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1. Introduction & Preliminaries

Throughout this paper let (X,d) be a metric space and H denotes the Housdorff (resp.
generalized Housdorff) metric on CB(X) (resp. CL (X)) induced by the metric d, where
CB(X) (resp. CL (X)) is the collection of all nonempty closed and bounded (resp. closed),
subsets of X. For these definitions one may refer [1, 3, 6, 7]. Fory € X andAC X, d ( y,A)
will denote the ordinary distance between y and A.

Amap T : X — X is said to be nonexpansive if d (Tx,Ty) < d (x,y) for all x,y € X. Ciri¢
[4] investigated a class of self maps T of X which satisfy the following nonexpansive type
condition:
d(Tx,Ty) <amax{d(x,y),d(x,Tx),d(y,Ty), d(x, Ty) ; 4, Tx)} )
+ bmax{d(x,Tx),d(y, Ty)}+c[d(x,Ty)+d(y, Tx)]

*Corresponding author.
Email addresses: pmathsjhade@gmail.com (R Jhade), dssaluja@rediffmail.com (A. Saluja)

http://www.ejpam.com 330 (© 2011 EJPAM All rights reserved.



P Jhade, A. Saluja, R. Kushwah / Eur. J. Pure Appl. Math, 4 (2011), 330-339 331

For all x,y € X, where a, b,c > 0 such thata+ b+ 2c = 1.

M. Chandra et al [2] consider the following generalization of (1), let T, f : X — X satisfy-
ing:
d(Tx,Ty) <alx,y)d(fx,fy)+b(x,y)max{d(fx,Tx),d(fy, Ty)}
+ (e, ¥)d(fx, Ty) +d(fy, Tx)]

where, a(x,y) =0, B =inf, yexb(x,y) >0, y =inf, yexc(x,y) > 0 and
supy yex[a(x,y) + b(x,y) + 2c(x,y)] = 1 and prove some fixed point theorems for single
valued and multi valued maps. They also prove that (1) contained in (2).

(2)

In this paper we use the following nonexpansive type condition: Let T, f : X — X be two
self mappings satisfying the condition,

d(Tx,Ty) < a(x,y)d(fx,fy)+b(x,y)max{d(fx,Tx),d(fy, Ty)}
+c(x, y)max{d(fx, fy),d(fx,Tx),d(fy, Ty)} (3)
+e(x, y)max{d(fx, fy),d(fx,Tx),d(fy,Ty),d(fx, Ty)}
Where a(x,y), b(x,y),c(x,y),e(x,y) = 0and  =inf, ,cx e(x,y) >0,
y =infy yex (1+b(x, y)+e(x, y)) > 0 with sup,. , ex(a(x, y)+b(x, y)+c(x, y)+2e(x,y)) = 1.

Definition 1 ([5]). Let f and g be two self maps of a metric space X. Then f and g are
said to be compatible if lim,_,., d(f gx,,&f x,) = 0, whenever {x,} is a sequence such that
lim,_,, fx,=1lim,_,, gx,=t<X.

2. Main Results

Theorem 1. Let (X, d) be a metric space, T, f are self maps of X satisfying (3) with T(X) C f(X)
and either (a) X is complete and f is surjective; or (b) X is complete, f is continuous and T, f
are compatible; or (c) f(X) is complete ; or (d) T(X) is complete. Then f and T have a coinci-
dence point in X. Further, the coincidence value is unique, i.e. fp = fq whenever fp = Tp and

fq=Tq(p,q €X).

Proof. Let xq € X. Since T(X) € f(X), choose x; so that y; = fx; = Tx,. In general,
choose x, .1 such that y, ., = fx,,,; = Tx,,.

