0,00) is
called a w-distance on X if the following are satisfied:

(P1) p(z,2) < p(z,y) +p(y, 2), for any 2,9,z € X,
(P2) for any = € X, function p(z,-) : X — [0,00) is lower semicontinuous,

(P3) for any € > 0, there exists 6 > 0 such that p(z,2) < ¢ and p(z,y) < § imply
d(z,y) <e.

Ezample 1.1. Let X be a normed space with norm ||-||. Then a functionp : X x X — [0, 00)
defined by
p(z,y) = |zl +[lyl  for every z,y € X

is a w-distance.
Ezample 1.2. ([9]) Let X = R be endowed with the Euclidean metric d = |- |, k,m € Ry,
be a positive constants and p: X x X — R be defined by

p(w,y) = lo[* + [y|™  for every z,y € X.

Then p is a w-distance in X.

The following example shows that we can construct another w-distance from a given
w-distance under certain conditions.

Ezample 1.3. ([11]) Let 9 € X, p a w-distance on X, and h : [0,400) — [0,+0c0 a
nondecreasing function. If, for each r > 0,

DTO,T)+T dt
inf / — >0,
zeX p(w0,7) 1+ h(t)
then the function ¢ defined by
.9) /p(mow)ﬂ?(x,y) dt for all X
qQ\x,y) = ——— TJorall x,y €
p(xo,z) 1+ h(t)

is a w-distance. In particular, if p is bounded on X x X, then ¢ is a w-distance
The present authors have introduced the concept of wy-distance to study best proximity
points, see [2, 3].

Definition 1.2. A w-distance on a metric space (X, d) is called wy-distance if the function
p(-,y) : X — R is lower semicontinuous for all y € X.
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The following very useful lemma has been proven in [6]

Lemma 1.1 ([6]). Let X be a metric space with metric d and let p be a w-distance on
X. Let {zy,} and {yn} be sequences in X, let {an} and {B,} be sequences in [0,+00)
converging to 0, and let x, y, z € X. Then the following hold:

(i) If p(xn,y) < an and p(zy,z) < By for any n € N, then y = z. In particular, if
p(x,y) =0 and p(xz,2) =0, then y = z;

(i1) if p(xn,yn) < an and p(xy, 2) < By for any n € N, then y, converges to z;
(i5i) if p(xn, Tm) < ay, for any n,m € N with m > n, then {x,} is a Cauchy sequence.
() if p(y,xn) < oy for any n € N, then {x,} is a Cauchy sequence.

The following lemma from [2] can be very useful to show that a given sequence in a
metric space with a w-distance is Cauchy. We denote

pa(z,y) := max{p(x,y),p(y, )}

Lemma 1.2. Let (X,d) be a metric space with wo-distance p, and let {z,} be a sequence
wm X such that

Jimpo (25, 2p41) = 0.
Then one of the following conditions is fulfilled:
(Z) hmm,n—ﬂ)o poc(xn; xm) =0

(i1) there exist an 9 > 0 and two subsequences {xp, } and {xy, } of {xn} with my > ny
for all k € N such that pa(xy,, Tm,) > €o for all k € N and

k]-i)ngopa(xnk’xmk) - kh_{glopa(xnk—la Jf'mk—l) - 50'

Let (X,d) be a metric space and A, B C X two nonempty subsets. In this paper,
by using w-distances we extend the notion of (A,S)-contractions from [1] to non-self
mappings of the from 7' : A — B, the so called (A, S, p)-contractions. Then we prove our
main results, which deal with existence of best proximity points for (A, S, p)-contractions,
that is, the points x € A such that d(z, Tx) = d(A, B). We recall the following notations,
see e.g. [2, 3, 12, 13]:

d(A,B) = inf {d(z,y) : x € A,y € B}
Ay={zx € A:(Jye€ B) d(z,y) =d(A,B)}
By={ye B:(3xr € A) d(z,y) =d(A,B)}.
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2. Main results
In the sequel:
e (X,d) is a metric space with a wy-distance p,
e S is a relation on X,
e A and B are two nonempty subsets of X, and
e T:A— B isa mapping.

Let us recall and modify some basic notions from [1]. For all z,y € X, xS*y means that
xSy and x # y.

