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1. Introduction and preliminaries

Let .o/, denote the class of functions f(z) of the form

f(z):zp+Zanzp+", (peN:=1{1,2,3,...}), (D
n=1

which are analytic and p-valent in the open unit disk % = {z : z € C and |z| < 1}. Also let
2/, =: .¢/. For functions f; € .¢/, given by

o0
fiE) =22+ a, 5", (j=1,2;p€N), @)
n=1
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we define the Hadamard product (or convolution) of f; and f, by
o0
(i f2)(E) =20 + ) ay18,23° ™ = (f % f1)(2).
n=1

Let f(z) and g(2) be analytic in 2. Then we say that the function f(z) is subordinate to
g(z) in %, if there exists an analytic function w(z) in % with

w(0)=0, |w(z)|<1l (z€%),

such that
f@)=gw() (ze%).
We denote this subordination by f(z) < g(z). Furthermore, if the function g(z) is univalent
in %, then f(2)<g(z) (z€e¥)< f(0)=g(0)and f(%) C g(%).
Suppose that the functions f(z) and g(z) are analytic in the open unit disk 2. Then we
say that the function f(z) is majorized by g(z) in % (see [5]) and write

fle)<glz) (=ew), 3)
if there exists a function ¢(z), analytic in %, such that

lp(z)| <1 and f(2)=¢(2)8(z) (z€%).

The majorization (3) is closely related to the concept of quasi-subordination between analytic
functions in %.

Let ay,as,...,a, and By, B, ..., B (¢,s € NU{0},q < s+ 1) be complex numbers such
that §; # 0,—1,-2,... for I € {1,2,...,s}. The generalized hypergeometric function ,F; is
given by

o0

. DN (al)n(aZ)n cee (aq)n z"
o810 Gai o P Pis2) ‘,;0 Bn(Bon - (B 11"

where (x),, denotes the Pochhammer symbol defined by

(zew),

()p=x(x+1)(x+2)--(x+n—1)forneNand (x),=1.
Corresponding to a function %(f’ s(aq; By;2) defined by

Yy s(ar, Br;2) :=2P (Fy(ag, ay,...,aq; B1, Bas-- - Bs; 2), 4

C.Selvaraj and K.R.Karthikeyan recently defined the following generalized differential opera-
tor Di’m(al,[a’l)f ., — o), by

DY (ar, B1)f (2) = £ (2) + G2 (a1, o3 %),
A
DY (ay, B)f (2) = (1= A)(F (2) x 92 (ar, B3 2)) + S @ (i) )

DE™(ay, B1)f (2) = D2 (DR (ay, Br)f (2)),
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where m € N, =NU {0} and A > 0.
If f(z) € ./, then we have

p +An)m(a1)n(a2)n (aq)n zp-‘rn (6)

o0
p,m oD

o pfo =+ 3 (10 ) G e

It can be seen that, by specializing the parameters the operator Di’m(al, B1)f (2) reduces to
many known and new integral and differential operators. In particular, whenm =0andp =1
the operator Di’m(al, B1)f (2) reduces to the well known Dziok- Srivastava operator [3] and
forp=1,q=2,5s=1, a; = f8;, and a, = 1, it reduces to the operator introduced by E
AL-Oboudi [1]. Further we remark that, whenp =1,¢=2,s =1, a; = 81, ay = 1, and
A =1 the operator Di’m(al, B1)f (2) reduces to the operator introduced by G. S. Salagean [8].

It can be easily verified from (6) that

A2(D5 ™ (ay, B1)f (2)) = pD5™ (o, B1)f (2) = p(1 = 2)D5 (e, B1)f (2). 7

Using the operator Di’m(al, B1)f (z) we now define the following class of p-valent analytic
functions.

Definition 1. A function f(z) € ./, is said to be in the class Sp A (A, B; 7) of p-valent functions
of complex order y # 0 in % if and only if

p,m (j+1)
Re{1+ : (Z(D (a1,B1)f (2)) s )} . 1+Az ®

(D5 (@, B)f ()Y 1+Bz
(ze%;-1<B<A<1l;peN;m,jeNy;yeC—-{0}; [yA(A—B)+pB| <p).

It can be seen that, by specializing the parameters the class Sp o (A, B; 7) reduces to many
known subclasses of analytic functions. In particular, whenA =1 and B = —1 the class reduces
to the class Sp o .(v) which has recently been introduced by C.Selvaraj and K.A.Selvakumaran
[9]. Further, When qg=2,s=1, a; = f3;, and a, = 1, we have the following relationships:

€Y 5,10(1 -Ly)=<(@) (reC-{0}.
@) Sy, -L;y)=H(r) (yeC—{o}).
3 S}l\zg(l,—l; l1—-a)=S"(a)for0<a<1.

The classes &(y) and #(y) are said to be the classes of starlike and convex functions of
complex order y # 0 in % which were studied by M. A. Nasr and M. K. Aouf [6] and P
Wiatrowski [10] and &*(a) is the class of starlike functions of order a in %.
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2. Majorization Problem for the Class Sifn (A,B;7)

Theorem 1. Let the function f(2) be in the class ./, and §uppose that g(z) € Si;ﬂn (A,B;y). If
(Di’m(al,[a’l)f(z))(]) is majorized by (Di’m(al,[o’l)g(z))(]) in % for j €Ny, then
| (D2™  (ar, B @) 7] < [(D2™ (ar, B8 ()Y for [2] < 7, ©)
where r; = r1(p, Y, A, A, B) is the smallest positive root of the equation
lyA(A—B)+pB|r® — (p +2A|B))r* — ([yA(A—B) + pB| +2A)r +p =0 (10)

(-1<B<A<1l;peN; yeC-{0}; A>0).