From (3), we have

d(Txp, Txpiq) < ad(f xp, f Xp41) + bmax{d (f x,, Tx,), d(f Xpi1, Txpg1)}
+ cmax{d(f xp, f Xp41), d(f xp, Txp), d(f Xpg1, TX g1}
+ emax{d(f xp, f xXp41),d(f X, Txp), d(f X1, TXpp1), A(f X, TX 1)}
< ad(fx,, Tx,)+ bmax{d(fx,, Tx,),d(f Xps1, TXp41)}
+ cmax{d(f xp, Txp), d(f xn, Txy), d(f Xpy1, TXpp1)}
+ emax{d(f xp, Txn), d(f xn, Txp), d(f Xpi1, TXpp1), d(f X0, Txp) + d(f X1, TXp 1)}
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where a, b, c and e are evaluated at (x,,, X,,;1). Suppose that for some n,
d(fxpy1, Txpq1) > d(f x,, Tx,). Then substituting in the above inequality we have

d(f xp41, Txpgq) <(a+b+c+2e)d(f xpi1, Txpy1)
a contradiction. Therefore, for all n we have

d(fxn-i-l: Txn+1) = d(fxn: Txn) (4)

Again d(yn—b Txn) = d(Txn—Z: Txn)
Using (3), (4) and triangle inequality we have

d(¥n-1,Txp) < ad(f x,_g, fx,) + bmax{d(f x,_o, Txp_2),d(f x5, Tx,)}
t emax{d(f Xy, £ %), ACF Xy Ton—s), d(F X, T, )}
+emaxdd(F X, g, £30), dCF X, Ton_2),d(F X, T), d(f X5, T}
< 2ad(fxp-2, Txp—2) + bd(f Xp—2, Txp2) +2cd(f X2, TXp—2)
+ emax{2d(fx, 3, Txp2),d(fxp_2, Txp 2) +d(fxp1, Tx,)}
<(2a+b+2c+3e)d(fx,_9, Txp_o)
implies that
d(¥p-1,Tx,) (1= b —e)d(fxp_p, Txy_3) (5)
Using (3), (4) and (5) we obtain,

d(yn, Tx) =d(Tx,—q, Txp)

< Qd(f X1, f %)+ bmax{d(f X,_y, Tx,_y), d(fx, T}
+ e max{d(fx,_y, £ 3,0, d0f Xy, Ty, dCF X, T}
+emax{d(f X1, £ %), dCF X1, T 1), d(f Xy T0), d(F 1, T}

< ad(fxpp, Txp)+bd(fxp_o, Tx, o)+ cd(f Xp2, Tx,2)
+e(1—b—e)d(f Xp_2 Txy_2)

<(A—-e(1+b+e))d(fxp_2 Txy_s)

< (1= BYA(f X2, TX_2)

<(1-By) 2d(yo, 1)

where 8 = inf, ey e(x,y) > 0, y = inf, ,ex(1+ b(x,y) +e(x,y)) > 0 and {y,} is Cauchy,
hence converges to a point p in X.

Case (a):- Suppose that f is surjective. Then there exists a point z in X such that p = fz.

From (3), we have
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d(fz,Tz) <d(fz,¥n41) +d(Yns1, T2)
< d(fz,yn41) +ad(f x,, f2) + bmax{d(fx,, Tx,),d(fz, Tz)}
+ cmax{(fx,, fz),d(fx,, Tx,),d(fz, Tz)}
+ emax{d(fx,,f2),d(fx,, Tx,),d(fz,T2),d(f x,, Tz)}

<d(fz,fxp41)+ sup (b+c+e)max{max{d(fx,,Tx,),d(fz, T2)}
x,yeX

max{d(f x,, f2),d(f x,, Tx,),d(fz,T2)},
max{d(f xy, f2),d(f xn, Tx,),d(f 2, T2),d(f x,, T2)}}

+ sup ad(fx,,fz)
X, yeX

Taking limit as n — oo, we get d(fz, Tz) < sup, ,ex(b+c+e)d(fz, Tz) implies that fz = Tz.