Definition 2.1. A sequence {z,} C X is S-strictly-increasing if z,S*x,, for all m,n € N
with n < m. A metric space (X, d) is S-strictly-increasing-regular if for every S-strictly-
increasing sequence {z,} converging to z € X we have z,Sz for all n € N. A nonempty
subset Y C X is (S, d)-strictly-increasing-complete if every d-Cauchy S-strictly-increasing
sequence converges to a point in Y.

Definition 2.2. Let {a,} and {b,} be two sequences in [0,00). Then, {(an,bn)} is a
(T, S,p)-sequence (respectively, (T, S,pq)-sequence) if there exist four sequences {u,},
{vn}, {zn} and {y,} in A such that

TnSYn,

d(up, Tzy,) = d(A, B),

d(vp, Tyn) = d(A, B),
an = p(up,vy) >0, (resp. an = po(un,vy) > 0),
by, = p(Tn,yn) >0, (resp. by = po(Tn,yn) > 0),

for all n € N.

Remark 2.1. From the above definition it is clear that every (T, S, p)-sequence is a (T, S, pa)-
sequence, but the converse need not be true.

The following definition from [1] is adapted to our setting.
Definition 2.3. A mapping T : A — B is S-nondecreasing if for all u,v,xz, y € A
xSy

d(u,Tx) = d(A,B) } = uSwv.
d(v,Ty) = d(A, B)

Mapping T is S-strictly-increasing-continuous if T'x,, — T’z for every S-strictly-increasing
sequence {z,} C A converging to z € A.
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Definition 2.4. A mapping 7' : A — B is an (A, S, p)-contraction with respect to a
function p : D x D — R if the following conditions are satisfied:

(A1) ran(p) == {p(z,y) : x,y € X} C D;
(Az) if {z,} C A is a sequence such that
TS Tpi1,d(xpy1, Txy) = d(A, B), and
0(Pa(Tnt1, Tnt2), Pa(Tn, Tni1)) > 0 for all n € N,
then po(zn, Tpt1) — 0.

(As3) if {(an,bn)} € A x Ais a (T,S,pa)-sequence such that lim, o a,, = limy, 00 by, =
L >0, L <a, and g(an,b,) >0 for all n € N, then L = 0;

(Ay) for all u,v,z,y € A
uS* v, xS*y

d(u,Tz) =d(A,B) 3 = 0(palu,v),pa(z,y)) > 0.
d(v,Ty) = d(A, B)

Sometimes, we will also consider the following property:

(As) if {(an,bn)} is a (T, S,p)-sequence or (1,8, pa)-sequence such that b, — 0 and
o(an,by) >0 for all n € N, then a,, — 0.

Lemma 2.1. If o(t,s) < s—t for allt,s € DN (0,00), then (As) holds.

Proof. Let {(an,bn)} be a (T,S, p)-sequence or a (T, S, pa)-sequence such that b, — 0
and for all n € N, g(ay, b,) > 0. Then, by Definition 2.2, a,, > 0 and b, > 0 for all n € N,
so from 0 < o(an, by) < b, — a, we get 0 < a,, < by, for all n € N, which yields a,, — 0.

Theorem 2.1. Let (X, d) be a metric space endowed with a wy-distance p and a transitive
binary relation S, and let A, B C X be two nonempty subsets such that Ay is (S,d)-
strictly-increasing-complete. Let T : A — B be an S-nondecreasing (A, S, p,)-contraction
with respect to o : D x D — R such that T(Ag) C By. Assume that there exist xo,x; € A
such that zoSx1 and d(x1,Tzo) = d(A, B), and that one of the following conditions holds:

o T is S-strictly-increasing-continuous;
o (X,d) is S-strictly-increasing-reqular and (As) holds;
o (X,d) is S-strictly-increasing-reqular and o(t,s) < s—t for allt,s € DN (0,00).

Then there exists a sequence {xn,} C Ay converging to a best proximity point of T, such
that d(xpy1,Txy) = d(A, B) for alln € N.
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Proof. Let xp,z1 € A be two points such that xoSz1 and d(z1,Tz) = d(A, B). Since
T(Ap) C By and z1 € Ay, there exists g € Ap such that d(xzy,Tz1) = d(A, B). But then
we have z1Sxo because T is S-nondecreasing. Continuing this process, we construct a
sequence {x,} C Ag such that d(x,41,Tz,) = d(A, B) and z,Sxp4+1 for all n € N. Also,
we have

LpSxy, for all n,m € N such that m >n (1)

because § is transitive. If there exists ng € N such that x,, = zp,+1, then x,, is clearly
a best proximity point of T'. Hence, we can assume that xz, # x,41 for all n € N, so we
have

XpnS*xpaq for all n € N. (2)

Since T' is an (A, S, p,)-contraction, by (1) and (A4) we get

0(Pa(Tnt1, Tnt2), Pa(Tn, Tng1)) >0

for all n € N, so from (Az) we see that p,(zy, zpt1) — 0.