Proof. Let
1 /2(DY™(aq, )ty
h(z)=1+—( ( Am( 1,81)8( ))(j) _ +.) 11
4 (Di’ (ay,B1)g(2))
(peN;m,jeNy; yeC—{0}; p> ).
Since g(z) € Si’fn (v), we find from (8) that
1+ Aw(z)
h(z) = T Bw() (12)
where w(zg) is analytic in %, which satisfies the conditions
w(0)=0and |w(z)| <1 (ze ).
It follows from (11) and (12)that
2(D3" (a1, B8N (p— i)+ (1A= B) + (P~ NBIW() a3
(D5 (e, B)g () 1+Bw(z)
In view of
Az(D2™(ay, B)f NV = p(D2™ (@, B1)f @)D = (p — pA+ A1) (D2 (ay, B1)f ()P,
(14)
(13) immediately yields the following inequality:
m j P(l + |B||Z|) m j
(DY (a1, 1)) | < (02" (e, fgE) Y] as)

p —lrA(A—B) + pBllz|

Since (D" (a1, B1)f (z))(j) is majorized by (D5 (ay, 1)g(2)) U in %, there exist an analytic
function ¢(z) such that

(D2 (ay, B)F () = 0(2) (D2 (ay, B)g(2)) (16)
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and |¢(2)| <1 (z € %). Thus we have

2(D§" (a1, BF @)Y =20/ (2) (D5 " (@, B8 () +20(2) (D " (s, Br)g (=) V1.

17)
Using (14), in the above equation, we get
m j Az / m j m j
(D5 ar, B () = -0 @) (D (e P)g() ) + ) (D)™ (e, Br)g ().
(18)
Noting that ¢(z) satisfies (cf. [4, 7])
1—|p(z)?
' <——"73— (), (19)
1—|z|
we see that
(D5 (a1, B1)f ()7
(20)
1-lp@)P  Alzl(1+Bllz]) pom+1 ©)
< DY
which, upon setting
lz2l=r, and |p(z)l=p (0<p<1)
leads us to the following inequality:
j e(p) j
Dp,m+1 , 6)) < Dp,m+1 , 6)] , 21
R O O B e s vy s | AR GIR O R ED

where the function ©(p) defined by
0(p):=—-Ar(1+|B|r)p?+(1—r>)(p — |[yAA=B)+pB|r)p +Ar(1+|Blr) (0<p<1)

takes its maximum value at p = 1 with r = r{(p, v, A, A, B), the smallest positive root of the
equation (10). Furthermore, if 0 < o < r(p, 7, A,A, B), then the function

®(p) :=—2A0(1+|Blo)p? + (1= 0*)(p — [yA(A— B) + pBlo)p + Ac(1 + |B|o)
increases in the interval 0 < p <1, so that ®(p) does not exceed
®(1)=1-0*)(p~[yAMA-B)+pBlo) (0= <ri(p,1,4,AB)).

Therefore, from this fact, (21) gives the inequality (9).

As a special case of Theorem 1, when A= 1 and B = —1, we have
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Corollary 1. [9] Let the function f(z) be in the class .<f, and suppose that g(z) € Si’fn 7). If
(Di’m(al,[a’l)f(z))(j) is majorized by (Di’m(al,ﬁl)g(z))m in % for j € Ny, then

(D2 (ay, BOf ()] < [(DE™ (@, B:)8(2)) | for || < 14, (22)
where \/
k —+/k? —4p|2yA — p|
r=r(p,7,A) = (23)
LT 2272~ pl

(k:=2A+p+12yA—pl;pEN; yeC—-{0}; A >0).
SettingA=1,B=—1,p =1 and j =0 in Theorem 1, we have

Corollary 2. Let the function f(z) € .« be analytic and univalent in the open unit disk % and

suppose that g(z) € S)t(r)n(y). If (D}L’m(al,[a’l)f(z)) is majorized by (D}L’m(al,[o’l)g(z)) in %,
then

|(D;™  ar, B @) | < |(D7™ (00, BER))| for [zl <1, 24)

where

k=2 —4)2y2—1]
f2:= 2274 —1]
(k:=2A4+14+2yA—1|;y €C—{0}; A >0).

(25)

Further putting A=1,m=0,q=2,s =1, a; = 31, and a, = 1 in Corollary 2, we get

Corollary 3. [2] Let the function f(z) € .« be analytic and univalent in the open unit disk %
and suppose that g(z) € & (y). If f(z) is majorized by g(z) in %, then

If'@| < |g'@)| for Izl <rs, (26)

where

3412y =1 = /94212y — 1| +[2y — 12

: 27
"3 202y — 1] @7)
For v =1, Corollary 3 reduces to the following result:

Corollary 4. [5] Let the function f(z) € .« be analytic and univalent in the open unit disk %
and suppose that g(z) € " = *(0). If f(z) is majorized by g(z) in %, then

f'@)]<|g'@)| for lzl<2-v3. (28)
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