Case (b): Suppose f is continuous and f and T are compatible. Then since
lim,_,o, ¥, = p, we have lim,_,, fy,, = fp-
Now,
d(fp,Tp) =d(fp,fYn+1) +d(f yp+1, TP)
<d(fp,f¥Ynt1) +d(f Txy, Tf xp) +d(T fx,, Tp)

Note that since lim,,_,, f x, =1im,,_,, Tx,, and f, T are compatible,

lim, o d (fTx,, Tfx,)=0.

From (3),we have

d(Tfx,, Tp) < ad(f f xo, fp) + bmax{d(f f x,, Tfx,),d(fp, Tp)}
+cmax{d(f fx,, fp),d(f fx,, T fx,),d(fp, Tp)}
+emax{d(f f x,, fp),d(f fxn, Tf x,),d(f p, Tp),d(f f x,, Tp)}
< sup a(x,y)d(f fx,, fp)+ sup (b(x,y)+c(x,y) +e(x,y))

x,yeX x,yeX

max{max{d(f f x,, T f x,),d(fp, Tp)},
max{d(f fx,, fp),d(f fx,,Tfx,),d(fp,Tp},
max{d(f fx,, fp),d(f fxn, Tfx,),d(fp, Tp),d(f f x,, Tp)}}

Note that d(f fx,, Tfx,) <d(ffxn,fTx,)+d(fTx,, Tfx,). Using the continuity of f and

compatibility of f and T, it follows that limd(ffx,,Tfx,) = 0. Since limffx, = fp, it
follows that lim T f x,, = fp.

Substituting into the above inequality and taking limit as n — oo, we get
d(fp,Tp) < sup, ,ex(b(x,y)+c(x,y) +e(x,y))d(fp, Tp) implies that fp = Tp.

Case (c): In this case p € f(X). Let z € f ~!p. Then p = fz and the proof is complete by
case (a).
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Case (d): In this case p € T(X) € f (X) and the proof is complete by case (c).

Uniqueness: Let g be another coincidence point of f and T, then from (3) with a, b, ¢
and d evaluated at (p,q),

d(Tp,Tq) <ad(fp,fq)+ bmax{d(fp,Tp),d(fq,Tq)}
+ cmax{d(fp,fq),d(fp,Tp),d(fq, Tq)}
+emax{d(fp,fq),d(fp,Tp),d(fq,Tq),d(fp, Tq)}
<(a+c+e)d(Tp,Tq)

This implies that Tp = Tq and hence fp = fq.

Corollary 1. Let (X,d) be a complete metric space and T a self mapping of X satisfying (3) with
f =1, the identity map on X and sup,, yex(a(x,y)+2b(x,y)+c(x,y)+e(x,y)) =1. Then
T has a unique fixed point and at this fixed point T is continuous.

Proof. The existence and uniqueness of the fixed point comes from Theorem 1 by setting
f = 1. To prove continuity , let {y,} € X with lim y,, = p, p the unique fixed point of T.

Using (3), we have

d(Tyn, Tp) < ad(yn,p) + bmax{d(y,, Ty,),d(p, Tp)}
+ cmax{d (¥, p), d(¥n, T¥4),d(p, Tp)}
+ emax{d (¥, p),d(¥n, T¥4),d(p, Tp),d(¥s, Tp)}
< ad(yy,,p) + bmax{d(y,, Ty,),d(p, p}
+ cmax{d(y,,p),d(¥s, Ty,),d(p, p)}
+ emax{d (¥, p), d(¥n, T¥4),d(p,p),d(yn, p)}
< ad(y,,p) +bld(ysp)+d(p, Ty,)]
+ cmax{d(y,,p),d(yn,p) +d(p, Ty,)}
+ emax{d(y,,p),d(yn,p) +d(p, Ty,)}

Hence

d(Ty,,p) < sup (a+ b)d(y,,p)+ sup (b+c+e)
x,yeX x,yeX
max{d(p, Ty,), max{d(y,,p),d(y,,p) +d(p, Ty,)}}

b+c+e

< sup (1—)d(yn,p)
x,y€X —a-b>

Taking limit as n — oo we get lim Ty, =p = Tp.