Next we shall show that {z,} is S-strictly-increasing. In view of (1), suppose that
there exist ng, mo € N with mg > ng such that x,, = zy,,. If po = mo —ng > 0, then
Tny = Tngtkp, for all k € N. Therefore, the sequence {pn(zn, zn+1)} contains the constant
subsequence

{pa(xn0+kpovxno+kpo+1) = pa(xnovxno-&-l) > O}kGN

which is in contradiction with po(xy, zny1) — 0. Hence, z, # z,, for all n # m, so
T, S*xy, for all m,n € N with m > n.

Now let us prove that {z,} is a Cauchy sequence in Ap. To do so, by Lemma 1.1(iii)
it suffices to show that

lim  po(zn, zm) = 0. (3)

n,Mm—00
If (3) is not true, then by Lemma 1.2 there exist ¢g > 0 and two subsequences {z,, } and
{m, } of {zy} such that
pa(ng xmk—l) <egy < pa(xnkyxmk)

for all £k € N, and

lim pa(xnkal‘mk) = lim pa(xnkflyxmkfl) = €0-
k—o0 k—o0

If L:=¢e9 >0, ar = pa(Tny, Tm,) and by := po(Tn,—1,Zm,—1), then we see that {(ax, bx)}

is a (T, S, pa)-sequence such that limy_, ax = limg_,o by = L. Since L = g¢ < aj, and

o(ag, by) = Q(pa(fvnmxmk)apa(xnkflawmkfl)) >0

for all k € N, by (A3) we get e9 = L = 0, a contradiction, so (3) holds.

Thus, is an S-strictly-increasing Cauchy sequence in Ag. Since Ay is (S, d)-strictly-
increasing-complete, there exists x € Ay such that z, — x. Now consider the following
three cases.
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1. If T is S-strictly-increasing-continuous, then we have Tz, — Tz, so d(A,B) =
d(xpt1,Txy) — d(z,Tx), ie. d(z,Tz) = d(A, B).
2. If (X, d) is S-strictly-increasing-regular and (As) holds, we have that

xSz for alln € N (4)
because {z,} is S-strictly-increasing and x,, — z. But T is S-nondecreasing, so
Tx,STz for all n € N. (5)

Since x € Ap and T'(Ag) C By, there exists z € Ag such that d(z,Tx) = d(A, B). Let
an = Po(Tnt1,2) and by, := po(n,x) for all n € N. If a,, = pa(2n41,2) = 0 for infinitely
many n € N, there exists a subsequence {z,, } of {z,} such that

Pa(Tn,+1,2) =0 for all k € N.

Therefore, we have x,, 1 = 2 for all k£ € N, which means that z = = because z,, — x.

Hence, we can assume that there exists ng € N such that po(zp41,2) = 0 for all
n > ng. There exists a subsequence {x,, } of {x,} such that b,, = po(zn,,z) > 0 for all
k € N. Because, if that is not the case, there exists N € N such that p,(x,,2z) = 0 for
all n € N, 50 po(Tn, Tn+1) < palTn, ) + pa(x, Tpi1) = 0, ie. x, = xpqq for allm > N
- a contradiction. For brevity, without loss of generality, we can identify {z,, } with the
whole sequence {x,}.

Then we also have that x,, # = and z,4+1 # z for all n > ng, so by (4) and (5) we get
xnS*x and x,11S8* 2 for all n > ng. From (Ay) it follows that

o(an,bn) = 0(Pa(Tnt1,2), pa(xn, z)) > 0 for all n > nyg.

By (3), we get that for all € > 0 there exists n. € N such that py(zy,z,) < € for all
m > n < n.. Then for a fixed n > max{ng, n.}, by using the lower semicontinuity of p we
get

p(Tn, ) < lminf p(zy,, xp) < Uminf p, (2, 2m) < €
m—ro0 m—0oQ

which yields that
p(n, ) = 0. (6)

Similarly, we can obtain that also p(z,x,) — 0, so by (6) b, = pa(xn,z) = 0.

Since {(an, bn) In>n, isa (T, S, pa)-sequence, applying (As) yields that a, = pa(Tn+1,2)
0, i.e. p(zp41,2) — 0, which with (6) gives z = 2 by Lemma 1.1(i).

3. If (X,d) is S-strictly-increasing-regular and o(t,s) < s —t for all t,s € AN (0, 00),
this case reduces to the previous one by Lemma 2.1.

The following example illustrates Theorem 2.1:

Ezample 2.1. Let t > 0 be fixed. Let X = {0,t,2t, 3t,4t} be endowed with usual metric
d(z,y) = |x — y|, for all z,y € X. Define p: X x X — [0,00) by p(z,y) = = + y which is
a w-distance on X. Then p,(z,y) = max{p(x,y),p(y,z)} = x + y, for each z,y € X is a
wo-distance on X.
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Suppose that A = {0,¢,2t} and B = {0, 3t,4t}. Define T': A — B by T0=0, Tt = 3t
and T2t = 4t. Also we define g : [0,00) x [0,00) — R by p(t,s) = 1 for all ¢,s € [0, 00).
Clearly d(A, B) =0, Ay = By = {0}.

Put the relation as < which is the partial order on X. Note that < is transitive.

The mapping 7' : A — B is an (A, S, p)-contraction with respect to a function p;
indeed, clearly (A;) and (A4) hold.

For (Aj), note that if the sequence {x,} in A satisfies in z,S8*xp11, d(zpy1,Txy) =
d(A,B) =0 and 0(pa(Tn+1,Tnt2), Pa(Tn, Tnt1)) =1 > 0, for all n € N, then there exists
k € N such that for all n > k, we have x,, = 0 and 80 po (2, Tpt1) — 0 as n — oo.

Now, we show that (As) holds. Suppose that {(an,b,)} C AxAisa (T, <, ps)-sequence
such that lim, s, a, = lim,, oo b, = L > 0 and L < a,, for all n € N.

From Definition 2.2, there exist four sequences {uy}, {vn}, {zn} and {y,} in A such
that

Zn < Yn,
d(up, Tzy,) = d(A, B),
d(vp, Tyn) = d(A, B),
ap, = Pa(Un, V) = Uy + vy > 0,

by, = pa(xnyyn) =Ty + Yy >0,

for all n € N. Since d(A,B) = 0, u, = Tz, and v, = Ty, for all n € N. Note that
b, > 0, for all n € N and so b, = =, + y, € {t,2t,3t,4t}, for all n € N; and hence
an, € {3t,4t,6t,7t,8t}, for all n € N. Now, if a, = kt, for all n € N and for some
k € {3,4,6,7,8}, then L = lim, , a, = kt, a contradiction, because L < a,, for all
n € N. Thus L = 0. Therefore T is an (A, S, p)-contraction with respect to a function p.

Also, T is <-strictly-increasing-continuous; since if {x,} is a <-strictly-increasing se-
quence in A converges to z, then there exists N such that z,, = z for all n > N; and so
Tx, =Tz for all n > N and hence Txz,, — Tz as n — oo.

Therefore all conditions of Theorem 2.1 are satisfied and note that the sequence {x, } =
{0} in Ag = {0} converges to 0 which is the best proximity point of T and d(zp41,zy) =
0=d(A, B), for all n € N.

We note that using a similar reasoning we can prove a version of Theorem 2.1 for
(A, S, p)-contractions on a metric space with a w-distance p if we assume that S is sym-
metrical. In particular, we have:

Theorem 2.2. Let (X,d) be a metric space with a w-distance p and a symmetric and
transitive binary relation S and let A and B be two nonempty subsets of X such that
Ay is (S, d)-strictly-increasing-complete. Also, let T : A — B be an S-nondecreasing
(A, S, p)-contraction with respect to o : D x D — R such that T(Ag) C By. Suppose
that there exist xg,x1 € A such that zoSx1 and d(x1,Tzg) = d(A, B), and one of the
conditions as in Theorem 2.1 holds. Then there exists a sequence {x,} C Ay such that
d(xp41,Tzy) = d(A,B) for all n € N which converges to a best proximity point of T
x € Ap.



A. Kosti¢, H. Lakzian, V. Rakocevi¢ / Eur. J. Pure Appl. Math, 19 (1) (2026), 7444 9 of 12

Proof. Following the same reasoning as in the proof of Theorem 2.1, we can construct an
S-strictly-increasing sequence {z,} C Ay such that for all n € N, d(zy+1,Tx,) = d(A, B)
and

o(P(Tny1, Tnt2), P(Tn, Tny1)) > 0.