Next we establish some results when T is a multi-valued map from a metric space X to the
collection of nonempty subset of X, and f is a self map of X. Let C(X) denote the collection
of all nonempty compact subset of X.
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Definition 2 ([3]). An orbit of the multi-valued map T at a point x in X is a sequence
{x, : x, € Tx,_1}. A space X is T—orbitally complete if every Cauchy sequence of the form
{xn, 1 xn, € Txp, 1} converges in X.

Definition 3 ([7]). If for a point x, in X, there exists a sequence {x,} C X such that

fXn41 € Txp, n=0,1,2,---, then Of(xo) = {fx, :n=1,2,---} is an orbit of (T, f) at xo. A
space X is called (T, f )—orbitally complete if every Cauchy sequence of the form

{fxn, : fxn, € Txp,_1} converges in X.

Theorem 2. Let X be a metric space, T a multi-valued map from X to C(X). Let f be a self map
of X such that T(X) C f(X) and either of the following conditions is satisfied:

1. X is (T, f )—orbitally complete and f is surjective;
2. f(X)is (T, f)—orbitally complete;
3. T(X)is (T, f)—orbitally complete.
Suppose that T and f satisfy the condition:
H(Tx,Ty) < a(x,y)d(fx,fy)+ b(x,y)max{d(fx,Tx),d(fy, Ty)}

+c(x,y)max{d(fx, fy),d(fx,Tx),d(fy, Ty)} (6)
+e(x,y)max{d(fx,fy),d(fx,Tx),d(fy,Ty),d(fx,Ty)}

Where a, b, c and e are nonnegative functions from X x X — [0, 1) such that inf, ,cx e(x,y) >0,
inf, yex(1+b(x,y)+e(x,y)) > 0and sup, ,ex(a+Db+c+2e)(x,y) =1 Then f and T have
a coincidence, i.e. there exists a point z in X such that fz € Tz.

Proof. Choose x, € X. We construct sequences {x,} and {y,} as follows: Since
T(X) € f(X), we can choose y; = fx; € Txg. If Txy = Txy, Choose y, = fxy € Tx; such
that y; = y,. If Txg # Tx;, choose y5 = f x5 € Tx; such that d(y;, y,) < H(Txg, Tx;y). Such
a choice is possible since T x is compact for each x in X. In general, choose

Ynt+2 = fxn+2 < Txn+1 such that Yn+1 = Yn+2 if Txn = Txn+1 and d(yn-i-l, yn+2) < H(Txn’ Txn-i—l)

otherwise. From (6) with a, b, ¢ and e evaluated at (x,, x,41),

d(¥nt15 Yne2) SH(Txp, Txpy1)
<ad(fxp, fxpe1)+bmax{d(fx,, Tx,),d(f xpi1, Txpq1)}
+ cmax{d(fx,, f x,11), d(fxp, Txp), d(f Xpp1, TXpy1)}
+emax{d(fx,, fx,11), d(f x,, Txp), d(f Xpq1, TXpy1), d(f X, TXpy1)}
< ad(yYn, Yn+1) + bmax{d(¥n, Yns1)s d(Vni15 Ynr2)}
+ cmax{d (¥, Ynt+1)> d (V> Y1) d(Vni15 Yna2)}
+emax{d(¥,, Ynr1), d(Vns Y1) A(Vnt1> Ynr2)s d(Vns Yn2)}