But S is symmetrical, so we can also get

o(p(Xn+2y Tnt1), P(Tpt1,2n)) > 0 for all n € N.

Hence, by (A2) we have
p(Tn, Znt1) — 0 and p(xpy1, 2n) — 0,

and we can apply Lemma 1.1 to prove by contradiction that {z,} is Cauchy, so the rest
of the proof proceeds analogously to the proof of Theorem 2.1.

3. Best proximity points for (A, ~, p)-contractions

Definition 3.1 ([1]). A sequence {x,} C X is v-strictly-increasing if v(zy, ) > 1 and
Ty # Xy for all m,n € N with n < m. A metric space (X, d) is y-strictly-increasing-regular
if for every y-strictly-increasing sequence {z,} converging to z € X we have y(x,,z) > 1
for all n € N. A nonempty subset Y C X is (v, d)-strictly-increasing-complete if every
d-Cauchy ~-strictly-increasing sequence converges to a point in Y.

Definition 3.2. Let {a,} and {b,} be two sequences in [0,00). Then, {(an,bs)} is a
(T, v,p)-sequence (respectively, (7,7, pa)-sequence) if there exist four sequences {u,},
{vn}, {zn} and {y,} in A such that

Y(Tns Yn) > 1,
d(un, Txy,) = d(A, B),
d(vn, Tyn) = d(A, B),
ap = p(tn, vy) >0, (resp. an = Po(tn,vy) > 0),
b = p(xn, yn) > 0, (resp. by, = pa(Tn,yn) > 0),

for all n € N.

Definition 3.3. A mapping T : A — B is y-admissible if for all u,v,z, y € A

V(z,y) =1
d(u,Tx) =d(A,B) p = v(u,v) > 1.
d(v,Ty) = d(A, B)

Mapping T is v-strictly-increasing-continuous if T'x,, — Tz for every ~-strictly-increasing
sequence {z,} C A converging to z € A.
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Definition 3.4. A mapping T : A — B is an (A, ~,p)-contraction with respect to a
function p : D x D — R if the following conditions are satisfied:

(A1) ran(p) == {p(z,y) : x,y € X} C D;
(AJ) if {z,,} C A is a sequence such that

Tn 7é xn—&-la’)/(xn’xn—f—l) 2 1; d(‘rn—i—l?Txn) = d(A7 B), and
0(Pa(Tnt1, Tnt2), Pa(Tn, Tny1)) > 0 for all n € N,
then po(zn, Tpt1) — 0.

(AJ) if {(an,bn)} € A x Ais a (T,7, pa)-sequence such that lim, o0 an = limy, 0 by, =
L >0, L <a, and g(an,b,) >0 for all n € N, then L = 0;

(A)) for all u,v,z,y € A

u 7& U,’Y(U,’U) Z 1

r#yy(r,y) =1
s, Ta) = d(a,B) [ 7 Pl D) pale)) >0
d(v,Ty) = d(A, B)

Sometimes, we will also consider the following property:

(A7) if {(an,bn)} is a (T,~,p)-sequence or (7,7, p,)-sequence such that b, — 0 and
o(an,by) >0 for all n € N, then a,, — 0.

Corollary 3.1. Let (X, d) be a metric space endowed with a wp-distance p and v: Ax A —
[0,00) be a transitive function, and let A, B C X be two nonempty subsets such that
Ay is (7, d)-strictly-increasing-complete. Let T : A — B be an y-admissible (A,~,pa)-
contraction with respect to o : D x D — R such that T'(Ap) C By. Assume that there
exist xp,z1 € A such that vy(zg,x1) > 1 and d(z1,Tzo) = d(A, B), and that one of the
following conditions holds:

e T is ~y-strictly-increasing-continuous;
e (X,d) is y-strictly-increasing-regular and (A7) holds;
e (X,d) is y-strictly-increasing-regular and o(t,s) < s —t for all t,s € DN (0, 00).

Then there exists a sequence {z,,} C Ay converging to a best proximity point of T', such
that d(zp41,Tx,) = d(A, B) for all n € N.

Proof. Define the binary relation S, on A by xS,y if v(z,y) > 1, for all z,y € A. Now
from Theorem 2.1 for S, we get the statement.
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