If for some n, d( Y41, Yna2) > d(¥n> Yni1), the above inequality gives

d(Ynt1, Yni2) < (@+b+c+2e)d(¥nt1, Ynta)
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a contradiction. Therefore, for each n, we have

d(Yn+1> Ynt2) < d(Vn, Yni1) (7
Again from (6) with a, b, ¢ and e evaluated at (x,_s, X,,)

d(¥n-1,Txp) SH(Txp 5, Txy)
< ad(f xp—, f xp) + bmax{d(f x,—z, Tx,—2),d(f x5, Tx;)}
+ cmax{d(f xp—2, f X5), d(f Xp—2, TXp—2), d(f xp, Txp)}
+emax{d(f x,—, f xp), d(f X0, Txp_2), d(f xp, Tx), d(f X2, Tx;)}

Using (7) and triangle inequality we get

d(Yn—1,Tx,) < 2ad(yp—2, Yn—1) + bd(¥n—2, Yn-1) + 2¢d (Y2, Yn-1)
+emax{2d(yn—2, ¥n-1), d(¥Vn-2, Yn-1) + d(f xp_1, Txp_1) + d(f x,, Txp)}
+(2a+b+2c)d(¥y—2, Yn—1) + emax{2d(yn_2, Yn-1), 3d (Y2, Yn-1)}
+((2a+b+2c+2e)d(Vp—2,Yn-1)

Implies that
d(yn—lszn)S(]-_b_e)d(.yn—layn—Z) (8)

Again from (6), (7) and using (8)

d(Yns Yna1) = d(f X, f Xp11)

<H(Tx,_1,Tx,)

< Qd(f X1 £ %)+ bmax{d(f xX,_y, T ), d(f 3 T}
+ e max{d(f X1, £ X,), d(f X1, T, dCF 2 T}
+emax{d(f X1, £ %), ACF X1, T 1), df Xy To0), d(F 1, T}

< ad(fxp-g, Txp_0) + bd(fxp2, Txp2) +cd(fxpp, Txp )
+e(1—b—e)d(f X2 Txy_2)

<[1-e(1+b+e)ld(fxp,_2, Txy_s)

<(1-B7)d(¥n-2,Yn-1)

<(1-B7) 2d(ye, 1)

and {y,} is Cauchy, hence convergent to a point p in X in Cases (i)-(iii).
If f is surjective, there exists a point z such that p = fz. This is obviously true in cases (ii)
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and (iii) as well,

d(fz,Tz) <d(fz,fxpe1) +d(fxp41, T2)
<d(fz,fxp41) +H(Tx,,Tz)
<d(fz, fxpe1) +ad(fx,, f2)
+ bmax{d(f x,, Tx,),d(fz, T2)}
+cmax{d(fx,, fz,d(fx,, Tx,),d(fz, Tz)}
+emax{d(fx,,fz),d(fx,, Tx,),d(fz,Tz),d(f x,, Tz)}
<d(fz,fxpp1)+ sup ad(fx,,f2)
x,yEX
+ sng(b + ¢ + e)max{max{d(f x,, Tx,),d(fz, Tz)},
x.y
max{d(f x,, f2),d(f x,, Tx,),d(fz, T=)},
max{d(f xp, f2),d(f x,, Tx,),d(fz,T2),d(f xp, T2)}}

Taking limit as n — oo
d(fz,Tz) <d(fz,fz)+ sup ad(fz, fz)
x,yeX

+ sup (b +c+e)max{max{d(fz, Tz),d(fz, Tz)}
x,yeX

,max{d(fz, f2),d(fz,Tz),d(fz, Tz)}, max{d(fz,f2),d(fz,Tz),d(fz, T2),d(fz, Tz)}}

Implies that d(fz, Tz) < sup, yex(b+c+e)d(fz, Tz)and hence fz = Tz.

Corollary 2. Let X be a metric space, T a multi-valued map from X to C(X). If X is T-orbitally
complete and for each x,y € X

H(Tx,Ty) < a(x,y)d(x,y)+ b(x, y)max{d(x, Tx),d(y, Ty)}
+c(x, y)max{d(x, y),d(x,Tx),d(y, Ty)} C)
+e(x, y)max{d(x, y),d(x,Tx),d(y,Ty),d(x,Ty)}
Where a,b,c,e : X x X — [0,1) satisfying a(x,y) = 0, inf, ,exe(x,y) >0

inf, ,ex(1+ b(x,y)+e(x,y)) > 0and sugx(a(x,y) +b(x,y)+c(x,y)+2e(x,y))=1
X’.y

Then T has a fixed point in X.

Theorem 3. Let X, T and f satisfy the hypotheses of Theorem 2 with C(X) replaced by CL(X)
and a, b,c, e satisfy 6 = sup,. yex(alx,y)+ b(x,y) +c(x,y) +2e(x,y) < 1. Then T and f
have a coincidence.

Proof. Let x, € X, and construct sequences {x,} and {y,} as follows: since T(X) C f(X),
choose y; = fx; € Txy. If Txg = Tx; choose y, = fxy € Tx; such that y; = y,. If
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Txo # Txy, choose y, = fxy € Tx; such that d(y;,y,) < AH(Tx(, Tx;), where A > 1 and
A& < 1. In general, choose y, .5 € Tx,,1 such that d(y, 11, Yns2) < AH(Tx,, Tx,.1). From
(6), we have

d(Ynt1> Yny2) = d(f Xpy1, f Xni2)
<H(Txp, TXpy1)
< Aa(x,y)d(f x,, fxpy1) + Ab(x, y)max{d(f x,, Tx,),d(f xp41, TXpq1)}
+ Ac(x, y)max{d(fx,, fxp41), d(f xp, Txp), d(f Xpy1, TXpyr)}
+ Ae(x, y)max{d(fx,, fxp41), d(fxp, Txp), d(f Xpp1, Txpyr), d(f X, Txpyq)}
< Aad(¥y, Ynt1) + Abmax{d(¥n, Yns1)> (Vg5 Yni2)}
+ Acmax{d (¥, Ynt1)> d(Vn> Yng1)s d(Vni15 Yna2)}
+ Aemax{d(¥n, Yn+1), dVn Ynr1) AVt 15 Ynra), AV Ynr2)}

If there exists an n such that d(¥,,11, Yni2) > d(¥n> Yny1), we have

d(.yn+1: yn+2) < )L(a + b +c+ Ze)d(.yn—H: yn+2)

a contradiction. Therefore for all n we get d (¥,11, Yny2) < d (¥n, Yny1) and we obtain

d(.yrH—l: yn+2) < A'ad(.)/n:.yn-&—l) + Abd(yn:yn-&—l) + A’Cd(.yn:yn-&—l) + Zked(.yn: yn+1)
<Ala+b+c+2e)d(yn Yns1)

< kd(¥p, Yns1) < k"d(yo,y1) where k = sup A(a+ b+ c+ 2e)
X, y€X

Therefore {y,} is Cauchy, hence convergent to some point p in X. Since f is surjective, there
exists a z such that fz =p.
Now

d(fz,Tz) <d(fz,fxpe1) +d(fxp40, T2)

<d(fz,fxp41) +H(Tx,,Tz)

<d(fz, fxp41) +ad(fx,, f2)
+ bmax{d(f x,, Tx,),d(fz, Tz)}
+cmax{d(fx,,fz),d(fx,, Tx,),d(fz, Tz)}
+emax{d(fx,,fz),d(fx,, Tx,),d(fz,Tz),d(f x,, Tz)}

<d(fz,fxpp1)+ sup ad(fx,,f2)

x,yEX
+ sng(b + ¢ + e)max{max{d(f x,, Tx,),d(fz, Tz)},
x.y

max{d(f x,, fz),d(f x,, Tx,),d(fz, T2)},
max{d(f xp, f2),d(f x,, Tx,),d(fz,T2),d(f xp, T2)}}

Taking limit as n — oo we get d (fz,Tz) < sup, yex (b+c+e)d (fz, Tz) implies that
fzeTs.
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